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Abstract

Levine and Lidman’s recent paper [LLI9] shows that there are infinitely many smooth compact
orientable spineless 4-manifolds homotopy equivalent to S2, answering Problem 4.25 on Kirby’s
problem list in low-dimensional topology [Kir97]. Understanding their paper requires knowledge of
Dehn surgery, Spin© structures, Heegaard Floer homology, and Ozsvath and Szabd’s d-invariant,
which are typically unfamiliar to the non-expert.

We provide a friendly exposition of their proof accessible to those who have not encountered
these tools before. We briefly introduce Dehn surgery, Spin® structures, and some relevant parts
of Heegard Floer homology, blackboxing most of its internal details. We define the d-invariant and
sketch proofs of its most important geometric properties. Finally, we present Levine and Lidman’s
proof, filling in the details of many crucial steps that are implicit in their paper but whose exposition
is essential to grant the interested non-expert reader an understanding of their proof.
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1 Introduction and preliminaries

The goal of this paper is to understand Levine and Lidman’s recent proof that there exist (infinitely
many) spineless compact smooth 4-manifolds homotopy equivalent to S? (see [LL19]).

Definition 1.1. A piecewise linear manifold or PL manifold is a topological manifold whose transition
functions are piecewise linear (i.e. their domains can be triangulated so that the function is linear on
each simplex).



Definition 1.2. Let M be a compact PL m-manifold homotopy equivalent to a closed PL n-manifold
N with n < m. A spine for M is a (not necessarily locally flat) PL embedding ¢ : N — M that is a
homotopy equivalence. (Locally flat means that every point € N has a neighbourhood U in M such
that (U, U N N) is homeomorphic to (R™,R™)). M is called spineless if it does not admit a spine.

Every smooth manifold has a canonical PL structure by Whitehead, so statements about spines of
a smooth manifold M implicitly refer to the corresponding PL structure on M. Thus, the spine of a
smooth manifold is by definition PL but not necessarily smooth.

Remark 1.3. Saying M is spineless is a priori slightly ambiguous, since it could be that M is homotopy
equivalent to both N7 and N but admits an Nj spine but not an N5 spine. However, the dimension of
any spine is uniquely determined by the top-dimensional homology of M with Z/2 coefficients. Moreover,
if the spine is necessarily a surface then the homology (and therefore the homotopy type) of M determines
a unique PL homeomorphism type of spine, since closed surfaces are uniquely parametrised by genus and
orientability. This is the case when M ~ S2, so in our case we don’t need to specify the type of spine.

Context. (As cited in [LLI9]). If m —n > 2 then any homotopy equivalence N — M can be deformed
into a spine (see Browder [Bro68], Casson, Haefiger [Hae68], Sullivan, Wall [Wal70]). If m — n = 2 then
the same holds if m > 5 is odd or if m > 6 is even and M and N are simply-connected (see Cappell and
Shaneson [CS76]). On the other hand, there are examples of non simply-connected spineless manifolds
of even dimension m > 4 (see [CST7], [Sha75] for m > 6 and Matsomoto [Mat75] for m = 4), and of
simply-connected spineless 4-manifolds that are not compact (see Matsumoto and Venema [MVT9)]).

However, the compact 4-dimensional simply-connected case has remained open until Levine and
Lidman’s paper. This also solves Problem 4.25 on Kirby’s list of problems in low-dimensional topology
[Kir97].

Theorem 1.4 (Levine, Lidman [LL19]). There exist infinitely many spineless smooth compact 4-manifolds
homotopy equivalent to S2.

Note that we can always get a 4-manifold homotopy equivalent to S? by attaching a 2-handle along
a knot in 9B* = S3. However, this will automatically have a PL S? spine given by the union of the core
of the handle and the cone of the knot in 9B*. (Often, this will not have a smooth spine, however. One
way of proving this is via knot Floer homology.) The construction that Levine and Lidman provide is
quite similar in spirit. Instead of attaching a 2-handle along a knot in the boundary of an ordinary 4-ball,
they attach a 2-handle along a knot in the boundary of an integral homology 4-ball, i.e. a 4-manifold
whose integral homology is that of a 4-ball. Considering this more general construction is a natural idea,
although the techniques used to prove that these manifolds are spineless are much more elaborate.

First, a topological obstruction to having a PL S? spine is constructed using Heegaard Floer homology
and the d-invariant introduced by Ozsvéth and Szabé in [OS03]. Second, an infinite family of 4-manifolds
failing the obstruction is constructed.

Overview. The rest of Section [I] introduces the tools necessary to formulate Levine and Lidman’s
constructions (using Dehn surgery) and the obstruction (using Spin® structures and Heegaard Floer
homology). Section [2| discusses the d-invariant (derived from Heegaard Floer homology) of a rational
homology sphere. Section [3| uses the d-invariant and its properties to prove an obstruction to having a
PL S? spine. Finally, Section 4| constructs the promised spineless 4-manifolds and verifies this property
by proving that they fail the obstruction.

Acknowledgements. The author would like to thank Prof. Jacob Rasmussen for suggesting this essay
and providing helpful feedback and many enlightening discussions.

1.1 Dehn surgery

This section describe handle attachments, integral surgery, and Dehn surgery, following Chapter 4 and 5
of [GS99]. These are our main tools to describe and analyse the 3- and 4-manifolds used by Levine and
Lidman.



Attaching handles. The n-dimensional k-handle is H} = DF x D"*_ We think of this as being a
k-cell that is thickened up to be n-dimensional. We have 0H]' = Sk=1 % D"k U DF x §"~k=1 The first
summand is called the attaching region of H} for reasons that will become clear very soon. S¥~1 x {0}
is the attaching sphere. Finally, D* x {0} is the core of the k-handle.

Now assume that M is an n-manifold with non-trivial boundary and ¢ : S*~! x D"=* — 9M an
embedding. Then the n-manifold obtained by attaching a k-handle to M along ¢ is given by

M(p) :=MU, H}.

Le., we glue the attaching region of H}' to the image of the embedding ¢ in OM. If we work in the
smooth setting, we will implicitly smooth out the corners incurred by this glueing.

Framings. Note that changing ¢ by an isotopy will create the same manifold up to diffeomorphism.
Moreover, by the tubular neighbourhood theorem, ¢ gives a trivialisation of the normal bundle of the
attaching sphere (S¥~1) in M. This is called a framing of S¥~! in M. Thus, two different framings
induce a bundle automorphism of the normal bundle of S¥~! C 9M, which corresponds to a smooth
map

F:S¥!' 5 GL(n — k,R).

Therefore, the isotopy classes of framings are in bijection with 7;_1(GL(n — k,R)) after a reference
framing has been fixed. By a Gram-Schmidt process, we have a homotopy equivalence GL(n — k,R) ~
O(n — k), so m—1(GL(n — k,R)) 2 73,1 (O(n — k)).

In conclusion, M(¢p) is determined up to diffeomorphism by the embedding ¢|gk-1 {0} and an element
of m,—1(O(n — k)) after a reference framing has been fixed.

We will mostly be interested in attaching 4-dimensional 2-handles to a 4-ball B%. In this case, the
attaching spheres are embedded circles S' C 9B* = S3, i.e. knots in S3. The isotopy classes of framings
are in bijection with m1(O(2)) = Z. For every framing we can define its framing curve to be the image
under ¢ of the curve S! x {e} for some small £ > 0. This allows us to define the k-framing of a knot
K C S3 to be any framing whose framing curve has linking number k € Z with K.

Conclusion 1.5. A link in S2 in which every component K; is labelled with some k; € Z determines a
smooth 4-manifold, obtained by attaching a k;-framed 2-handle along K; for each i. Such a link is called
a framed link.

Surgery with integer coefficients. A framed link in S® also determines a closed oriented 3-manifold
obtained by taking the boundary of the 4-manifold described above. We say the 3-manifold is obtained
by (integral) surgery on a link.

Lemma 1.6. Let M be a 3-manifold obtained by integral surgery on a link L in S® with components K.
Then Hq(M;Z) = coker(l;;), where (I;;) is the linking matriz of L given by

1. JIk(Li, L) ifi#j
) the framing coefficient k;  if i = j.

Proof. Let W be the 4-manifold obtained by attaching 2-handles along L whose boundary is M. Then
Poincaré duality and the relative homology long exact sequence for (W, M) gives that Hi(M;Z) is
isomorphic to the cokernel of the intersection form matrix on W (cf. Lemma [3.I). But the matrix of
the intersection product is exactly the linking matrix described above, which can be seen by looking
at Seifert surfaces for each K; that are pushed into B*, and using that their intersection numbers are
the linking numbers of the corresponding link components. For the self-intersection numbers, we slightly
push off one copy of the Seifert surface along the attaching S*, which recovers the framing coefficient. [

Surgery with rational coefficients. The 3-manifold obtained by integral surgery on a framed link
can be described without reference to 4-manifolds as follows. For each link component K; with framing
k; € Z, let T; be a tubular neighbourhood of K; and remove it from S3. Then glue back a solid torus
S x D? along a diffeomorphism ¢; : S* x S* — 9T;. The diffeomorphism-type of the resulting closed
3-manifold depends only on the homology class in H;(9T;;Z) to which the meridian {1} x D? is sent.
H,(0T;;Z) is generated by a longitude I; (with 1k(l;, K;) = 0) and a positively oriented meridian m;. If
the glueing ¢; maps {1} x dD? to a;m; + b;l; (a;,b; € Z coprime), then we say that K; has rational



surgery coefficient r; := a;/b; € QU {oo}. Note that flipping the sign of both a; and b; produces the
same 3-manifold, so r; contains enough information to determine a unique result of the glueing. In the
case of integral surgery, we always had b; = +1 and a; is the framing of K;. Hence, integral surgery on
a link is the same as Dehn surgery with integer coefficients.

Conclusion 1.7. A link L in S® in which every component K; is labelled with some r; € Q U {oo}
determines a closed oriented 3-manifold given by Dehn surgery on L with rational surgery coefficients ;.

1.1.1 Moves preserving the 3-manifold

We will often have more than one surgery diagram for the same 3-manifold M. This is useful because
different properties of the manifold are most easily seen in different surgery diagrams. Hence, we need a
set of moves that we can perform on a surgery diagram that do not change the resulting 3-manifold.

Isotopies. We may always apply an isotopy to the (rationally) framed link (preserving the surgery
coefficients). This gives the same 3-manifold (and in fact the same 4-manifold) up to diffeomorphism,
because isotopic glueing maps give diffeomorphic manifolds.

Adding oco-framed components. When performing Dehn surgery, we remove a solid torus and glue
another solid torus back in. If the meridian of the new torus gets mapped to the meridian of the old torus,
this does not change anything. This corresponds to Dehn surgery coefficient oo, which therefore does
not affect the 3-manifold at all. Hence, we may add and remove arbitrary co-framed link components
without changing M.

Rolfsen twists. This is the most general move that, together with isotopies and adding/removing oo-
framed components, allows us to navigate through the entire space of surgery diagrams of the oriented
3-manifold M (see [GS99] Proposition 5.3.10).

The Rolfsen twist with parameter n € Z is depicted in Figure[[]and goes as follows. First, we need an
unknotted component K. Let T be a tubular neighbourhood of K in S3. Then S — T is a solid torus,
and the Rolfsen twist is obtained by applying an n-fold Dehn twist to S — 7. This is the automorphism
of S1 x D? given by (e, 2) — (%, e'?z). Without loss of generality, we may isotope the Dehn twist
to be supported near K, so that the move consists of adding n full twists to the link diagram supported
near the disk bounded by K. Note that the added crossings in the diagram will be positive if n > 0 and
negative if n < 0.
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Figure 1: The Rolfsen twist with coeflicient n € Z (cf. [GS99] Figure 5.27).

A direct inspection gives that the Dehn surgery coefficient of K will change from 2 o to in order
for the diagram to describe the same 3-manifold. For every other component K;, the frammg changes
from k; € QU {oo} to k; + n(lk(K, K;))? (see [GS99] Figure 5.28).

Adding *1-framed unknots. A corollary of the Rolfsen twist is that we may always add or remove
unknots with framing +1 that are bounded away from the rest of the link. To see this, add a co = %—
framed unknot away from the rest of the link and perform a Rolfsen twist with parameter +1 to change
the unknot’s framing to 1 = ﬁ The rest of the diagram remains unaltered as the twist only happens
near the unknot.

This corollary is no surprise, since adding a separate £1-framed unknot to an integral surgery diagram

corresponds to taking the connected sum with CP? or CP? (also known as blowing-up). This happens
in the interior of the 4-manifold obtained by attaching 2-handles, and therefore does not change the
boundary 3-manifold.



The slam-dunk move. The last handy move we introduce is the slam-dunk move depicted in Figure
which goes as follows. Assume a surgery diagram contains an (n € Z)-framed component K and its
meridian m with framing r € QU {oo}. Let T be the torus glued in by Dehn surgery along K. Then
we may pull m through the boundary of T into the interior of T = S' x D?. Since K has an integer
framing, m intersects the sectional disk {1} x D? in T exactly once. Hence, m is isotopic to the core S!
of T', and T is a tubular neighbourhood of the isotoped m. Thus, Dehn surgery on m can be obtained by
cutting out 7" again and reglueing a solid torus to 9T a second time. Hence, we may remove m from the
diagram as long as we change the framing of K accordingly. In the special case n = 0, the glueing along
OT is simply rotation by /2 in Hy(0T,Z) = (X, u), where X is a longitude and p a meridian. Since this
maps pu +— A and A — —pu, the Dehn surgery slope changes by r — f%. In general, the new framing of
Kisn— %, which amounts for the extra n twists.
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Figure 2: The slam-dunk move.

1.2 Spinc structures

Before introducing Heegaard Floer homology, we must introduce the notion of a Spin® structure on an
orientable smooth manifold X. We shall follow the very readable treatment of Lawson and Michelson
[ILMR9]. Following their narrative, we first describe the group Spin(n) as the universal cover of SO(n)
and then introduce its complex analogue Spin¢(n).

First, observe that the tangent bundle of a smooth n-manifold X has structure group GL(n,R). An
orientation reduces the structure group to GL*(n,R), i.e. the subgroup of GL(n,R) consisting of all
linear maps with positive determinant. On the other hand, we may always choose a Riemannian metric
on X and thereby reduce the structure group to O(n). If X is both orientable and equipped with a
Riemannian metric, then the structure group is reduced to SO(n).

One may go a step further and ask if the structure group can be reduced to be simply-connected,
noting that m (SO(n))) = Z/2 for n > 3. Investigating this question leads to the notion of a Spin
structure.

The group Spin(n). Let n > 3. The group Spin(n) is the universal cover of SO(n), fitting into a
short exact sequence

0 —» Z/2 — Spin(n) - SO(n) —» 1. (1)

Remark 1.8. As described in ([LM89], Section 1.2), Spin(n) can be explicitly constructed by construct-
ing the Clifford algebra C1(R"™), where R™ is equipped with the standard inner product.

For a general inner product space V, we have CI(V) := T(V)/(v®@v ~ —|v|)), where T(V) =
D,~ V" is the tensor algebra of V. Then CI(V) is additively isomorphic to the exterior algebra A(V).
However, the multiplicative structure is slightly different. Namely, if eq,...,e, is an orthonormal basis
for V, then CI(V) is generated by e1, ..., e, with the relators e; - e, = —1 and e; - e + ¢, - ¢; = 0 for all
i

Now define Pin(n) to be the multiplicative subgroup of CI(R™)* generated by vectors of unit norm,
and let Spin(n) be the subgroup of Pin(n) consisting of all the elements of even length. (Note that the
equivalence relation in the definition of CI(V') does preserve the parity of the length of an element.) To
get the double cover of SO(n), let u € R™ be a vector of unit norm and consider the conjugation action:

R™ 3z +— uzu™ ' = —uzu = —u(—uzx — 2(z,u))
= —x + 2u(zr,u) = —Refl,,. () € R"

Thus, we obtain a homomorphism ¢ : Pin(n) — O(n) given by u — —Refl, .. Restricting ¢ to Spin(n)
gives the desired double cover of Spin(n) LN SO(n).



Finally, £ is not the trivial double cover of SO(n) since £~ !(idgn) = {1, —1} and these are connected
in Spin(R™) by the path [0,7/2] 3 t — (e1 cost + easint) - (—ej cost + egsint). Therefore, ¢ is indeed
the universal cover as m1(SO(n)) = Z/2.

Spin structures. Now that we know the universal cover of SO(n), we can briefly describe Spin
structures following ([LM89], Section 2.1). They are relevant to us since the Spin® structures which we
need for Heegaard Floer homology are complex analoga of Spin structures.

Let X be a smooth manifold and let E — X be an orientable vector bundle equipped with an inner
product. Also assume dim E =: n > 3. Let Pso(E) be the principal SO(n)-bundle coming from the
frame bundle of E.

Definition 1.9. A Spin structure on E is a principal Spin(n)-bundle Psy;, with a 2-sheeted covering
£ Pspin — Pso(E) that is Spin(n)-equivariant in the sense that é(pg) = f(p)f(g) for all p € Pspin
and g € Spin(n). A smooth orientable Riemannian manifold is Spin if its tangent bundle TX admits a
Spin structure.

Thus, intuitively, a Spin structure is a particularly nice way to reduce the structure group of an
orientable vector bundle to a simply-connected group.

The group Spin(n). Let n > 3 and define Spin®(n) := Spin(n) x U(1)/{£(1,1)} which is now a
multiplicative subgroup of CI(R™) ®g C. The short exact sequence analogous to is

0 — Z/2 — Spin‘(n) -5 SO(n) x U(1) — 1, (2)
where p([g, 2]) = (£(g), 22) for all [g, 2] € Spin®(n).

Spin® structures. As in the Spin case, let X be a smooth oriented manifold with Riemannian metric
and dim X :=n > 3. Let Pso(X) be the principal SO(n)-bundle coming from the frame bundle of T'X.

Definition 1.10. A Spin® structure s on a smooth orientable Riemannian manifold X is a principal
Spin®(n)-bundle Psp;ne and a principal U(1)-bundle Py 1y together with a Spin®(n)-equivariant bundle
map fi : Pspine — Pso(X) X Py(1), where equivariant means the same as in Definition

Two Spin® structures on X are equivalent if the corresponding principal bundles are isomorphic via
bundle isomorphisms preserving .

1.2.1 Important properties of Spin® structures

This section describes precisely those key properties of Spin® structures that we will need in order to
work with the d-invariants of Ozsvath and Szabd.

Existence and characterisation. The obstruction to having a PL S? spine constructed by Levine
and Lidman [LL19] exploits the existence of Spin® structures for the candidate manifold. Moreover, it
considers all possible Spin® structures at once and uses knowledge of the differences of their d-invariants.
It is therefore necessary to understand when a manifold can be equipped with a Spin® structure and, if
so, how they can be parametrised up to equivalence.

Theorem 1.11. Let X be a smooth orientable manifold with dim(X) > 3. Then X has a Spin° structure
if and only if its second Stiefel- Whitney class wy(X) € H?(X,7/2) is the reduction modulo 2 of an integral
cohomology class, i.e. an element of H*(X,7Z).

If so, then the Spin® structures of X are parametrised by the elements of 2H?*(X;Z) ® H*(X;Z/2).

Remark 1.12. There are several equivalent ways to define the second Stiefel-Whitney class wq(X) =
wa(TX). One of them is analogous to the definition of the first Chern class ¢; in except that it uses
the connecting map induced by ().

Proof (cf. |[LM89], Appendiz A and D). Note that if G is a Lie group, then the principal G-bundles over
X are fully determined by their transition functions g.g : U N Ug — G satisfying the cocycle condition
Gav9vp98a = 1, where {Uq }acr is an open cover of X over which the bundle is trivialised.

As described in ([LM89], Appendix A), two families of transition functions {gj,} and {gs.} are
equivalent if and only if there is another family {hq} of G-valued functions on {U,} such that g, ; =



h'gashs, which can be considered a Cech coboundary condition. Let H'({U,};G) denote the set of
equivalence classes of principal G-bundles over X trivialised over {U,}. Taking the direct limit over all
open covers of X partially ordered by refinement gives

HY(X;G) = lim H'({U,}; G) = equivalence classes of principal G-bundles over X.
{Ua}

If G is Abelian, this is the same as the first Cech cohomology of X with coefficients in G.
Moreover, if 1 — A — B — C — 1 is an exact sequence of topological groups, then we get an
exact sequence

{¥} — HY(X;A) —— H%(X;B) —— H'(X;0)

HY(X;A) ¥ HY(X;B) —— HY(X;C)

where H°(X; G) is the set of continuous maps from X to G. If, in addition, A is Abelian, then the exact
sequence can be extended by a map H'(X;C) — H?*(X; A).
Thus, induces an exact sequence

HY(X;7Z/2) —— H'(X;Spinc(n)) LN HY(X;S0(n))® HY(X;U(1)) w2ty H*(X;72/2), (3)

noting that Z/2 is Abelian and H'(X;G; x Go) =2 HY(X;G1) ® HY(X;G>). Here, ws is the second
Stiefel-Whitney class and ¢; is the reduction modulo 2 of the first Chern class. Furthermore, the exact
sequence of Abelian groups 0 — Z — R — U(1) — 1 induces the exact sequence

0=H'(X;R) — HY(X;U(1)) —— H*(X;Z) — H*(X;R)=0 (4)

Note that H*(X;R) vanishes for i > 1 since R (with the Euclidean topology) deformation retracts to
a point. The map ¢; in the middle is the first Chern class, which therefore classifies principal U(1)-
bundles up to equivalence. (Note that is one of the possible ways to define the first Chern class of a
principal U(1)-bundle). Using this isomorphism and identifying the involved maps in terms of standard
characteristic classes upgrades (3) to

HYX;Z/2) — HY(X;Spin°(n)) <25 HY(X;S0(n)) @ HA(X;Z) 25 H2(X;Z/2),  (5)

where ws is the second Stiefel-Whitney class and p is reduction modulo 2.

The upshot of is that by exactness, X admits a Spin®(n)-bundle giving a Spin¢ structure if and
only if wy(X) is the reduction modulo 2 of some element of H?(X;Z). Furthermore, in this case, the
Spin® structures of X are parametrised by H'(X;7Z/2) ®2H?(X;Z). To justify the last part, one has to
consider another exact sequence to distinguish between different Spin© structures that have abstractly
isomorphic principal Spin¢(n)-bundle over X (cf. Remark 1.14 and sequence (1.4) in [LM89]). O

Remark 1.13. Our notation implicitly reflects the fact that for a smooth manifold X and an Abelian
group A with discrete topology, the Cech cohomology is isomorphic to singular cohomology. For a very
readable introduction to principal G-bundles, characteristic classes, and Spin®-structures, we refer to
[ILM89] Appendices A, B, and D, respectively.

Definition 1.14. The first Chern class or canonical class of a Spin® structure s on a manifold X is the
first Chern class of the corresponding principal U(1)-bundle. We denote it by ¢1(s).

Remark 1.15. If X is a Spin® manifold with H'(X;Z/2) = 0 and if H?(X;Z) has no 2-torsion (e.g.
when X is simply-connected), then the Spin¢ structures of X are an affine space over 2H?(X;Z) =
H?(X;Z) via their first Chern classes.

Restriction to the boundary. When considering cobordisms, we will often want to restrict a Spin®
structure on a 4-manifold to a Spin® structure on its 3-dimensional boundary. In the case of the frame
bundle or its reduction to SO(n), this is natural since T(0X) C TX induces GL(n — 1,R) C GL(n,R)
and SO(n — 1) C SO(n). This natural inclusion continues in the construction of the Clifford algebra
CI(R""1) C CI(R") and also in the definitions of Spin(n) and Spin(n). Thus, restricting a Spin®
structure to the boundary is as natural as restricting the (oriented) frame bundle or a Riemannian
metric to the boundary (cf. [LM89], Remark after Proposition 2.15).
Similarly, a Spin® structure can be restricted to any open subset of the manifold.



Connected sum of Spin® manifolds. We will occasionally want to equip the connected sum of
two Spin® manifolds with a canonical choice of Spin® structure. This paragraph briefly outlines the
construction.

Let X and Y be smooth oriented three-manifolds equipped with Spin®© structures s and t, respectively.
Let B3 C X be the small ball in X whose thickened boundary S% x I is the gluing locus for the connected
sum X#Y. Note that H'(B?;Z/2) = H?(B3;7Z) = 0, so there is a unique Spin® structure on B% by
Theorem Therefore, by pullback via B%, the restriction of s to S% x I does not depend on s.
Similarly, the restriction of t to SZ x I does not depend on t. Thus, s| 52 x1 and t| 52 x1 are isomorphic
and hence glue to give the canonical Spin® structure s#t on X#Y .

We can also describe the first Chern class of s#t in terms of those of s and t. By a Mayer-Vietoris
argument, we have H?(X#Y,7Z) = H?(X,Z) ® H*(Y,Z) where the isomorphism is given by restriction
on both summands. By naturality of characteristic classes with respect to pullback, we therefore have
c1(s#t) = c1(8) @ c1(t). When X and Y are simply-connected (or, more generally, when their first
cohomologies with Z/2 coefficients vanish and their second integral cohomologies have no 2-torsion), this
formula is an easy way to see that the choice of Spin°-diffeomorphism between s 52 x1 and t| 52 x1 did
not matter when we defined s#t (cf. Remark [1.15)).

Conjugation The conjugate § of a Spin® structure s is obtained by conjugating the corresponding
principal U(1)-bundle and applying the automorphism g, z] — [g, Z] to the principal Spin©(n)-bundle.

We have ¢1(8) = —ci(s) since the first Chern class is a group homomorphism from the group of
equivalence classes of principal U(1)-bundles with ”tensor product” as group multiplication (i.e. taking
products of transition functions), noting that g, - go = 1 for all g, : U, — U(1).

1.3 Heegaard Floer homology

This section introduces Heegaard Floer homology, an invariant that can be assigned to any closed con-
nected smooth oriented three-manifold X equipped with a Spin¢ structure s. We shall follow [Juhl15]
and ([OS03], Section 2) and blackbox most of the underlying theory to keep the focus on the d-invariants
derived from Heegaard Floer homology and their application to spineless 4-manifolds.

Definition 1.16. Let A and R be Abelian groups and G a set of preferred generators of A. A relative
R-grading of A is a function gr : G x G — R such that gr(z,z) = gr(x,y) + gr(y, 2) for all z,y,z € G.
Moreover, if x1,...,z;r € G have the same grading relative to some y € G and there are ny,...,ng such
that >, n;z; € G, then gr(x;,y) = gr(>_, nizs, y) for all j.

We say that the grading lifts to an absolute grading if there is a function gr : G — R such that
gr(z,y) = gr(z) — gr(y) for all z,y € G. This naturally induces A = @, ., A, where each A, is an
Abelian group generated by generators of the same absolute grading r € R. We refer to A, as the pure
elements of grading r and may extend the function gr to compare any two elements of pure grading.
The same decomposition is obtained in the relative case once a reference generator y € G has been fixed.

Let (X,s) be a closed connected smooth oriented 3-manifold with a Spin® structure. The Hee-
gaard Floer homology of (X, s) consists of four Abelian groups HF (X, s), HF~(X,s), HF>(X,s), and

HF (X, 5), of which the first three carry an action of of the polynomial ring Z[U]. All four flavours admit
a relative Z/6(c1(s)) -grading, where

0 if c1(s) € H?(X;Z) is a torsion element, and
k € Nog if ci1(s) is k times a primitive element in H!(X;Z).

§(ci(s)) = {
We write HF° to mean any of the four flavours.

Absolute grading. If ¢;(s) is torsion then the relative grading can be lifted to an absolute Q-grading
gr which is uniquely determined by the grading shift formula below and the fact that HF(S3) is
supported in absolute grading zero. (Note that S® is implicitly equipped with its unique Spin® structure

by Theorem [T.11])
This is crucial as the d-invariant will be defined in terms of this absolute grading. The action of U

lowers the grading by 2, in the sense that gr(Uz,x) = —2.



Key exact sequence. There is a long exact sequence
. — % HF~(X,s) —— HF®(X,s) — HF*(X,s) — --- (6)

Both 7 and ¢ are equivariant under the Z[U]-action.
Moreover, if ¢;(s) is torsion then the absolute grading gr is preserved by ¢ and 7 while the boundary
maps lower it by one. There is also another exact sequence involving HF', although we won’t use it.

Definition 1.17. A Spin® cobordism (W,t) between two smooth closed oriented Spin¢ 3-manifolds
(X1,81) and (X2,82) is a connected compact smooth oriented 4-manifold W with Spin® structure t
and boundary OW = X; U X», such that t x, = §; for i = 1,2. (Here, X, denotes X; with reversed
orientation. Note that this does not affect the Spin® structure sy since the principal SO(3)-bundle of
the oriented frame bundle remains the same.)

Maps induced by cobordism. A Spin® cobordism (W,t) as above induces maps Fy,  between the
key exact sequences:

- —— HF (Xy,s,) —— HF>(Xy,5,) —— HFT(Xy,5,) — -+

| | | (7)

- — HFi(XQ,SZ) — HFOO(XQ,HZ) — HF+(X2,52) —_— -

A key property of these maps is that if ¢;(s1) and c¢;(s2) are torsion and £ € HF*(X1,s1), then the
shift of the absolute grading follows a well-known formula:

U ~ c1(t)? = 2x(W) — 30 (W)

gr(Fyp (&) — gr(§) = 1 : (®)
Note that this coincides with the dimension of the Seiberg-Witten moduli space of (W,t) (cf. [GS99)
Theorem 2.4.24).

Remark 1.18. There is a subtlety here in the way c;(t)? is defined. Namely, since OW # (), we have
that ci(t) — c1(t) € HY(W;Z) = 0. However, we have H*(W;0W;Z) = Z by Poincaré duality, so we
use the cup product —: H?(W,0W;Z) @ H*(W;Z) — H*(W,0W;Z) instead. Consider the long exact
sequence of the pair (W, 0W):

C—— HX(W,0W;Z) —— H2(W;Z) —%5 H2(0W;Z) =~ H*(X1;Z) ® H*(X3; Z) — -+

c(t) c1(s1) @ c1(s2)

a——— n-cqr(t) 0

9)
Since the first Chern classes of 51 and s, are by assumption torsion, there exists some n € Ny that
annihilates both of them. Thus, by exactness, there exists o € H?(W,dW;Z) such that i*(a) = n-c; ().
We therefore define ¢ (t)? := (o — ¢1(t)) /n € Q.
Note that this definition is compatible with the case when OW = (). Furthermore, the choice of «
does not matter since if i*(a) = i*(a’) = n - ¢1(t) then

n-(a—c(t) =a—i*(d)=a—ad =d —a=ad —i*(a) =n- (o —c1(t)).

This uses graded commutativity of the cup product (a — b= (—1)1¢’lp — a) and that it doesn’t matter
whether one or both cohomology classes in a cup product are relative to 0W. We may then divide both
sides by n? and obtain the desired equality since H*(W,0W;Z) = Z is torsion-free.

Example 1.19. Let W,, be the 4-manifold obtained by attaching a 2-handle to the 4-ball along a knot
K in S with framing n € Z\ {0}. Then W,, is an integral homology 2-sphere with intersection form (n)

PD
on Hy(W,;Z) = H*(W,,0W,;Z). Furthermore, H?(0W,,;Z) = Z/n by Lemma and the long exact
sequence ([9) becomes

D H2(W,, 0W,;Z) = 7 —" H2(W, Z) = 7 2% H2(0W,;Z) = Z/n —— -+

If o generates H2(W,,, 0W,,; Z) then PD(a) - PD(a) = n, so if ¢, (t) € H2(W,,;Z) is m times a primitive
element then ¢ (t)2 = m?/n.



Remark 1.20. If Y is a rational homology 3-sphere then ([OS04], Theorem 10.1) applies and HF (Y, s) &
Z[U,U~1] where multiplication by U lowers the grading by 2, i.e. gr(U¥) = ¢ — 2k for some constant
¢ € Q. Moreover, if Y is an integral homology 3-sphere, then Y has a unique Spin® structure by Theorem
whose d-invariant is an even integer (cf. [OS03] between Remark 3.2 and Proposition 3.3)).

2 The d-invariant of Ozsvath and Szabd

The d-invariant introduced by Ozsvath and Szabé (we shall follow [OS03], Section 4) is the key application
of Heegaard Floer theory in Levine and Lidman’s proof [LLI9] of the existence of spineless simply-
connected 4-manifolds.

Definition 2.1. Let (X,s) be a Spin® rational homology 3-sphere. Then c1(s) € H%(X;Z) is torsion
and hence the relative grading of Heegaard Floer homology can be lifted to an absolute Q-grading gr (cf.
Section. The d-invariant or correction term d(X,s) € Q is defined to be the minimal grading of any
non-torsion element in the image of the map 7 : HF>®(X,s) — HF*(X,s) in the key exact sequence

().

Well-definedness of d(Y,s). To see well-definedness of d, first note that the possible gradings in
HF™*(Y,s) are bounded below. This is because HF' comes from a chain complex called CF* that
is generated as a Z[U ~!]-module by the intersection points of two compact transverse half-dimensional
submanifolds in the manifold Sym,(X) (cf. [Juhl5], Section 5). Here, ¥ is a genus g-Heegaard splitting
for Y, i.e. a compact orientable surface of genus ¢ that splits Y into a glueing of two 2-handlebodies
with boundary 3. The symmetric product Symgy(X) is the manifold obtained by quotienting the g-fold
product X x - -- X 3 by the natural action of the symmetric group Sy by permutation of the coordinates.
By compactness, the two submanifolds mentioned above only have finitely many intersection points.
Thus, CF7 is finitely generated as a Z[U ~!]-module. Since multiplication by U~! raises the grading by
2, the gradings occurring in HF* (Y, s) are bounded below.

Next, note that the gradings in the image of 7 all differ by (even) integers. This follows from Remark
1.20| since 7 preserves the absolute grading. Thus, the gradings of the non-torsion elements in the image
of m possess a minimum and not only an infimum.

Finally, it is necessary to check that the image of 7 contains at least one non-torsion element. This
follows from exactness of the key exact sequence @ and the fact that + maps the torsion-free part of
HF~(Y,s), which is Z[U], onto U*Z[U] € Z[U*] = HF>(Y,s) for some k € Z.

Remark 2.2. HF~(Y,s) is the homology of a chain complex CF~(Y,s) generated by elements U*x
where k > 1 and x ranges over the finitely many intersection points described above. Similarly, we may
define HF<°(Y,s) to be the homology of the chain complex CF<°(Y,s) generated by the same elements
Ukz, except this time with k& > 0. Thus, HF~(Y,s) =2 HF<9(Y,s) with a grading shift of 2, since U
lowers degree by two.

Moreover, for a rational homology sphere Y, the torsion-free part of HF~(Y,s) = HF<°(Y,s) is
Z[U], and HF>(Y,s) = Z[U,U~']. Furthermore, as mentioned above, the map ¢ maps Z[U] onto
U*Z[U] € Z|U,U~Y] for some k € Z. Thus, since ¢ and 7 preserve the grading, d(Y,s) is two plus the
maximum grading in the image of ¢. This, in turn, is the same as the maximum grading in the image of
HF<°(Y,s) under . Therefore, we may always choose an element Oy € HF<°(Y,s) of grading d(Y,s),
as we do in one of the proofs below.

2.1 Key properties of d(Y,s)

Definition 2.3. The 3-dimensional Spin® homology bordism group ¢ is the set of equivalence classes
of Spin® rational homology 3-spheres, where (Y7,s1) ~ (Y2, 52) if and only if there is a Spin® cobordism
(see Definition [L.17) (W,t) from (Y1,s1) to (Y2,s2) satisfying Hy(W;Q) = Ho(W;Q) = 0. (W is called
a rational homology cobordism).
This is made into an Abelian group by the connected sum operation ([(Y1,51)], [(Y2,52)]) — [(Yi#Y2,s1#s.)]

(cf. Section|1.2.1)).

Remark 2.4. To see that the connected sum operation is well-defined on 6¢, first note that the disjoint
union is a well-defined group operation on the Spin® cobordism group of general Spin® 3-manifolds.
Next, observe that (Y7 U Ys, 81 U s5) is Spin© cobordant to (Y1#Y2,51#56,) by merging the two 3-balls
on Y; and Y3 into the glueing locus S? x I on Y;#Y5 (this is a higher-dimensional analogue of the pair
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of pants cobordism from S 11 S* to S'). The Spin® structure on the cobordism is canonically induced
by those on Y7 and Y5 and the fact that the locus of the merging described above has the homotopy
type of a point (contract everything to the point where the centres of the two 3-balls are identified). By
Mayer-Vietoris, this cobordism has trivial first and second rational homology given that Y; and Y5> are
disjoint unions of rational homology 3-spheres. Thus, it doesn’t matter if our group operation is disjoint
union or connected sum.

Finally, standard Mayer-Vietoris arguments show that the class of rational homology 3-spheres is
closed under taking connected sums, and that the class of Spin® cobordisms with trivial first and second
rational homology is closed under concatenation. Thus, the group 6°¢ is well-defined.

Remark 2.5. Note that W as in Definition [2.3|is a compact oriented 4-manifold whose boundary is

the disjoint union of two rational homology 3-spheres, and whose first and second rational homologies
vanish. Thus, we get Hy(W;Q) =20, Hy(W,0W;Q) = Q, H3(0W;Q) = Q?, and

Hy(W,ow;Q) 28 1 (w; Q) L4 1, (w; Q) = 0.

Hence, the relative long exact sequence for (W, 0W) gives
0—Q— Q* — H3(W;Q) — 0

so H3(W;Q) = Q. Thus, the condition that a cobordism W between two rational homology spheres
has trivial first and second rational homology is equivalent to W having the rational homology of the
cobordism S3 x I. This explains the name rational homology cobordism for the specialised notion of
cobordism used in Definition 2.3

Theorem 2.6 (Key properties of d). The d-invariant satisfies the following key properties ([0S035],
Proposition 4.2):

e d(Y,s) =d(Y,5) (see Section[1.2.1] for the definition of §).

e d(Y,s5) = —d(Y,s) (where Y is Y with orientation reversed).
Moreover, we have

o d(Y1#Ys, 51#s2) = d(Y1,81) + d(Ya,s2) ([OS03]), Theorem 4.3) and

e d is invariant under Spin® cobordism with trivial first and second rational homology ([OS03], Propo-
sition 9.9).

Thus, d is a group homomorphism d : ¢ — Q.

Corollary 2.6.1. Let (X,t) be a connected compact Spin® manifold bounding a rational homology 3-
sphere (Y,s), i.e. 0X =Y and t|ly =s. Then

c1(t)? — o(X)

d(Y,s) = 1

Proof sketches for Theorem [2.6.

Conjugation. Conjugation invariance follows from an underlying conjugation invariance of Heegaard
Floer homology and the maps induced by Spin¢ cobordism.

Orientation reversal. The orientation reversal formula is shown using a duality theorem between
Heegaard Floer homology and cohomology and an application of the UCT. It exploits that HF (Y, s) =
ZIU, U] (cf. Remark|1.20)) for all rational homology spheres Y, so HEF is free in every dimension.

Additivity under connected sum. First, Ozsvath and Szabd construct a map
FY uy, sias, - HO(Y1,81) @ H="(Ya,80) — H°(Y1#Y2,51#55)

that is natural with respect to Spin® cobordisms of (Y7,s1) (see Remark for a brief discussion of
HF=%). They then show that if Oy, € H=Y(Y,s5) is an element whose image in HF>(Ys,52) is a
generator, the map

F;?#Yz,ﬁl#EQ(' ® ®Y2) : Hoo(nasl) — HOO(Yl#Y2751#52)
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is an isomorphism of relatively graded groups and that

97 (FY, 4y 5140, (€ © O, ) = g (§) + g7(Oys)

([0S03], Proposition 4.7). They first prove the case when Y7 is an integral homology 3-sphere by induction
on the number of +1 surgeries on S® that give Y; (cf. Lickorish-Wallace theorem). The base case uses
that HEF> of any rational homology 3-sphere is Z[U, U~!]. Another induction then generalises this to
all rational homology 3-spheres.

Finally, they take Oy, € HF<%(Y;,s5) to be an element of degree d(Y5, s2) (we can do this by Remark

and consider

F‘?#Yz,sl#sg ('®®Y2)

HF]SO(Yl,51) ~ HFﬁd(y2,52)(Y1#Y2751#52) oY

P F

F. s s (®@y)
re HF:(Y&,Sl) Y1#Y2,51#59 2 HFI:_+d(Y2,52)(Y1#Yé’51#51) > ﬂ(?j)

Take 7(y) as in the diagram above to be a non-torsion element of minimal absolute grading. Let z be
the image under 7 of the preimage of y. Since the diagram commutes, we have that x is non-torsion. As
m preserves the absolute grading, we get gr(z) = gr(w(y)) — d(Ya2,s2) and hence

d(Y1,81) < d(Yi#Ya,81#s,) — d(Y2,52).

Reversing the orientations of Y7 and Y5 delivers the same inequality with all signs reversed. Thus, we
obtain the desired equality.

Invariance under rational homology cobordism. Let (W,t) be a Spin® cobordism from (Y7,s1)
to (Ya,s5) with trivial first and second rational homology (i.e. a Spin® rational homology cobordism).

The crucial step is to show that the induced map Fy7, : HF*(Y1,51) — HEF>(Y2,52) is an isomor-
phism. This is done by taking a handle decomposition W = W7 U W5 U W3 into 1-, 2-, and 3-handles.
Then OW; =2 Yi#™ (5% x S!) where n; is the number of 1-handles and W5 can be described by surgery
on a framed link L = K; U---UK,, in Y1#™ (5% x S1). Next, one orders the components such that going
from Wi to W5 by performing surgery on one K; after another makes the first Betty numbers change
in a V-shape, i.e. strictly decreasing at first, then constant, and then strictly increasing. The desired
isomorphism is then obtained using more technical results of Heegaard Floer theory to understand the
maps induced by the 1- and 3- handles, and the maps induced by surgery on one K; at a time in the
given order.

Given that [y is an isomorphism, we get:

HFOO(Yl,ﬁl) —" HF+(Y1,§1) S X1

%lF‘?;’ . lFVT, .

y € HF*®(Ya,s,) —— HFET(Y3,89) 2 o

Let o0 € n(HF*(Ys,5,)) be a non-torsion element of minimal absolute grading, i.e. ¢gr(xzs) =
d(Ya,52). Then there is some y € HF " (Yz,5,) such that 23 = m(y). Since Fyj, is an isomorphism and
the square commutes, we have that x1 := 7 ((Fﬁvot)_l(y)) is a non-torsion element. Since 7 preserves
the absolute grading, the grading shift formula gives

c1(t)? — 2x(W) — 30(W)
1

gr(zy) = gr(zs) —

and hence
e1(8)? = 2(W) = 30(10)
1 .

By Remark we have H,(W;Q) = H.(S3 x I;Q), so x(W) = 0 and the signature (W) = 0 since
the second integral homology is purely torsion and hence the Z-valued intersection form of W is trivial.
Furthermore, by the UCT, c;(t) € H?(W;Z) is torsion and hence ¢ (t)? € Z is zero (cf. Remark .

Thus, we obtain d(Y1,5,) < d(Ya,5,). By symmetry, since (W, 1) is a rational homology cobordism
from (Ya,s2) to (Y1,51), we obtain the reverse inequality. Thus, d(Y7,s1) = d(Y2,52).

d(}/lasl) S d(}/Q752) -

O
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Proof sketch of Corollary[2.6.1. Let W be X minus a small 4-ball, which is a Spin® cobordism from S3
to (Y,s). We prove the corollary assuming that we can subdivide W into a concatenation of definite
cobordisms W; between rational homology 3-spheres, i.e.

W = Wo#Wr# - #W,

where (W;,tlw,) is a Spin® cobordism from (Y;_1,t|y, ,) to (Yi,t|ly;) with definite intersection form,
where each Y; is a rational homology sphere, Y_; = S% and Y; = Y. Additionally, we want by (W;) = 0
for all 4, where by, (W;) denotes the m-th Betti number of W;. Such a decomposition can be obtained by
considering W as a handlebody relative to S® and carefully choosing the order in which the 2-handles
are attached along knots in S3.

Since each Y; is a rational homology sphere, Remark and the fact that 7 in @ preserves the
grading give that d(Y;, sy,) = gr(a) (mod 2Z) for any o € HF*>(Y;, sy, ).

Thus, the grading shift formula gives

a1 (thw,)? = 2x(Ws) — 30(W3)

d(Y;, t Yiy) 1 (mod 27) (10)

Yi) - d(Yéflvt

whenever Fyp @ HF*(Y;_1,8;—1) — HF*>(Y;,s;) is not the zero map. If W; is negative definite then
Fy7, is an isomorphism, and so this condition is satisfied. If W; is positive definite, then (Wi, tlw,) is a
negative definite cobordism from (Y;, t|y;) to (Yi_1,t|y,_1). Changing the orientation on W; reverses the
sign of the intersection form, so we have ¢ (tlyy-)* = —c1(tw,), o(W;) = —a(W;), and x(W;) = x(W5).
Thus, the if W; is positive definite then

(tw,)? + 2x(Wi) — 30(W3)
4
A simple Mayer-Vietoris argument gives that x(W; #W;11) = x(W;) + x(Wi11) and o(W;#W; 1) =
o(W;)+0o(Wii1). Furthermore, ¢1 (tw) = c1(tw, )®- - -®cr (tlw,), so c1(tlw)? = e (twy )2+ +e1 ()%
Summing over and we obtain

d(Yitly,) = d(Yirtly, ) = & (mod 2Z). (11)

A,s) —d(S) = (el =30 +2( 3 xW)— 3 x| | (mod22) (12)

W, pos.def. W, neg.def.

N

Note that S is implicitly equipped with its unique Spin® structure by Theorem Also, d(S3) =0
since d is additive under connected sums and S3#53 = §3.
Finally, W; is a compact connected oriented 3-manifold bounded by two rational homology spheres.

A standard argument using the relative homology long exact sequence, Poincaré duality, and the UCT
gives that bs(W;) = b1 (W;) + 1. But by (W;) = 0 by assumption, so x(W;) = bo(W;). Thus, we get

Yoo xW)— D x(Wi) =a(W).

W; pos.def. W, neg.def.

The result now follows from (12), noting that o(W) = o(X), d(S®) = 0, and ¢1(t{w)? = c1(t)? since
removing a 4-ball from X does not change its second homology.
O

3 Obstruction to having a PL S? spine

Equipped with some basic knowledge of Spin® structures, Heegaard Floer homology, and the d-invariants,
we are now ready to present Levine and Lidman’s obstruction for a simply-connected 4-manifold to have
a PL spine [LL19].

3.1 Setup

Let X be a smooth compact oriented 4-manifold with H,(X;Z) = H,(S%,Z) and let o € Ho(X;Z) = Z
be a generator. Let Y = 0X be the boundary.

Lemma 3.1. Let n € Z be the self-intersection number of a so that the intersection form of X is (n).
Then H{(Y;Z) = H*(Y;Z) = Z/n.

13



Proof. Consider the relative long exact sequence for (X,Y).

Hy(Y;Z) —— Ho(X;Z) —— Ho(X,Y;Z) —— Hy(Y;Z) — Hy(X;Z) 20

\\\\» =|pp

H?(X;7)

Thus, Hq(Y;Z) = coker(p). By the UCT, H?(X;Z) = Z. By Poincaré duality, let o* € H*(X;Z) be
such that (a,a*) = 1. Then o* must be a generator and we have coker(yp) = Z/k where ¢(a) = ka*.

By Poincaré duality, k = {«, p(a)) P . a = n and the result of Hy(Y;Z) follows.
The result for H2(Y'; Z) follows from Poincaré duality since Y = (). O

7 ifx=0,3
Lemma 3.2. Ifn # 0 then Y is a rational homology sphere and H*(Y;Z) 2 S Z/n  if x =2

0 otherwise.

Proof. Since X is compact orientable and Hy(X;Z) = 0, we have 0X =Y # () and hence Hy(X,Y;7Z) =
Z. Also H3(X;Z) =0, so the relative long exact sequence for (X,Y) gives H3(Y;Z) = Z. Since Y is an
oriented closed compact 3-manifold, Poincaré duality gives Ho(Y;Z) = Z. The UCT gives H*(Y;Z) = 0
since Hy(Y';Z) is purely torsion and Hy(Y;Z) is torsion-free.

Hence, Y is a rational homology sphere by the UCT. O

Parametrising the Spin® structures. Now focus on the case when n # 0. By the UCT, the modulo
2 reduction H?(X;Z) — H?(X;Z/2) is surjective, so the second Stiefel-Whitney class ws(X) is the
reduction modulo two of an integral homology class. Moreover, H?(X;Z) = Z and H*(X;Z/2) = 0
(using the UCT and H'(X;Z) = 0).

Hence, Theorem|[L.11|tells us that X admits Spin® structures and they are parametrised by 2H (X ; Z) =
27 via the first Chern class (cf. Remark. We therefore get

{Spin® structures on X} = {t;, : i € Z, (c1(t;),a) +n = 2i}. (13)

We can do this because the Chern class of every Spin® structure has the same parity as the second Stiefel-
Whitney class wo(X) € H2(X;Z/2) = Z/2. But it is a standard fact that every characteristic element of
X is congruent to wo(X) modulo 2 (cf. [GS99], Proposition 2.4.16). Recall that o € H?(X;Z) is called
a characteristic element if v — x = o — x (mod 2) for all x € H*(X,Y;Z). Since the intersection form
of X is (n), we obtain ¢1(s) = wa(X) = n (mod 2) and hence (13) encompasses all Spin® structures on
X.

Restricting from X, we see that Y also admits Spin® structures (which, if n is odd, are parametrised

2(Z/n) = Z/n via their first Chern classes by Theorem and the UCT). Thus, we let

5; 1= ti|y
which only depends on 4 modulo n since ¢;(t;]y) = (c1(t:))|y-

Remark 3.3. Choosing —« as generator of Ho(X;Z) = Z instead induces the relabelling t; — t,_;
and s, — §,_;, =s_; by . Since conjugating a Spin® structure flips the sign of its first Chern class,
changing the generator induces the same permutation on the labels t;, s; as conjugation. But by Theorem
the d-invariants are invariant under conjugation, so the choice of generator o does not matter.

Proposition 3.4. Recall the ongoing assumption that n # 0. Then

2i—n)? —|n
d(Y;s;) = —( 431 il

(mod 2Z).
Proof. Corollary describes the d-invariant of a rational homology sphere that is Spin© null-cobordant.

In our case, this gives
c1(t)? — o(X)

d(Y;s;) = 1 (mod 27Z).
By the same analysis as in Example and using (13), we calculate c;(t;)? = (2i — n)?/n. Finally,
o(X) = |n|/n gives the desired result. O
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We are now ready to state the obstruction used to construct spineless compact simply-connected
4-manifolds (JLL19], Theorem 2.2).

Theorem 3.5 (The obstruction). As in the setup above, let X be a smooth compact oriented 4-manifold
with Ho(X;Z) = H.(S%Z) and let Y := 0X. In addition, assume that a generator o € Ho(X;7Z) is
represented by a PL embedded S? and that - o =n > 1. Then for all i € {0,1,...,n — 1} we have

n—2—1 or —n—2i—1 ZfO S i S n—2
n n 2

d(Y,s;) —d(Y,si41) = {0 if n is odd and i = "7*1

n—2i—1 3n—2i—1 N . _
- or = if g <i<n-—1

Corollary 3.5.1. For any i € {0,1,...,n — 1}, we have

2n —1
|d(Y,s;) — d(Y,si41)] < —
Proof. Immediate verification from Theorem O

Remark 3.6. If X has a PL S? spine, then the homotopy equivalence induces an isomorphism on
homology and hence the generator « can be taken to be the class of the spine.

The n > 1 hypothesis is not a great restriction since if X has a PL S2 spine and n < —1 then X still
has the same PL S? spine and satisfies n > 1.

Levine and Lidman also formulate an obstruction for the case n = 0 using two cousins of the d-
invariant. However, at the time of writing their paper, they did not to know of any examples that realise
it (cf. [LL19], Remark 2.5).

The rest of this section outlines the proof of the obstruction.

3.2 Reduction to surgery on a knot

Lemma 3.7. Let S be a PL S? embedded in the smooth j-manifold X. Then S is isotopic to another
embedded PL S? in X that has a single cone point and is smooth otherwise.

Proof. First, note that edges of S can be smoothed out away from the vertices. To see this, let E be
an edge of S and let # € E be an interior point of the edge. Consider a small 3-ball B® perpendicular
to E centred at z. Its intersection with S will look as depicted in Figure [3| which is easily seen to be
smoothable. Applying this argument simultaneously for each slice along a tubular neighbourhood of F
shows that the interiors of edges can be smoothed out.

Figure 3: Smoothing out S in a B? perpendicular to the edge E near x € E.

After smoothing out the interiors of all edges, we are left with finitely many singular points x1, ..., xx €
S. Now separate them by small 4-balls Bf, ..., B{ centered at z1, ..., z, respectively. Now S will inter-
sect the boundary of each B} in a knot K; C S? = B}. Next, pick paths in S where each path connects
two of the S3’s such that the resulting graph with vertices {S5,..., 97} is a tree and hence contractible.

Let p;; be one of these paths and assume it connects S3 and 5’;’. We may take a tubular neighbourhood
T;; of pj; in X. Then B}U T;; U B¢ is isotopic to a 4-ball ij in X, and SN ij = K;#K;. But within
ij, we may isotope S to be the cone of K;# K, which has only one singularity. This idea is illustrated
in Figure [

Since the graph structure of the paths {p;;} is a tree and hence contractible, we may repeatedly
perform these isotopies along paths until we are left with no paths and a single singular point of S,
modelled as the cone of a knot in S3. O

Proposition 3.8. It suffices to prove Theorem (the obstruction) for the case when X is obtained by
attaching a 2-handle to B* along an n-framed knot K in S = 0B*.
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Figure 4: Merging two singular vertices x1,z2 of S into one.

Proof. Let S be the PL S? that generates Hy(X;Z). By Lema we may without loss of generality
assume that S has a single singularity (called the cone point p € S) and is smooth everywhere else.
Then p has a small 4-ball B as neighbourhood such that BN S =: K is a knot in B = S3. Thus,
S has a tubular neighbourhood obtained by attaching a 4-dimensional 2-handle to B along the knot K
with some framing f € Z. We denote this by B¢(K). In fact, we have f = n since [S] generates Ha(X; Z)

so the intersection forms (n) on X and (f) on By(K) agree.

Now let W = X \ (B, (K)). This is a cobordism between Y and S3(K) := 0B, (K). We claim that
it is also a homology cobordism. By Remark it suffices to check that W has trivial first and second
rational homology. But this follows immediately from the Mayer-Vietoris sequence for X = W U B, (K),
noting that H,(X;Q) = H.(S?% Q) and that W N B,(K) = S2(K) has H{(S3(K),Z) = Z/n is torsion
and Hy(S3(K);7Z) = 0, so the first and second rational homologies of W vanish and W is a rational
homology cobordism.

Also note that Y and S3(K) bound the 4-dimensional integral homology 2-spheres X and B, (K),
respectively. Thus, we may label the Spin® structures as in the setup above.

Our reduction of Theorem to the case of surgery on a knot in S is complete if we can show that
W can be equipped with a Spin® structure t; that makes it a Spin® cobordism between s; on Y and
s; on S3(K). If this is the case, then Spin¢ rational homology cobordism invariance of the d-invariant
(Theorem gives d(Y,s;) = d(S3(K),s;) and we are done.

To see compatibility of the labellings, let t; be the Spin® structure on X as in the setup. So by
definition s; = t;|y on Y. Since o = [S] generates both Ho(X;Z) and Ha(B,,(K);Z), we have that

(e1(t), ) x = (e1(til B, (k) @) B, (K)-
Thus, by (13)), the definition of t; on B,,(K) agrees with the restriction of t; on X to B, (K). Therefore,
equipping W with the ;| gives the desired Spin© cobordism. O
3.3 The d-invariant for surgery on a knot
It remains to show that Theorem (the obstruction) holds for B, (K), i.e. the 4-manifold obtained by
gluing a 4-dimensional 2-handle to B* along the n-framed knot K in S°.

The numbers V;(K). The proof cites Ni, Wu, and Hom’s results on a sequence of nonnegative integers
V;(K) coming from the knot Floer complex of K (cf. [NW15], Section 2.2 and [HW16], Equation (2.3),
as cited in [LL19]). Namely, the V;(K) satisfy:

e Vi(K) € Ny for all i > 0.
o Vi(K)—1< V11 (K) <Vi(K) for all i > 0.
e Relation to the d-invariants of S2(K) = 0B, (K) for all i € {0,...,n —1}:

A53(K), 50 = PV g e (8. Vo () (1)

Note that is invariant under i — n—1i by conjugation invariance of the d-invariant. This explains why

if V;(K) is involved, V,,_;(K) is involved too. Also note that is a lift of the formula in Proposition
since the V;(K) are integers and |n| = n by our assumption that n > 1.
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Proposition 3.9. Theorem[3.5 (the obstruction) holds for By (K).

Proof. Given the properties of (V;(K));>o, this is now a straightforward calculation.

Case 1: Ogig%—?
Since the V;(K) are non-increasing, we have max{V;(K),V,_;(K)} = V;(K) and similarly for ¢ + 1.
So gives

(2i —n)?—n—((2(i+1) —n)* —n)

d(Sp(K),s:) — d(S,(K),5i41) = ™ —2(Vi(K) = Vipa (K))
n—2t—1
S
- (2 or 0)
n—2—1 —-n—2i—1
= or
n n

since V;(K') decreases by 0 or 1 at each step.

Case 2: 5 <i<n-—1
By cojugation invariance of the d-invariant, we have

d(S3(K),8:) — (S5 (K),8i41) = — (d(Sp(K), p—i—1) — d(Sp (K), 5n—))
n—2mn-i—-1)—1 or — -n—2n—-i—-1)-1
n n
n—2i—1 3n—21—1
or
n n

by invoking Case 1 for 0 <n —i—1< %’2

Case 3: 1= an and n is odd.

Then by conjugation invariance d(S3(K),s;) —d(S2(K),8,41) = Osincen—i =n— 251 = 2l — 441
S0 6, = S6p— = 5iy1-

O

4 Constructing 4-manifolds without a PL S? spine

In this final section, we explain the construction of 4-manifolds homotopy equivalent to S2 that fail the
obstruction of Theorem [3.5| and are therefore without a PL spine ([LL19], Section 3). The main tool for
the construction will be Dehn surgery on framed links in S (see Section .

Overview of the construction. We will beginn by constructing for every p,m € Z an integral
homology 3-sphere Y, and a rational homology 3-sphere @, with |H1(Qm;Z)| = 4. Next, we show that
one can obtain Q_4p,_3 from integral surgery along a framed knot K, in Y,. Also, (Y, — B®) x [0,1] is
a homology ball that has boundary Y,#Y,. Thus, performing the integral surgery mentioned above on
K, x {1} gives the manifold W,,, which will be our example of a simply-connected, spineless 4-manifold
homotopy equivalent to S?. Importing knowledge of the d-invariants of @,, from [Doild] (as cited in
ILL19]) will show that W, fails the obstruction.

4.1 The rational homology spheres Q,,

Definition 4.1. For m € Z, let @,,, be the 3-manifold obtained by any of the three surgery diagrams in
Figure [5

Lemma 4.2. The three surgery diagrams for Q, describe (orientation-preserving) diffeomorphic mani-
folds.

Proof. We will use that surgery diagrams related by Rolfsen twists and slam-dunk moves describe the
same 3-manifolds (see Section [1.1.1). Recall also that we may add and remove co-framed components
without changing the 3-manifold.
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b (<)

Figure 5: Three surgery descriptions of @, (Figure 1 in [LLI9]).

Equivalence of diagrams (a) and (c) is shown in Figure[6] First, we add the green co-framed unknot
to diagram (a). Next, apply a Rolfsen twist with n = —2 to unlink the two original components. Finally,
apply an inverse slam-dunk move using —1/2 = —1 — (—2)~! to obtain diagram (c).

Equivalence of (b) and (c) is shown in Figure m As before, we add an oo-framed unknot and apply a
Rolfsen twist with n = 2 to unlink the original two components. Then, we perform an inverse slam-dunk

move using 1/2 = 0— (—2)~!. Finally, we perform two slam-dunk moves using 0 — (2)~! = -1 — (-2)~%.
@ — (00 — OOO
o) -2 m =Y
o m

Figure 6: Equivalence of diagrams (a) and (c) for @,, in Figure

- gon GomGor

O m-2
Figure 7: Equivalence of diagrams (b) and (c) for Q,, in Figure

Z]4 if m is odd

Lemma 4.3. Q,, is a rational homology sphere with H1(Qm,Z) = {Z/Z ©7/2 ifmi
if m is even.

Proof. By Poincaré duality and the UCT it suffices to prove the formula for Hy(Q,Z). By Lemmal[L.6
H1(Qm,7Z) is the cokernel of the linking matrix of the surgery diagram. The linking matrix of diagram

a) in Figure [9f 1s whic as determinant —4. e result follows since the 1image of this
in Fi 5| i 9 mi—? hich has d i 4. Th It foll i he i f thi
matrix is ((0,2), (2,0)) if m is even and ((0,2),(2,1)) if m is odd. O

We end the discussion of @,, by importing knowledge of its d-invariants. It follows from Lemma
and Theorem that @, has four distinct Spin® structures. Their d-invariants are given by [Doil5)]
Section 3 (as cited in [LLI9]):

Theorem 4.4. The d invariants of Q,, are {mTJrQ, mT*Q,O,O}.
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4.2 The Brieskorn spheres X(p, q, )

The integral homology spheres Y}, described in the next section are special cases of the Brieskorn manifolds
introduced in this section.

Let aq,...,a, > 2 be integers and consider the complex hypersurface V (a1, ...,a,) C C" given by
the vanishing of the polynomial x7* + - -- 4+ 2% = 0. This hypersurface has a unique singular point at
the origin and for sufficiently small € > 0, the transverse intersection

Y(ay,...,a,) = Viay,...,a,) NS 1

with the sphere S2"~! of radius € centered at the origin is a smooth 2n — 3-manifold, called the Brieskorn
manifold X(aq,...,a,).

A motivation for studying the intersections of hypersurfaces with small spheres around a singularity
is that these should contain information about the hypersurface itself. Also note that X(aq,as) recovers
the torus knots in S3. For a more general discussion of these ideas, see [Mil68].

For our purposes, we will be interested in the 3-manifolds X (p, ¢, r) called Brieskorn spheres. It turns
out that they are nicely described by Dehn surgery as in Figure [8

QD

o)

f'/r\

Figure 8: Surgery diagram for the Brieskorn sphere ¥(p, ¢,r) (Figure 3 in [LL19]). The possible values
of e,p', ¢, € Z are determined by p, q,r (cf. Corollary |4.8.1)). The four green meridians are generators
of the fundamental group and not part of the surgery diagram.

It is worth mentioning that the Brieskorn spheres are Seifert fibred (see [Hem04] Chapter 12 for more
on Seifert fibred 3-manifolds).

Definition 4.5. A 3-manifold is Seifert fibred if it is a disjoint union of copies of S such that every
fibre S =2 S' has a tubular neighbourhood T that is a solid torus fibred by the same fibration. Such a
fibration is given up to isotopy by the number of times a generic fibre winds around the central S* of T.

Note that T'— S is a thickened torus fibred by circles, and every such fibration is given up to isotopy
by a primitive element am + bl where m is a meridian to S, [ is a longitude of S, and a,b € Z. In the
definitiona above, we will always have b = £1. However, we may also allow other values for b. In this
casec the fibre S is called a singular fibre of degree b. Figure [J] illustrates this idea.

Figure 9: A singular fibre of degree 2. The degree of the fibre is given by the intersection number
0D? - f, where f is a fibre surrounding the singular fibre and D? is a disc bounded by a meridian in the
torus neighbourhood.

Lemma 4.6. X(p, q,7) is a Seifert fibred space with three singular fibres of degree p, q,r, respectively.

Proof. First, note that the exterior of the link in Figure[§]is Seifert fibred without singular fibres. To see
this, first remove a tubular neighbourhood of the central unknot. But S minus the standard solid torus
is again a solid torus in which the other three unknots are parallel longitudes. Thus, the cross-section of
the exterior of the total link is as depicted in Figure 3(p, q,r) is obtained by glueing four solid tori
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Figure 10: Cross-section of the exterior of the link in Figure |8l The red fibre illustrates how every fibre
intersects the cross-section exactly once. The green loops x,vy, z, h generate the fundamental group of
the exterior.

along their boundary into this link exterior. This determins a fibration on the boundary of each glued
torus, which extends over the solid torus but might produce a singular fibre in the centre.

If the Dehn surgery coefficient is p/p’ then the meridian of the added torus gets glued to pm + p'l,
where m and [ are a meridian and longitude, respectively, for the link component along which we glue.
Since the fibration of the link exterior is simply given by parallel longitudes, the degree of the singular
fibre is (pm + p'l) - 1 = p. Therefore, X(p, q,r) is Seifert fibred with three singular fibres of degree p, g,
and r, respectively. O

The next lemma will be used later to prove that our spineless 4-manifolds are indeed homotopy-
equivalent to S2.

Lemma 4.7. If p,q,r are pairwise coprime, the fundamental group of ¥X(p,q,r) is normally generated
by any of the singular fibres. (We say an element normally generates a group if its normal closure is the
entire group.)

Proof (c¢f. [LL19], Lemma 3.2). Let Ey, be the exterior of the link in the surgery diagram for X(p,q,r)
in Figure |8l From Figure [10|it is clear that E, = (D? — 3D?) x S* and hence

m(EL) = (z,y,2) x (h) = (z,y,2z,h | h commutes with z,y, z).

By Seifert-van Kampen, every time we glue in a solid torus via Dehn surgery, we have to add a relator
representing the meridian of the added torus to the presentation of the fundamental group. By definition
of Dehn surgery, the meridian of the new torus gets glued to the slope of the Dehn surgery, i.e. pm + p'l
if the surgery coefficient is p/p’. Thus, we get

m(X(p,q,7)) = (x,y,2) x (h) = {x,y,z,h | h central,xphp/,thq/,zrhrl,myzhe>. (15)

The last relator comes from the fact that the surgery coefficient e € Z corresponds to the slope em + [
and the fact that the outer boundary circle of Ey, is homotopic to the loop zyz.

Without loss of generality, we proof that the singular fibre S corresponding to the p/p’-framed
component normally generates the fundamental group. Since S is the core circle of the torus glued in via
Dehn surgery, it is homotopic to 2*h® for some a, b € Z. But in the boundary of the torus, its intersection
number with the meridian is 1. Since this is preserved up to sign by the glueing, and since the meridian
gets mapped to zPh? | we must have lap’ — bp| = 1. Interpreting this as a determinant and noting that
x and h commute, we conclude that x and h can be expressed in terms of zPh?" and z%y®. Thus, z and

h are trivial in (= )
! b,q,T _
— s = | vy =y | yhy ).
((zaht))

But ¢ and r are coprime, so this group is trivial. Hence, the singular fibre S normally generates
m1(2(p,q,7)) as required. O

We end the subsection on Brieskorn spheres by citing a theorem from [Bri66] (as cited in [Mil75]).
Theorem 4.8. If p,q,r are pairwise coprime, then X (p,q,r) is an integral homology sphere.

Note that by Poincaré duality and the UCT, it suffices to prove that Hi(X(p,q,7);Z) = 0.

20



Corollary 4.8.1. For p,q,r pairwise coprime, the framing coefficients in the surgery diagram for
%(p,q,r) in Figure[§ satisfy
/ / !
pqr(e—p—q—r) = 41,
p q r

Thus, the integers p’,q', 7" are uniquely determined up to an overall sign modulo p, q,r, respectively, and
the integer e is determined by any such choice of admissible p',q’,r'.

Proof. By Theorem Hy(X(p,q,7)) = 0. But this is just the abelianisation of 71 (X(p, g, 7)), so working
in the basis (z,y, z, h), equation gives that

oo
= OO

0
Hy(X(p,q,r)) = coker g

~
~
~

D == =

<

p q

Thus, the deteterminant of this matrix is +1. But the determinant is exactly the formula in the statement.

That p’,q’,r’ are uniquely determined modulo p, q,r, respectively, follows by multiplying out the
expression and using pairwise coprimality of p,q,r. Different choices of p’,q’,r’ then correspond to
different choices of e. Finally, note that an admissible choice of p’,¢’, 7’ can not determine both an e
such that the determinant is +1 and an e_ such that the determinant is —1. If this were the case, then
1—(-1)=2=pgr(ey —e_), but p,q,r > 2, which is impossible in the integers. O

Remark 4.9. It does not matter for our purposes wether the expression above is +1 or —1. Both
resulting 3-manifolds satisfy the properties necessary for the further course of the construction: they are
Seifert fibred integral homology spheres with three singular fibres of degrees p, ¢, 7, and the fundamental
group is normally generated by any of the singular fibres.

The fact that we may shift p’,¢’,r’ by multiples of p, q,r, respectively, and simultaneously adapt e
so that e — % — %/ — = is conserved, corresponds to pairs of slam-dunk moves on Figure E

4.3 The integral homology spheres Y,
Definition 4.10. For p € Z, let Y, be the 3-manifold obtained by the surgery diagram in Figure

"2 -l -%p-3

WD&D

Figure 11: Surgery diagram for the 3-manifold Y},. The green meridian K, is not part of the surgery
diagram.

Lemma 4.11. Ifp=0,-1 then Y, = S3.

Proof. This follows from the sequence of slam-dunk moves in Figure for Yy and Figure to Y_1.
Note that we may always add/remove unlinked +1-framed unknots to/from the surgery description of a
3-manifold, since this corresponds blowing up/blowing down the corresponding 4-manifold, which does
not change the boundary 3-manifold (cf. Section .

O(@DQ GO~ GO~ - O

Figure 12: Slam-dunk moves from Y; to S3.
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= - [
(DL = 0D~ O
GO = (LD~ (O~ - O
Figure 13: Slam-dunk moves from Y_; to S3.

Theorem 4.12. Ifp # 0, —1 then Y, is a Brieskorn sphere with singular fibres of degrees 2,2p+ 1, and
4dp + 3.

Proof. Perform a slam-dunk move as in Figure [[4] to obtain the surgery diagram as in Figure [§] with

p q T 1 2p+1 4p+3 2
e—,—,— | =(-1 — .
’p/?q/?r/ ) _1 ) _1 7_1
These satisfy the relation of Corollary and hence give a surgery diagram of 3X(|2p + 1|, |[4p + 3], 2).
Note that all of these are > 2 for p # 0, —1. Thus, Y}, is the specified Brieskorn sphere, as required.

O ;éj‘rf 3 /‘éj‘re 3

Figure 14: Slam-dunk move from Y), to the surgery description of a Brieskorn sphere.

Corollary 4.12.1. Y, is an integral homology sphere for all p € Z.

Proof. This is clear for p =0, —1 since Y, 2 S in these cases by Lemma

If p # 0,—1 then Y}, is a Brieskorn sphere by Theorem By Theorem [4.8] it suffices to check that
the integers p, ¢,r describing Y), as a Brieskorn sphere are pairwise coprime. But such a description is
given in Figure We have {p,q,r7} = {2,2p + 1,4p + 3}. These integers are indeed pairwise coprime
for p #0,—1. O

Remark 4.13. The O-framing of K, in S* corresponds to the 4-framing of K, in Y,. This can be seen
from a linear algebra calculation since the O-framing curve of K, in Y, corresponds to a generator of the
kernel of H, (0T (K,)) — H1(Y, —T(K,)), where T'(K,,) is a tubular neighbourhood of K,. We will not,
however, present this calculation, as knowing the framing of K, in S? suffices for our purposes.

Lemma 4.14. Performing surgery on 'Y, along K,, with the 0-framing in S produces Q_4p—3.

Proof. This follows from the moves in Figure[I5] First, perform a slam-dunk move to cancel the 0-framed
K, and change the framing of the leftmost unknot to co. Then cancel the co-framed unknot (cf. Section

2 - -%p-3 -l -$p-3 2 | -%p-z
/@/7 . ﬁd QLD

Figure 15: Moves from Y, with K, to Q_4p_3.
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4.4 The spineless 4-manifolds W),

Definition 4.15. Define the 4-manifold W, as follows. Let B® C Y, be a small 3-ball and consider
(Y, — B3) x [0, 1]. This has boundary Y, x {1,0}US? x [0, 1] 2 Y, #Y, (after smoothing out the corners).
Let W), be the result of attaching a 4-dimensional 2-handle to (Y, — B3) x [0, 1] along the singular fibre
K, C Y, x {1} C 0W, depicted in Figure |11} taking the framing of K, to be 0 in S3.

By Lemma we have M, := OW, = Q_4p_3#Y,.

Lemma 4.16. W, is homotopy equivalent to S?.

Proof. First, a standard Mayer-Vietoris argument shows that (Y, — B®) x [0, 1] has the integral homology
of a 4-ball. Thus, W), has the integral homology of S? as it is obtained by adding a 2-handle to an integral
homology 4-ball.

Moreover, W), is simply-connected. If p = 0, —1 then Y, = S3 by Lemma so Y, — B3 is simply-
connected by Seifert-van Kampen. Then (Y, — B3) x [0,1] and W, are also simply-connected, again by
Seifert-van Kampen.

If p ¢ {0, —1} then Y, is a Brieskorn sphere X(p, ¢,7) by Theorem As in the proof of Corollary
we know that p,q,r are 2,2p + 1,4p + 3 up to signs. Hence, they are pairwise coprime and so
m1(Y,) is normally generated by any of the singular fibres by Lemma But K, is homotopic to a
singular fibre in Y}, by the discussion of the slam-dunk move in Section (In Figure pull the
p-framed component and its meridian K, into the solid torus glued along the —2-framed unknot as in the
derivation of the slam-dunk move. Now pull K, into the solid torus glued along the isotoped p-framed
curve. This corresponds to two rotations of K, by 90°, so K, now corresponds to the central S* of the
solid torus glued along the (—2 — 1/p)-framed unknot in Figure which is one of the three singular
fibres by definition of the fibration.)

So by Seifert-van Kampen, 1 ((Y, — B%) x [0,1]) is normally generated by K, x {1}. Thus, again by
Seifert-van Kampen, 71 (W,,) = 1 since W), is obtained by attaching a 2-handle along K, x {1}.

In conclusion, W, is a simply-connected integral homology S?, and this homology isomorphism is
realised by the quotient map W, — S? that collapses (Y, — B®) x [0,1] onto a point and collapses the
2-handle to its core. By the classical theorems of Whitehead and Hurewicz, this map is a homotopy

equivalence.
O

Checking the obstruction. Since W, is homotopy equivalent to S?, the setup of Section applies
and M, is a rational homology sphere. Thus, to check the obstruction, we need the self-intersection
number n of a generator of Hy(W),;Z) and the d-invariants of the n different Spin® structures of the
boundary M,,.

Since M, = Q_4p_3#7Y), its first and second cohomologies are direct sums of those of Q_4,_3 and
Y,. Since these classify Spin® structures by Theorem we have S¢(M,) = S(Q—_ap—3) X S4(Y,),
where §¢(X) denotes the set of Spin® structures of a manifold X.

Moreover, Y, is an integral homology sphere by Theorem @ so it has a unique Spin® structure.
Therefore, the Spin® structures of M, are in bijection with those of Q_4,_3, of which there are four by
Theorem But in our setup, if the self-intersection number is n # 0 then by Lemma the UCT,
and Theorem there are exactly |n| different Spin© structures on M,. Hence, we deduce:

Lemma 4.17. The intersection form of Wy, is (4) or (—4). Le., n = %4 in the notation of Section[3.1]
By additivity of the d-invariant with respect to connected sums (see Theorem 7 we have that
d(Mp, si) = d(Q-1p-3,5:) — d(Y). (16)

Note that we do not need to specify the Spin® structure of Y, since it is an integral homology sphere and
therefore has a unique Spin® structure. Furthermore, d(Y,) is an even integer by Remark Thus,
we have

d(Mp,s;) = d(Q—-ap—3,5:) (mod 2Z). (17)
In addition, Theorem @ tells us that the d-invariants of M, are congruent to

{—4p—1 —4p —5

T ,o,o} (mod 27). (18)
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On the other hand, n = +4 and Proposition from our general setup prescribe that they should be

(iF2)°~1 o — 5
~27— (mod 2Z). Thus, if n = —4 then d(M,,s0) = 7 and d(Mp,s2)

1
(18). Hence we conclude:
Lemma 4.18. In fact, we have n = +4.

Proposition [3.4] now gives that

3
d(Mp,So) = —

4a d(MP751) = 07 d(MPa52) =

FYENI

d(Mp,Eg) =0

=13

(mod 27), contradicting

(19)

Comparing this with , , and (18) allows us to express d(M,,s;) depending on the parity of p:

Lemma 4.19. If p is odd, then

==l ()
A(My.50) = { =22 _q(v,)
—d(Yy)
If p is even, then
% - d(Yp)
A(My.s) = { =21 q(v,)
—d(Yy)

ifi=0
if1=2
otherwise.
ifi=0
if1=2
otherwise.

Proposition 4.20. If a generator of Ho(W,;Z) can be represented by a PL S%, then p € {—2,—1,0}.

Proof (cf. [LL19], Proposition 3.3). We deduce this by combining Lemma with Theorem (the

obstruction).
Case 1: p odd. Then

—4p—1
P = d(My,50) — d(My 1)
dp+5

T = d(My 1) — (M, 52)

And hence p = —1.
Case 1: p even. Then

—4p—5
= d(My,50) — d(My 1)
4p +1

E = d(My,s1) - d(My,52)

And hence p =0 or —2.

(obstruction) 3

(obstruction) 1

(obstruction) 3

401‘

40r

or

4

(obstruction) 1

4

)
4

O

Finally, we arrive at the conclusion of Levine and Lidman’s proof of the existence of infinitely many

simply-connected spineless 4-manifolds (Theorem [1.4)).

Theorem 4.21. Letp € Z\{—2,—1,0}. Then W), is a simply-connected 4-manifold homotopy equivalent

to S? that does not possess a PL S? spine.

Proof. W, is homotopy equivalent to S? by Lemma and hence simply-connected. Since a PL S?2
spine would represent a generator of Ha(W,;Z), this is only possible if p € {—2,—1,0} by Proposition

4.20] Thus, W), is spineless for all p € Z\ {-2, —1,0}.

Note also that W), is compact and smooth.
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