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GKM Spaces

GKM Spaces

Algebraic setting: Symplectic setting:

X . . . smooth projective variety / C
with dimC X = n

T = (C×)r with algebraic action
on X

(X , ω) . . . closed symplectic manifold
with dimR X = 2n

T = (S1)r with Hamiltonian
action on X

Definition (GKM space)

(X ,T ) is a Hamiltonian GKM space (Goresky–Kottwitz–MacPherson) if

1 XT is finite

2 The weights of TpX at each p ∈ XT are pairwise linearly independent.

Equivalently: The 1-skeleton

X1 := {x ∈ X : dim(T · x) ≤ 1}

is a finite union of T -stable S2.
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GKM Spaces

The GKM Graph

Definition (Guillemin–Zara ’01)

The GKM graph G of a GKM space (X ,T ):

Vertices: V (G ) := XT

Edges: E (G ) = T -stable S2

G is a simple, connected, regular graph of valency n.

Ce := S2 associated to e ∈ E (G )

Definition (continued)

The axial function:
α : E (G )oriented → t∗.

assigns to e = (p, q) the T -weight of TpCe :

α(e) = −α(e)

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 3 / 26



GKM Spaces

The GKM Graph

Definition (Guillemin–Zara ’01)

The GKM graph G of a GKM space (X ,T ):

Vertices: V (G ) := XT

Edges: E (G ) = T -stable S2

G is a simple, connected, regular graph of valency n.

Ce := S2 associated to e ∈ E (G )

Definition (continued)

The axial function:
α : E (G )oriented → t∗.

assigns to e = (p, q) the T -weight of TpCe :

α(e) = −α(e)

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 3 / 26



GKM Spaces

The GKM Graph

Definition (Guillemin–Zara ’01)

The GKM graph G of a GKM space (X ,T ):

Vertices: V (G ) := XT

Edges: E (G ) = T -stable S2

G is a simple, connected, regular graph of valency n.

Ce := S2 associated to e ∈ E (G )

Definition (continued)

The axial function:
α : E (G )oriented → t∗.

assigns to e = (p, q) the T -weight of TpCe :

α(e) = −α(e)

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 3 / 26



GKM Spaces

The GKM Graph

Definition (Guillemin–Zara ’01)

The GKM graph G of a GKM space (X ,T ):

Vertices: V (G ) := XT

Edges: E (G ) = T -stable S2

G is a simple, connected, regular graph of valency n.

Ce := S2 associated to e ∈ E (G )

Definition (continued)

The axial function:
α : E (G )oriented → t∗.

assigns to e = (p, q) the T -weight of TpCe :

α(e) = −α(e)

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 3 / 26



GKM Spaces

The GKM Graph

Definition (Guillemin–Zara ’01)

The GKM graph G of a GKM space (X ,T ):

Vertices: V (G ) := XT

Edges: E (G ) = T -stable S2

G is a simple, connected, regular graph of valency n.

Ce := S2 associated to e ∈ E (G )

Definition (continued)

The axial function:
α : E (G )oriented → t∗.

assigns to e = (p, q) the T -weight of TpCe :

α(e) = −α(e)

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 3 / 26



GKM Spaces

The GKM Graph

Definition (Guillemin–Zara ’01)

The GKM graph G of a GKM space (X ,T ):

Vertices: V (G ) := XT

Edges: E (G ) = T -stable S2

G is a simple, connected, regular graph of valency n.

Ce := S2 associated to e ∈ E (G )

Definition (continued)

The axial function:
α : E (G )oriented → t∗.

assigns to e = (p, q) the T -weight of TpCe :

α(e) = −α(e)
Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 3 / 26



GKM Spaces

Examples

Toric varieties (smooth, projective)

t

t1-t3

t2-t1

t3-t2
[1:0] [0:1]

[0:0:1]

[1:0:0] [0:1:0]

CP1 CP2 CP1 × CP1 Hirzebruch surface

Homogeneous spaces [Guillemin–Holm–Zara ’06]

t

t1-t3

t2-t1

t3-t2

t1+t2

t1

t2

[1:0] [0:1]

[0:0:1]

[1:0:0] [0:1:0]

(213)

(123)

(132)

(312)

(321)

(231)

Fl(C3) ∼= SU(3)/T

vertices ←→ S3
edges ←→ (12), (23), (31)
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GKM Spaces

More Examples

Smooth Schubert varieties

t1-t3

t2-t1

t3-t2

t1+t2

t1
t2

e

e' ? e(e')

t1-t3

t2-t1

t3-t2 t1+t2

t1
t2

t1-t3

t2-t1

t3-t2

4

2

4
2

2

2

2

6

0

[1:0:0] [0:1:0]

(213)

(123)

(132)

(312)

(321)

(231)

0

1 2

t1+t2
t1+t2

t1

t1

0

0
(321)

(231)

β

γ
γ

γ

β

γ
γ

γ

Xw ⊂ G/P for w ∈WG/WP

Twisted flag manifold
[Eschenburg ’84, Tolman ’98, Woodward

’98, Goertsches–Konstantis–Zoller ’19]

4

2

4
2

2

2

2

6

0
β

γ
γ

γ

Not T -compatibly Kähler!
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GKM Spaces

What the GKM Graph Encodes

The GKM graph (G , α) allows us to compute:

Equivariant integration [Atiyah–Bott ’84, Berline–Vergne ’83]

H∗
T (X ) H∗(X )

Q[t1, . . . , tr ] Q

ti=0

∫ T
∫

ti=0

∫
X
y =

∑
p∈V (G)

i∗p (y)∏
e∈E(G)p

α(e)

Equivariant cohomology [Goresky–Kottwitz–MacPherson ’98]

H∗
T (X ;Q) ∼=

(fp) ∈
⊕

p∈V (G)

Q[t1, . . . , tr ]

∣∣∣∣ ∀ e = (p, q) ∈ E (G )
α(e) | fp − fq


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GKM Spaces

More from the GKM Graph

Betti numbers [Guillemin–Zara ’01]

CP2:
t1-t3

t2-t1

t3-t2

0

1 2

Characteristic classes: for p ∈ V (G ), let E (G )p = {ϵ1, . . . , ϵn}. Then

i∗p
(
ck(TX )

)
= ek

(
α(ϵ1), . . . , α(ϵn)

)
.

In particular, the Chern numbers of X are determined by (G , α).
Blowups

t1+t2

t1 t2

e

e' ? e(e')

(123)

(213)

(123)

(132)

(312)

(321)
(231)
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Equivariant GW Theory

Equivariant Gromov–Witten Invariants

X . . . GKM space

β ∈ H2(X ) curve class

m ∈ Z≥0 number of marked points

g ∈ Z≥0 genus

Moduli space of stable maps:

Mg ,m(X ;β)
ev−→ Xm

vdimCMg ,m(X ;β) = (1− g)(dimC X − 3) +m +

∫
β
c1(TX )
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Equivariant GW Theory

Equivariant Gromov–Witten Invariants

Definition

The equivariant Gromov–Witten invariants of X are

GW X ,β
g ,m : H∗

T (X )⊗m −→ Q[t1, . . . , tr ]

y1 ⊗ · · · ⊗ ym 7−→
∫
[Mg,m(X ;β)]vir

ev∗1(y1) ⌣ · · ·⌣ ev∗m(ym)

“Count” of curves meeting PD(yi ) at the i th marked point.

Setting ti = 0 recovers non-equivariant GW invariants in Q
Homogeneous of degree −vdimMg ,m(X ;β)

Example (Kontsevich)

# rational degree d curves in CP2 through 3d − 1 generic points:

Nd := GW CP2,d
0,3d−1([pt], . . . , [pt])

(Nd)d≥1 = (1, 1, 12, 620, 87304, . . . )

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 9 / 26



Equivariant GW Theory

Equivariant Gromov–Witten Invariants

Definition

The equivariant Gromov–Witten invariants of X are

GW X ,β
g ,m : H∗

T (X )⊗m −→ Q[t1, . . . , tr ]

y1 ⊗ · · · ⊗ ym 7−→
∫
[Mg,m(X ;β)]vir

ev∗1(y1) ⌣ · · ·⌣ ev∗m(ym)

“Count” of curves meeting PD(yi ) at the i th marked point.

Setting ti = 0 recovers non-equivariant GW invariants in Q
Homogeneous of degree −vdimMg ,m(X ;β)

Example (Kontsevich)

# rational degree d curves in CP2 through 3d − 1 generic points:

Nd := GW CP2,d
0,3d−1([pt], . . . , [pt])

(Nd)d≥1 = (1, 1, 12, 620, 87304, . . . )

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 9 / 26



Equivariant GW Theory

Equivariant Gromov–Witten Invariants

Definition

The equivariant Gromov–Witten invariants of X are

GW X ,β
g ,m : H∗

T (X )⊗m −→ Q[t1, . . . , tr ]

y1 ⊗ · · · ⊗ ym 7−→
∫
[Mg,m(X ;β)]vir

ev∗1(y1) ⌣ · · ·⌣ ev∗m(ym)

“Count” of curves meeting PD(yi ) at the i th marked point.

Setting ti = 0 recovers non-equivariant GW invariants in Q
Homogeneous of degree −vdimMg ,m(X ;β)

Example (Kontsevich)

# rational degree d curves in CP2 through 3d − 1 generic points:

Nd := GW CP2,d
0,3d−1([pt], . . . , [pt])

(Nd)d≥1 = (1, 1, 12, 620, 87304, . . . )

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 9 / 26



Equivariant GW Theory

Equivariant Gromov–Witten Invariants

Definition

The equivariant Gromov–Witten invariants of X are

GW X ,β
g ,m : H∗

T (X )⊗m −→ Q[t1, . . . , tr ]

y1 ⊗ · · · ⊗ ym 7−→
∫
[Mg,m(X ;β)]vir

ev∗1(y1) ⌣ · · ·⌣ ev∗m(ym)

“Count” of curves meeting PD(yi ) at the i th marked point.

Setting ti = 0 recovers non-equivariant GW invariants in Q

Homogeneous of degree −vdimMg ,m(X ;β)

Example (Kontsevich)

# rational degree d curves in CP2 through 3d − 1 generic points:

Nd := GW CP2,d
0,3d−1([pt], . . . , [pt])

(Nd)d≥1 = (1, 1, 12, 620, 87304, . . . )

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 9 / 26



Equivariant GW Theory

Equivariant Gromov–Witten Invariants

Definition

The equivariant Gromov–Witten invariants of X are

GW X ,β
g ,m : H∗

T (X )⊗m −→ Q[t1, . . . , tr ]

y1 ⊗ · · · ⊗ ym 7−→
∫
[Mg,m(X ;β)]vir

ev∗1(y1) ⌣ · · ·⌣ ev∗m(ym)

“Count” of curves meeting PD(yi ) at the i th marked point.

Setting ti = 0 recovers non-equivariant GW invariants in Q
Homogeneous of degree −vdimMg ,m(X ;β)

Example (Kontsevich)

# rational degree d curves in CP2 through 3d − 1 generic points:

Nd := GW CP2,d
0,3d−1([pt], . . . , [pt])

(Nd)d≥1 = (1, 1, 12, 620, 87304, . . . )

Daniel Holmes (ISTA) Equivariant GW & GKM spaces 4 March 2026 9 / 26



Equivariant GW Theory

Equivariant Gromov–Witten Invariants

Definition

The equivariant Gromov–Witten invariants of X are

GW X ,β
g ,m : H∗

T (X )⊗m −→ Q[t1, . . . , tr ]

y1 ⊗ · · · ⊗ ym 7−→
∫
[Mg,m(X ;β)]vir

ev∗1(y1) ⌣ · · ·⌣ ev∗m(ym)

“Count” of curves meeting PD(yi ) at the i th marked point.

Setting ti = 0 recovers non-equivariant GW invariants in Q
Homogeneous of degree −vdimMg ,m(X ;β)

Example (Kontsevich)

# rational degree d curves in CP2 through 3d − 1 generic points:

Nd := GW CP2,d
0,3d−1([pt], . . . , [pt])

(Nd)d≥1 = (1, 1, 12, 620, 87304, . . . )
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Equivariant GW Theory

Equivariant Quantum Cohomology

Λ . . . quantum coefficient ring, e.g. Q[[Heff
2 (X )]]

QH∗
T (X ) := H∗

T (X ;Q)⊗ Λ

Definition

The (small) equivariant quantum product:

a ∗T b =
∑

β∈H2(X )

GW X ,β
0,3 (a, b, ei ) e

i qβ

Deformation of (H∗
T (X ),⌣); commutative, associative, unital

Example

QH∗(Pn) = Q[x ]/(xn+1 − q)
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Equivariant GW Theory

Localization onMg ,m(X ; β)

T ⟳ X =⇒ T ⟳Mg ,m(X ;β)

Equivariant localization still applies
[Kontsevich ’95, Graber–Pandharipande ’99, Behrend ’97]

Components of Mg ,m(X ;β)T ←→ decorated graphs
−→
Γ consisting of:

Γ . . . a connected graph (multiple edges allowed)
−→
f : Γ→ G . . . map of graphs
−→
d : E (Γ)→ Z>0 with

∑
e∈E(Γ)

−→
d (e)

[
C−→

f (e)

]
= β

−→s : {1, . . . ,m} → V (Γ)
−→g : V (Γ)→ Z≥0 with |E (Γ)| − |V (Γ)|+ 1 +

∑
v∈V (Γ)

−→g (v) = g
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Equivariant GW Theory

Localization onMg ,m(X ; β): Example

Components of M0,m(X ;β)T ←→ Decorated trees
−→
Γ

2

6
β

γ
γ

γ

β

γ
γ

γ

Element ofM−→
Γ

−→
Γ
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Equivariant GW Theory

The Localization Formula

Theorem (Liu–Sheshmani ’17, Hirschi ’24)

Let X be an algebraic (resp. Hamiltonian) GKM space. Then

GW X ,β
g ,m (y1, . . . , ym) =

∑
−→
Γ

GW−→
Γ
(y1, . . . , ym)︸ ︷︷ ︸

∈Q(t1,...,tr )

Here, GW−→
Γ
is given in terms of

G , α ,
−→
Γ

and, for each e ∈ E (G ), the splitting

NCe/X
∼= O(a1)⊕ · · · ⊕ O(an−1)
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Equivariant GW Theory

Curve classes

Proposition (H.–Muratore ’25)

The GKM graph determines a full set of relations among

{[Ce ] : e ∈ E (G )} ⊂ H2(X ;Z)

indexed by cycles generating H1(|G |).

CP2:

t1+t2

t1 t2

t1-t3

t2-t1

t3-t2

t1+t2

t1+t2
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Equivariant GW Theory

Independence of normal splittings

Lemma (H.–Muratore ’25)

GW−→
Γ
(y1, . . . , ym) is independent of the normal splittings

NCe/X
∼= O(a1)⊕ · · · ⊕ O(an−1).

Consequence

The set of relevant
−→
Γ and their contributions are determined by (G , α)

alone: equivariant GW invariants are computable combinatorially.
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Equivariant GW Theory

Tool: GKMtools.jl

t1+t2
t1

t2

t1-t3

t2-t1

t3-t2

4

2

4
2

2

2

2

6

0

4

4

22

2
2

2

2 2

00

2

t1+t2
t1+t2

t1

t1
0

β
γ γ

γ

β
γ γ

γ

GKMtools.jl

A Julia/OSCAR package for GKM
spaces.

Current scope:

GKM graphs (products,
blowups, vector bundles,
projectivizations, subgraphs,
Betti numbers)

Cohomology & integration

Curve classes

GW invariants

Quantum products

Seidel elements

Many important examples
(including Schubert varieties)
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Almost Positive GKM Graphs

Almost Positive GKM Graphs

The magnitude map is

m: E (G ) −→ Z

e 7−→
∫
Ce

c1(TX )

Definition (Almost positive)

X is almost positive if ∃ e0 ∈ E (G ) with

m(e0) = 0

m(e) > 0 ∀ e ̸= e0

Example: the twisted flag
manifold

4

2

4
2

2

2

2

6

0
β

γ
γ

γ
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Almost Positive GKM Graphs

The Local Model (n = 3)

Near e0, (G , α) looks like

O(k − 1)⊕O(−k − 1)

Ce0

4

2

6

β

γ
γ

γ

β

γ
γ

γ

Theorem (H.–Muratore ’25)

For any almost positive Hamiltonian GKM space X with dimR X = 6,

(1) k = 0, or

(2) k = 1 and t3 = −t1 + yt2 for some y ∈ Z \ {0}, or
(3) k ≥ 1 and t3 = −kt1 + t2, or

(4) t1 + t2 + t3 = 0
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Almost Positive GKM Graphs

Quantum Products (n = 3)

Theorem (H.–Muratore ’25 continued)

For any y1, y2 ∈ H∗
T (X ), we have

y1 ∗T y2 = y1 ⌣ y2 + PD(Ce0)
(∫ T

Ce0
y1
)(∫ T

Ce0
y2
)
· (†)

+

(
qγ terms with

∫
γ
c1(TX ) > 0

)
where (†) is given in terms of q := q[Ce0 ] by

(1)
q

1− q

(2)
yq

1− q

(3)
q

1− q

(4)
∑
d>0

(−1)d(k+1)+1

k2

(
k2d

d

)
qd
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Schubert Varieties

Smooth Schubert Varieties with Infinite Quantum Products

Question (L. Mihalcea): Does there exist a smooth Schubert variety
with infinite quantum product?

Setup:

G . . . simple simply-connected Lie group
/C

P ⊂ G . . . parabolic subgroup

T ⊂ P . . . maximal torus

w ∈WG/WP . . .Weyl group coset

Xw ⊂ G/P . . . Schubert variety

t1-t3

t2-t1

t3-t2

t1+t2

t1
t2

e

e' ? e(e')

t1-t3

t2-t1

t3-t2 t1+t2

t1
t2

t1-t3

t2-t1

t3-t2

4

2

4
2

2

2

2

6

0

[1:0:0] [0:1:0]

(213)

(123)

(132)

(312)

(321)

(231)

0

1 2

t1+t2
t1+t2

t1

t1

0

0
(321)

(231)

β

γ
γ

γ

β

γ
γ

γ
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Schubert Varieties

A Finiteness Criterion

Lemma

If
∫
β c1(TX ) > 0 for every β ∈ Heff

2 (X ) \ {0}, then X has finite quantum
products.

Proof sketch.

Grading of QH∗(X ) together with∣∣∣∣{β ∈ Heff
2 (X ) :

∫
β
c1(TX ) ≤ 2 dimC X

}∣∣∣∣ <∞.

Example

G/B and G/P always satisfy this. But what about Xw ⊊ G/P?
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Schubert Varieties

Strategy: GKM Theory for Schubert Varieties

GKM graph of G/P:
[Guillemin–Holm–Zara ’06]

V = WG/WP

E = {[w ], [wsα]}, α positive root
not in P

α ([w ], [wsα]) = wα

GKM graph of Xw :

Induced subgraph

Example: X(312) ⊂ SL3/B
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Schubert Varieties

Example application of GKMtools.jl

t1+t2
t1

t2

t1-t3

t2-t1

t3-t2

4

2

4
2

2

2

2

6

0

4

4

22

2
2

2

2 2

00

2

t1+t2
t1+t2

t1

t1
0

β
γ γ

γ

β
γ γ

γ

GKMtools.jl

A Julia/OSCAR package for GKM
spaces.

Recipe:

1 Fix a root system
(determines G )

2 Iterate through all G/P
3 For each smooth Xw ⊂ G/P:

[cf. Billey–Lakshmibai ’00]

Compute m(e) for all e
Flag almost positive Xw
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Schubert Varieties

Results

Two type A3 smooth Schubert varieties
which are almost positive

Xw ⊂ Fl2,1,1(C4) Xw ⊂ Fl1,1,1,1(C4)

Theorem (H.–Muratore ’25)

∃ smooth Schubert varieties
with infinite quantum
products.
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Schubert Varieties

Results

An interesting example in type G2

Xw ⊂ G2/B

Example

This Xw has an infinite equivariant
quantum product.

Open Question

Does Xw have an infinite
non-equivariant quantum product?

Thank you for listening!
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