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Abstract

Let G be a complex reductive group acting regularly on a smooth projective variety X.
A recent result by Hausel and Rychlewicz identifies the G-equivariant cohomology of X over
C with the coordinate ring of the infinitesimal fixed-point scheme over the Kostant section.
When G is simply-connected semisimple and X is a partial flag variety for G, we generalize
this to equivariant K-theory by identifying K0

G(X;C) with the coordinate ring of the full
fixed-point scheme over the Steinberg section. We also intertwine the cohomological and
K-theoretical results via the equivariant Chern character.
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Convention. In this paper, a variety will always be a reduced scheme whose structure mor-
phism is separable and of finite type. In particular, a variety is not assumed to be irreducible
unless explicitly stated. Furthermore, the degree of a morphism of irreducible varieties is by
definition the degree of the induced function field extension.

1 Introduction

Given a group G acting on a space X, one can associate its equivariant cohomology ring H∗
G(X)

which is the singular cohomology of some auxilliary space XG to be described later. This ring
contains important information about the structure of X as a G-space. For example, even the
equivariant cohomology of a point with the trivial G-action is non-trivial and depends heavily on
the representation theory of G. As another example, it is often possible to extract cohomological
information about the fixed-point locus of G on X from H∗

G(X), see [Hsi75, §III.2f].

In recent work, Tamas Hausel and Kamil Rychlewicz give the following interpretation of equiv-
ariant cohomology in terms of (infinitesimal) fixed-point data:

Theorem 1.1 ([HR23, Theorems 1.2 & 1.3]). Let G be a complex reductive group acting regu-
larly1 on a smooth projective complex variety X. This induces a vector field V on g×X which
reduces over {v} ×X to the vector field on X given by the infinitesimal action of v ∈ g.

(a) Let S ⊂ g be the Kostant section2. Then the zero scheme ZS ⊂ S ×X of the vector field
V |S is a reduced affine variety. Its coordinate ring is graded by a C× action3 such that we
get the following commutative diagram and isomorphisms of graded rings

C[ZS ] H∗
G(X;C)

C[S] H∗
G(∗;C)

∼=

π∗

∼=

where π is the restriction of the projection S ×X → S and the right hand vertical arrow

is induced from the G-equivariant map X
G−→ {∗} to the one-point space.

1see Section 3.1.1.
2The Kostant section S is an affine hyperplane of dimension r = rank(G) in g which depends on a choice of

principal sl2-triple (e, f, h) in g (see Section 3.1.2).
3see Section 3.1.2.
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(b) Let Zg ⊂ g × X be the zero scheme of the vector field V . Then there is a commutative
diagram and isomorphisms of graded rings

C[Zg]
G H∗

G(X;C)

C[g]G H∗
G(∗;C)

∼=

π∗

∼=

where the superscript G denotes the G-invariant part of the algebra and the gradings on
C[g] and C[Zg] are induced from the weight −2 action of C× on g and the trivial one on
X.

Remark 1.2. Since ZS is affine, it follows that ZS ∼= Spec(H∗
G(X)) ∼= Zg � G as schemes. Note

that this is a much stronger description of (infinitesimal) fixed-point data in terms of H∗
G(X)

than the cohomological one mentioned before.

Remark 1.3. Hausel and Rychlewicz [HR23] actually prove a more general version of the theorem
that works for any principally paired linear algebraic group G.

Remark 1.4. The special case of Theorem 1.1 for G = B(SL2), the Borel subgroup of SL2, was
proved previously by [BC04].

Generalization to K-theory. Theorem 1.1 can be understood as an isomorphism between
equivariant cohomological data and a geometric object encoding fixed-point data of some sort.
So what happens when one replaces equivariant cohomology by equivariant K-theory? Are
there other geometric object that we can substitute for ZS and Z �G, respectively? Indeed, the
Hausel group conjectures4 that the right geometric objects are FixC(X) and FixG(X)�G, where
C ⊂ G is the Steinberg section5, which can be thought of as a multiplicative analogue of the
Kostant section. In the following conjecture, K0

G is algebraic equivariant K-theory defined as
Grothendieck group of the abelian category of equivariant coherent sheaves (see Section 2.2.3).

Conjecture 1.5. For ”sufficiently nice” actions, we have

C[FixC(X)] K0
G(X;C)

C[C] K0
G(∗;C)

∼=

π∗

∼=

and

C[FixG(X)]G K0
G(X;C)

C[G]G K0
G(∗;C)

∼=

π∗

∼=

Moreover, the top isomorphisms are given by the trace map that sends a vector bundle Ξ to the
regular function (g, x) 7→ tr(g : Ξx → Ξx) on FixC(X) and FixG(X), respectively.

Here, the fixed-point scheme FixG(X) is defined as the fibre product of schemes

FixG(X) G×X

X X ×X

ρ×πX

∆X

4see poster titled ”Equivariant algebraic topology and geometric representation theory via fixed point schemes”.
5see Section 4.1
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where ρ : G×X → X is the action map. The scheme FixC(X) is defined by the same diagram
with G replaced by C.

Results. The main contribution of this report is a proof of Conjecture 1.5 for the the reduced
fixed point scheme over the Steinberg section when G is a connected semisimple simply-connected
complex linear group and X is a partial flag variety for G (Theorem 4.14). We also discuss how
to intertwine the results in equivariant K-theory and cohomology via the equivariant Chern
character and see how this induces an exponential map from a formal neighbourhood of the zero-
scheme over the Kostant section to the fixed-point scheme over the Steinberg section (Section
5). Throughout, we consider the example of G = SLn.

Structure of the paper. Section 2.1 introduces equivariant cohomology H∗
G and equivariant

K-theory K∗
G. Both are defined and compared in the context of compact Lie groups as well as

complex linear algebraic groups. The concept of equivariant formality is introduced. Section 3
discusses the cohomological Theorem 1.1 from [HR23] and introduces regular actions and the
Kostant section. Section 4 introduces the Steinberg section as analogue of the Kostant section
and proves our main result, Theorem 4.14. The case G = SLn is illustrated in detail. Section 5
builds on the previous sections and relates them using the equivariant Chern character. Finally,
Section 6 presents further potential research questions that arise from these results.

Acknowledgements. I would like to thank Tamas Hausel for suggesting and supervising this
project, as well as Kamil Rychliewicz and Jakub Löwit for many stimulating discussions and for
explaining their previous results to me when I was new to the group. I also thank Jakub Koncki
for sharing his ideas on relating algebraic and topological equivariant K-theory in the situation
when a Bia lynicki-Birula decomposition is available (see Section 2.2.4).

2 Equivariant cohomology theories

This section introduces equivariant cohomology and K-theory and summarises their most im-
portant properties that we shall use later. An account of the origins and history of these theories
up to the 1990s can be found in [Ara21, §4.1].

2.1 Equivariant cohomology

We first explain the definition for compact Lie groups G acting on a smooth manifold X, following
[Hsi75] (which in turn follows ideas of [Bor60]). Then we elaborate on why everything still works
when G is a complex linear algebraic group acting on a complex variety X, following [AF21].

Compact Lie groups. Let G be a compact Lie group acting on a space X and let EG→ BG
be the universal G-bundle. I.e., EG is a free contractible right G-space and BG ∼= EG/G.
Moreover, every principal G bundle E → B is the pullback of EG→ BG under a map B → BG
that is unique up to homotopy.

Let XG := EG ×G X := (EG × X)/G where g · (e, x) := (eg−1, gx). This space is called the
Borel construction and fits into the following diagram (see [Hsi75, §III.1]).

EG EG×X X

BG XG X/G
π2π1

(2.1)
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Definition 2.2 (Equivariant cohomology). Let G be a compact Lie group acting on a smooth
manifold X. The G-equivariant cohomology ring of X

H∗
G(X) := H∗(XG)

is the singular cohomology of XG. The coefficient ring of G-equivariant cohomology is

H∗
G := H∗

G(∗) = H∗(BG).

Remark 2.3. The motivation for considering the space XG goes back to [Bor60] as described in
[Ara21, §4.1.2]. The map π1 : XG → BG in (2.1) is a locally trivial fibration with fibre X, while
π2 : XG → X/G has fibres BGx where Gx is the stabilizer of x ∈ X. This makes it plausible
that XG should ”allow us to tie together the cohomology groups of X, X/G, the fixed point set
XG, the BGx, and G”.

The Borel construction XG is also called the homotopy quotient because it fits into the following
diagram.

G X X/G

G EG×X XG

?

= ≃htpy π2

One would like the first row to be a fibration, as indicated by the dotted arrow. But this fails
in general as different x ∈ X might have homotopically different stabilizers Gx (e.g. consider
S1 acting on S2). However, replacing X by the homotopy equivalent space EG ×X gives the
second row which is a fibration. Thus, XG is a homotopically better behaved substitute for
X/G. Note, however, that XG is not in general homotopy equivalent to X/G.

Another way in which XG is nicer than X/G is that a G-equivariant homotopy equivalence
X → Y induces a homotopy equivalence XG → YG while X/G and Y/G are not necessarily
homotopy equivalent. For example6, consider G = Z acting by translation on X = R and
trivially on Y = {∗}.
Remark 2.4. This definition of H∗

G(X) does not depend on the choice of EG (see [AF21, §2
Proposition 2.2]).

Remark 2.5. If G acts on X freely then H∗
G(X) ∼= H∗(G\X). On the other hand, if G acts

trivially on X, then H∗
G(X) ∼= H∗(BG × X) (see [AF21, §3 Proposition 4.1 and 4.2]). In this

case, the Künneth theorem over Q gives H∗
G(X;Q) ∼= H∗

G(∗;Q)⊗Q H∗
G(X;Q). Spaces with this

property are called equivariantly formal (see Section 2.3).

Remark 2.6 (Functoriality). Diagram (2.1) is natural in both X and G. Thus, a G-equivariant

map f : X
G−→ Y induces a ring homomorphism f∗ : H∗

G(Y )→ H∗
G(X). E.g., every G-space X

has a unique map X
G−→ {∗} inducing the coefficient ring morphism H∗

G → H∗
G(X).

More generally, if X is a G-space, Y is a K-space, φ : G → K is a Lie group homomorphism,
and f : X → Y is φ-equivariant (i.e. f(g · x) = φ(g) · f(x)), then there is a ring homomorphism
φ∗ : H∗

K(X)→ H∗
G(Y ).

Remark 2.7. (Construction of EG, cf. [Ara21, §4.6]) One construction for EG due to Milnor
[Mil56] is to take EG := lim−→n∈NEnG where En = G ∗G ∗ · · · ∗G is the n-fold topological join of
G with itself.

Another way is to use that every compact Lie group G can be embedded into some O(r) for
sufficiently big r. Thus, every model for EO(r) is also a model for EG. But EO(r) can be
constructed explicitly as EO(r) = lim−→n∈N Vr(Rr+n) where Vr(Rr+n) is the space of orthogonal

r-frames in Rr+n, i.e. a Stiefel manifold.

6see Najib Idrissi’s answer to ”Interpretation of Borel equivariant cohomology”, URL (version: 2018-04-28):
https://math.stackexchange.com/q/2757242.
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Remark 2.8. When G is a finite group, there are numerous combinatorial applications of these
EnG-spaces (see [Mat14, §6]) and equivariant cohomology, for example to bounding the number
of Tverberg partitions from below (see [BZ17, §3.3]).

Remark 2.9. There is also a de Rham model of equivariant cohomology for compact connected
Lie groups G using equivariant differential forms (cf. [AB84, Theorem 4.13] and [Ara21, §4.1.6]).

Complex linear algebraic groups. When G is not a compact Lie group but a complex linear
algebraic group, and X is a complex variety, the same definition still works since the Euclidean
topology of X is available [AF21, §2.2]. The EG spaces are approximated by finite dimensional
algebraic varieties which play the same role as the EnG above. From now on, assume we are in
this setting unless specified otherwise.

We now survey the most important properties of H∗
G(X) for our purposes.

Theorem 2.10. ([AF21, §3, Theorem 3.3]) Let f : X → X ′ be equivariant with respect to
φ : G → G′, and assume H i(G′) → H i(G) and H i(X ′) → H i(X) are isomorphisms for all
i < N . Then H i

G(X ′)→ H i
G(X) is an isomorphism for all i < N .

Corollary 2.11. ([AF21, §3, Corollary 3.4]) If f : X → X ′ and φ : G → G′ are homotopy
equivalences and f is φ-equivariant then H∗

G′(X ′) ∼= H∗
G(X).

This has a nice consequence for the correspondence between complex reductive groups and
compact Lie groups. Every complex reductive group G has a maximal compact subgroup K so
that G is the complexification of K and G deformation retracts to K (cf. [AF21, §5.15] and
[Kam11]). For example, we have U(n) ⊂ GLn, SU(n) ⊂ SLn, SL(n), (S1)n ⊂ (C×)n, and
SO(n,R) ⊂ SO(n,C). Since K ↪→ G is a deformation retraction, we get:

Corollary 2.12. Let G be a complex reductive group with maximal compact subgroup K, and
let X be a G-space. Then H∗

G(X) ∼= H∗
K(X).

Proposition 2.13. Let H ⊆ G be a closed subgroup, acting on X on the left. Then G acts on
G×H X by left multiplication and H∗

G(G×H X) ∼= H∗
H(X).

Proof [AF21, §3 Example 4.3]. This follows from EG×GG×H X ∼= EG×H X and the fact that
every model for EG is also a model for EH, i.e. a free contractible H-space.

Corollary 2.14. Let H ⊆ G be a closed subgroup and X a G-space. Endowing G/H ×X with
the diagonal G-action gives HG(G/H ×X) ∼= HH(X).

Proof [AF21, §3 Example 4.4]. This follows from the previous proposition and the G-equivariant

isomorphism G×H X
∼=−→ G/H ×X given by [g, x] 7→ (gH, g · x).

Weyl group action. Fitting into a general theme in representation theory, the following result
expresses H∗

G(X) in terms of H∗
T (X) and its action by the Weyl group W of (G,T ). So we first

need to define the action of W on H∗
T (X) following [Ara21, §15.6].

Consider T ⊂ B ⊂ G where G is a complex reductive group, B a Borel subgroup, and T
a maximal torus. Let K be a maximal compact subgroup of G as mentioned above. Then
S = T ∩K = B ∩K is a maximal compact torus of K and there is a canonical homeomorphism
of flag varieties

K/S
∼=−→ G/B.

Since NG(T ) ∩K = NK(S), the Weyl groups of (G,B) and (K,S) are both W = NG(T )/T ∼=
NK(S)/S. W acts canonically on the right of K/S by kS ·w = kwS. By the above isomorphism,
we also get a canonical right action of W on G/B.

6



Rotation report Equivariant K-theory and fixed-point schemes Daniel Holmes

Now consider the change of groups homomorphism

φ : H∗
G(X) −→ H∗

B(X).

Using Corollary 2.14, we have H∗
B(X) ∼= H∗

G(G/B×G) where G/B×X has the diagonal action
of G. Under this isomorphism, φ is induced by the G-equivariant projection

π : G/B ×X −→ X.

Now the right W -action on G/B from the previous paragraph extends to a right G-action on
G/B × X by acting trivially on X. This action commutes with the left diagonal G-action on
G/B×X, so induces a left action of W on H∗

B(G/B×X) (by Remark 2.6). But B deformation
retracts onto T (e.g. by the Levi-decomposition of B), so H∗

B(G/B ×X) ∼= H∗
B(X) ∼= H∗

T (X)
and this gives the desired left W -action on H∗

T (X).

Since π is both G- and W -equivariant (with W acting trivially on X), φ takes values in the
W -invariant part of H∗

B(X) ∼= H∗
T (X). Thus, by abuse of notation,

φ : H∗
G(X) −→ H∗

T (X)W .

Theorem 2.15. Let G be a complex reductive group acting on a space X. Then the above map
is a canonical isomorphism

H∗
G(X;Q) ∼= H∗

T (X;Q)W .

Similarly, in the compact Lie group setting,

H∗
K(X;Q) ∼= H∗

S(X;Q)W

for any K-space X.

Proof sketch (cf. [AF21, §15 Theorem 6.1], and [Hsi75, §III.1.C Proposition 1, p.38]). By homo-
topy invariance (Corollary 2.11) it suffices to prove the statement for the compact case. The
proof is split into the two steps

H∗
K(X) ∼= H∗

NK(S)(X) ∼= H∗
S(X)W . (2.16)

The first isomorphism uses the Q-acyclicity of K/NK(S) together with the Serre spectral se-
quence of the fibration

K/N(S) −→ XNK(S) −→ XK .

The Q-acyclicity of K/NK(S) follows by considering the finite covering

W −→ K/S −→ K/NK(S).

(cf. [Hsi75, §III.1.B Lemma 1.1, p.35]) which implies

H∗(K/NK(S);Q) ∼= H∗(K/S;Q)W

and

χ(K/NK(S)) =
1

|W |
χ(K/S).

By Bruhat decomposition, K/S has a cell decomposition with exactly |W | cells in even dimen-
sions and no cells in odd dimensions. Thus, the above implies that dimQH∗(K/NK(S);Q) = 1,
i.e. K/NK(S) is Q-acyclic.

The second isomorphism in (2.16) follows from the covering

W −→ XS −→ XNK(S).

7
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This result makes it particularly important to know the equivariant K-theory of a torus.

Proposition 2.17. Let T = (C×)r. Then H∗
T
∼= Z[t1, . . . , tr] with deg(ti) = 2 for all i.

Proof (cf. [AF21, §2 Exercise 2.5]). ET can be approximated by EnT = (Cn \{0})r, so BnT =
(CPn−1)r. Since H∗(CPn−1) ∼= Z[t]/(tn) with deg(t) = 2, the result follows from the Künneth
formula.

Remark 2.18. Equivariant cohomology has many other nice features that we will not use here,
e.g. the localisation package ([AF21, §5 and §7], and [Hsi75, §III.2]), a Mayer–Vietoris sequence,
an exact sequence for a pair, a Gysin sequence, and so on [AF21, §3.5 & §3.6].

2.2 Equivariant K-theory

For equivariant K-theory, unlike equivariant cohomology, it does matter whether we work work
in the smooth ”topological” setting (smooth manifolds with compact Lie group action) or in
the algebraic setting (complex varieties with action of a complex linear algebraic group). In the
first case one considers smooth vector bundles compatible with the action. In the second case
(which we shall focus on), one considers ”equivariant” coherent or locally free sheaves.

In the following, we shall sketch both versions (following [Seg68b] and [CG09], respectively) and
then say a few words about their comparison.

2.2.1 Grothendieck groups

We briefly introduce Grothendieck groups as technical prerequisite for K-theory, following
[Wei13, §II.1, II.5, and II.6].

K0
⊕ of monoids. Given an abelian monoid (M,⊕) like (Vect(X),⊕), i.e. the vector bundles

on a space X, or (RepC(G),⊕), i.e. the finite dimensional complex representations of a Lie
group G, one can form its group completion. This is an abelian group K0

⊕(M) together with a
monoid map κM : M → K0

⊕(M). It has the universal property that for every abelian group A
and every monoid map µ : M → A there exists a unique group homomorphism φ : M → A such
that the triangle below commutes.

M A

K0
⊕(M)

κM

µ

∃!φ

The elements of K0
⊕(M) can be represented [m]−[n] where m,n ∈M where [m]−[n] = [m′]−[n′]

in K0
⊕(M) if and only if there is some p ∈M such that m + n′ + p = m′ + n + p in M .

More generally, if (S,⊕) is a symmetric monoidal category whose isomorphism classes of objects
form a set Siso, the Grothendieck group K0

⊕(S) is the group completion of Siso.

Example 2.19. If (S,⊕) is the monoidal category of finitely generated abelian groups, then by
their classification K0

⊕(M) is the free abelian group with free generators [Z] and [Z/piZ] for
every prime p and positive integer i.

8
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K0 of abelian categories. If A is an abelian category, its Grothendieck group K0(A) is
the abelian group presented by one generator [A] for each object A of A and one relation
[A] = [A′] + [A′′] for every short exact sequence

0 −→ A′ −→ A −→ A′′ −→ 0

in A. In particular, we have [A] = [A′] if A ∼= A′ and [A ⊕ A′] = [A] + [A′], which implies that
K0(A) is a quotient of K0

⊕(A) where A is considered as a symmetric monoidal category instead.

The universal property of K0(A) is phrased in terms of additive functions, i.e. functions f :
A → Γ to an abelian group Γ such that f(A) = f(A′) + f(A′′) for every short exact sequence
as above. The universal property is that for every additive function f : A → Γ there exists a
unique group homomorphism φ : K0(A)→ Γ making the following diagram commute.

A Γ

K0(A)

f

∃!φ

Example 2.20. Let S be the abelian category of finitely generated abelian groups and recall
K0

⊕(S) from Example 2.19. Note that A → K0(A) maps [Z/nZ] 7→ 0 for all positive integers n,
because of the short exact sequence

0 −→ Z ·n−→ Z −→ Z/nZ −→ 0.

Thus, it is important to specify whether one takes K0 of A as an abelian category or as a
symmetric monoidal category. This subtlety is sometimes ignored in the exposition of ordinary
topological K-theory because K0

⊕(A) ∼= K0(A) when all short exact sequences in A split.

Higher K-groups. There is a general construction by Quillen that defines Ki(A) as ith fun-
damental group πi(B

+A) of a simplicial complex B+A associated to A (see [Wei13, §IV] and
[CG09, §5.2]). This is particularly useful in the algebraic setting. In the topological setting, the
higher K-groups are usually defined as K0 of some other space constructed from the original
one.

The representation ring R(G). Given a complex reductive or compact Lie group G, its
representation ring is R(G) := K0

⊕(RepC(G)) where RepC(G) denotes the category of finite
dimensional algebraic or smooth representations of G, respectively. By complete reducibility,
we have R(G) = K0

⊕(RepC(G)) = K0(RepC(G)).

Example 2.21 ([Seg68a, §3]). We have

• R(Z/nZ) ∼= Z[X]/(Xn − 1).

• R(S1) ∼= Z[X,X−1].

• R(S1)k) ∼= Z[X1, . . . , Xk, (X1 . . . Xk)−1].

• R(U(n)) ∼= R((S1)k)Sn ∼= Z[e1, . . . , en, e
−1
n ] where (S1)k ⊂ U(n) is a maximal torus, W =

Sn is the Weyl group acting by permuting the Xi, and ei is the ith elementary symmetric
polynomial in X1, . . . , Xn.

The augmentation ideal I(G) ⊂ R(G) is the kernel of the augmentation map a : R(G) → Z
induced from the additive function V 7→ dimV .

Example 2.22. Continuing the above example, we have a(X) = a(Xi) = 1 for the first three

items and a(ei) =

(
n
i

)
for the fourth one.

9
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2.2.2 Topological equivariant K-theory

Compact G-spaces. Let G be a compact Lie group and X a compact G-space. The ordinary
K-theory K(X) is the Grothendieck ring of the symmetric monoidal category (Vect(X),⊕) of
complex vector bundles on X with direct sum ⊕ and tensor product ⊗.

To get an equivariant theory, we use G-vector bundles instead. A complex vector bundle p : E →
X is a G-vector bundle if E is a G-space, p is G-equivariant, and for every x ∈ X and g ∈ G
the map g : Ex → Eg·x is C-linear. For example, a G-vector bundle on a point is the same as a
complex representation of G. Similarly, every complex G-module M defines a G-vector bundle
M := M ×X → X on X. Morphisms of G-vector bundles are simply G-equivariant morphisms
of the underlying vector bundles.

Definition 2.23 (Topological equivariant K-theory of a compact space). Let G be a compact
Lie group and X a compact G-space.

(i) The equivariant K-theory KG(X) of X is the Grothendieck-ring of the symmetric monoidal
category of G-vector bundles on X.

(ii) The reduced equivariant K-theory K̃G(X) of X is the abelian group under ⊕ of stable
equivalence classes of G-vector bundles on X. Two G-vector bundles E and E′ are stably
equivalent if there exist G-modules M,M ′ such that E⊕M ∼= E′⊕M ′ as G-vector bundles.

Remark 2.24. It is not necessary to take the Grothendieck-ring in the definition of K̃G(X)
becaues for every G-vector bundle E → X there exists a G-vector bundle E′ → X and a G-
module M such that E ⊕ E′ ∼= M (see [Seg68b, Proposition 2.4]). This uses compactness of
X.

Remark 2.25 (Functoriality). If G,H are compact Lie groups, X a G-space, Y a H-space,
α : G → H a group homomorphism, and f : X → Y an α-equivariant map, then the pullback
of vector bundles induces a ring homomorphism f∗ : KH(Y ) → KG(X) and similarly for the
reduced version.

Equivariant K-theory has the following nice properties analogous to that of equivariant coho-
mology.

Proposition 2.26 ([Seg68b], Proposition 2.1f). Let α : H → G be a homomorphism with
Ker(α) acting freely on a compact space X (e.g. when H ⊂ G). Then KG(G×H X) ∼= KH(X).
In particular, if G acts freely on X then KG(X) ∼= K(X/G).

Proposition 2.27 ([Seg68b], Proposition 2.2). If X is a trivial compact G-space then the natural
map R(G)⊗K(G)→ KG(X) is an isomorphism.

Remark 2.28. Here, R(G) → KG(X) is given by M 7→ M and K(X) → KG(X) exists because
every complex vector bundle on X is a G-vector bundle for the trivial group G.

Remark 2.29. As in ordinary K-theory, there is an exact sequence of reduced equivariant K-
theory associated any pair (X,A) of pointed compact G-spaces where A ⊂ X is closed ([Seg68b],
Proposition 2.6):

K̃G(X ∪A CA) −→ K̃G(X) −→ K̃G(A).

Here, X ∪A CA is compact G-space obtained from X by attaching the reduced cone CA over
A. (The reduced cone of A is CA ∼= A × [0, 1]/ ∼ where (a1, 1) ∼ (a2, 1) for all a1, a2 ∈ A and
(∗, t1) ∼ (∗, t2) for all t1, t2 ∈ [0, 1], where ∗ ∈ A is the marked point of A and X)

This exact sequence can be extended by coning off X ∪A CA at X and repeating the pattern.
This motivates Definition 2.31 below, for which one gets the following long exact sequence.

· · · → K̃−q
G (X,A)→ K̃−q

G (X)→ K̃−q
G (A)→ K̃

−(q−1)
G (X,A)→ · · · (2.30)

· · · → K̃−1
G (A)→ K̃0

G(X,A)→ K̃0
G(X)→ K̃0

G(A)

10
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Definition 2.31 ([Seg68b], Definition 2.7). For a compact G-space X with base point ∗ and a
closed G-subspace A ∋ ∗, let

K̃−q
G (X) := K̃G(SqX)

and K̃−q
G (X,A) := K̃G(Sq(X ∪A CA)).

Here, SX is the reduced suspension of X, i.e. CX ∪X CX. Similarly, SqX = S(S(. . . SX) . . . ).
Note that these constructions preserve the marked point ∗.

Non-compact G-spaces. If X is a non-compact G-space, many nice properties of K̃−q
G (X)

would fail if the same definitions were used (cf. Remark 2.24). Instead, one extends Definition
2.31 as follows. Recall that the one point compactification X+ of a space X is always obtained
by adding a ”point at infinity”. I.e., if X is already compact then X+ = X ⊔ {∗}. Thus, X+

has a canonical marked point ∗ in any case.

Definition 2.32 ([Seg68b], Definition 2.8). Let G be a compact Lie group and X a locally
compact G-space. Then define

K−q
G (X) := K̃−q

G (X+)

and K−q
G (X,A) := K̃−q

G (X+, A+).

Remark 2.33. If X is compact, the new K0
G(X) agrees with the old KG(X). However, functo-

riality in general is lost when X is non-compact. E.g., a G-equivariant map f : X → Y only
induces a map K−q

G (Y ) → K−1
G (X) if it is proper. Furthermore, a G-vector bundle on X need

not define an element of K0
G(X), as it might be impossible to extend it to X+. Thus, [Seg68b]

suggests to think of these new groups as equivariant K-theory with compact support.

Remark 2.34. There is an equivariant Bott periodicity theorem that gives a natural isomorphism
between K−q−2

G (X) and K−q
G (X) ([Seg68b], Proposition 3.5). This allows one to define a Kq

G(X)
for any q ∈ Z, where the result only depends on q mod 2. The resulting Z/2Z-graded ring is
denoted K∗

G(X).

Remark 2.35. There are many other nice properties of KG(X), like a Thom isomorphism theorem
and a localisation package.

Remark 2.36 (The completion story). From our discussion of H∗
G(X) := H∗(XG) above, one

might wonder why one doesn’t define KG(X) as K(XG). One reason is that XG is not compact
in general. In fact, these two construction are related by the Atiyah–Segal completion theorem
([AS69], Proposition 4.2, and the preceding [AH61], §4.8). If X is a compact G-space such
that K∗

G(X) is finite over R(G) then K∗(XG) is isomorphic to the completion of K∗
G(X) at the

augmentation ideal I ⊂ R(G). This is the kernel of the augmentation map R(G)→ Z given by
M 7→ dimCM for every G-module M .

Remark 2.37 (Bredon cohomology). Turning the above question around, one might ask why
H∗

G(X) was not defined as the cohomology of a complex of ”equivariant” singular cochains,
in the same way that KG(X) was defined by taking an equivariant version of the underlying
geometric object (namely vector bundles). This different notion of H∗

G(X) does exist and is
called equivariant Bredon cohomology (cf. [Bre67], §1.6).

2.2.3 Algebraic equivariant K-theory

This section describes the algebraic version of K-theory that is used in Conjecture 1.5 and in our
main result, Theorem 4.14, following ([CG09], §5-6). Unless otherwise stated, G is a complex
linear algebraic group.

11
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Equivariant sheaves. To come up with a K-theory in the setting of algebraic geometry, we
need a notion of vector bundles, which would be locally free sheaves. However, they do not form
an abelian category and we would nevertheless like to get information about K-theory from
exact sequences. Thus, we use instead the more flexible category of coherent sheaves.

We also need to come up with a notion of equivariant sheaves. Let G act algebraically on a
variety X, i.e. there are morphisms a, p : G × X → X where a is the action map and p the
projection, satisfying the group action axioms. If a function f on X is G-invariant then it
satisfies

a∗f = p∗f (2.38)

and
(idG × a)∗a∗f = (m× idX)∗p∗f. (2.39)

The first equality expresses f(gx) = f(x) for all g ∈ G, x ∈ X in a way that uses only functions
and no points. Similarly, the second equality expresses f(g1(g2x)) = f((g1g2)x). In a similar
way, one arrives at the following definition. As in [CG09], given a morphism f : Y → X and a
sheaf F on Y , we write f•F for the sheaf-theoretic pullback and f∗F := OY ⊗f•OX

f•F for the
pullback of O-modules.

Definition 2.40 (Equivariant sheaf ([CG09], Definition 5.1.6)). A sheaf F of OX -modules on
an algebraic G-variety X is called G-equivariant if the following conditions hold.

(i) There is a given isomorphism of sheaves on G×X

I : a∗F
∼=−→ p∗F .

(ii) The pullbacks by id×a and m× id : G×G×X → G×X of the isomorphism I are related
by the equation

p∗23I ◦ (idG × a)∗I = (m× idX)∗I

where p23 : G×G×X → G×X is the projection along the first factor.

(iii)

I{e}×X = id : F = a∗F|{e}×X

∼=−→ p∗F|{e}×X = F

where e ∈ G is the identity element of G.

Remark 2.41. (i) is the analogue of equation (2.38) which says that F is ”preserved” by the
action of G. Similarly, (ii) corresponds to equation (2.39). Finally, (iii) is only included by
[CG09] for convenience and can be deduced from (i) and (ii).

Remark 2.42. For locally free sheaves, the above definition translates back to the total space of
F being a G-equivariant vector bundle over X, as in the previous section.

Remark 2.43. The sheaf OX has a canonical G-equivariant structure given by p∗OX
∼= OG×X

∼=
a∗OX .

Remark 2.44. The category CohG(X) of G-equivariant coherent sheaves on X is abelian.

Equivariant free resolutions. Although we shall define algebraic equivariant K-theory in
terms of equivariant coherent sheaves, the following theorem often allows one to work with
locally free sheaves in the smooth case.

Theorem 2.45 (Finite free resolutions, ([CG09], Proposition 5.1.28)). Let X be a smooth quasi-
projective G-variety and F a G-equivariant coherent sheaf on X. Then F has a finite locally
free G-equivariant resolution

0→ Fn+1 → Fn → · · · → F1 → F → 0.

12
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Rough proof idea. This is proved in two step.

1. Every G-equivariant coherent sheaf F on X is a quotient of a G-equivariant locally free
sheaf ([CG09], Proposition 5.1.26). Use this to build a locally free resolution of F .

2. If dimX = n then by Hilbert’s Syzygy Theorem ([CG09], Theorem 5.1.30), for any locally
free resolution of F , the sheaf Ker(Fn → Fn+1) is itself locally free, so it is Fn+1.

Algebraic equivariant K-theory.

Definition 2.46 (Algebraic equivariant K-theory). Let G be a complex linear algebraic group
and X a quasi-projective G-variety. Then the equivariant K-theory of X is

K0
G(X) := K0(CohG(X)),

i.e. the Grothendieck group of the abelian category CohG(X) of G-equivariant coherent sheaves
on X. Similarly, the ordinary algebraic K-theory K(X) of X is defined as Grothendieck group of
the abelian category Coh(X) of coherent sheaves on X. We also define K0

G(X;C) := K0
G(X)⊗C

and similarly K0(X;C) := K0(X)⊗ C.

Remark 2.47 (K0 vs. G0). Sometimes, K0 is reserved for the Grothendieck group of the sym-
metric monoidal category of locally free sheaves, while G0 is reserved for the Grothendieck group
of the abelian category of coherent sheaves. To be consistent with [CG09], we stick with the
above definition which will always stand for using coherent sheaves.

Remark 2.48 (Higher algebraic K-groups). Using Quillen’s construction mentioned in Section
2.2.1 above, one can define higher algebraic K-groups as Ki

G(X) := πi(B
+CohG(X)), where

B+CohG(X) is a simplicial complex associated to CohG(X). Note that the idea of this con-
struction is different from the topological K̃i

G(X) which was defined as K̃0
G of some auxilliary

space. In any case, we shall only use K0
G(X).

Remark 2.49 (Locally free G-sheaves). If X is smooth then K0
G(X) is generated by classes of

locally free equivariant sheaves. Indeed, by Theorem 2.45 any coherent sheaf F on X has a finite
locally free G-equivariant resolution · · · → F1 → F0 → F . Thus, [F ] =

∑
i(−1)i[F i] in K0

G.

The following properties will be crucial later on.

Remark 2.50 (K0
G(X) of a point). As in the topological version, equivariant coherent sheaves

over a point ∗ are equivalent to finite dimensional complex representations of G. Thus, K0
G(∗) ∼=

R(G).

Remark 2.51 (Pullback). The functoriality properties of the algebraic K0
G are not as straight-

forward as in the topological version. However, there are two nice cases in which an equivariant
morphism f : X → Y induces a map f∗ : K0

G(Y )→ K0
G(X) (cf. [CG09], §5.2.5).

1. If f is a (Zariski-)open embedding (or, more generally, flat) then f∗ comes from the exact
pullback functor CohG(Y ) → CohG(X) given by F 7→ f∗F := OX ⊗f•OY

f•F where f•

denotes the sheaf-theoretical pullback.

2. If f is a (Zariski-)closed embedding then the above construction fails as F 7→ f∗F is
not exact in general. However, if X and Y are smooth then one can use the finite free
equivariant resolution of Theorem 2.45 to get a well-defined map f∗ : K0

G(Y )→ K0
G(X).

13



Rotation report Equivariant K-theory and fixed-point schemes Daniel Holmes

Remark 2.52 (External tensor product ⊠). Given two G-varieties X and Y , there is an exact
functor CohG(X)× CohG(Y )→ CohG(X × Y ) given by

⊠ : (F ,F ′) 7−→ F ⊠ F ′ := p∗XF ⊗OX×Y
p∗Y F ′

where pX and pY are the projections from X × Y to X and Y , respectively, and p∗X , p∗Y denote
the pullbacks of O-modules. This induces extenral tensor product

⊠ : K0
G(X)⊗Z K0

G(Y ) −→ K0
G(X × Y ).

Taking Y to be a point ∗ and using KG(∗) ∼= R(G) makes K0
G(X) into a R(G)-module.

Remark 2.53 (Ring structure for K0
G(X)). If X is a smooth G-variety then ∆ : X ↪→ X ×X is

a closed G-equivariant embedding and so (by Remark 2.51) one can define

[F ]⊗ [F ′] := ∆∗([F ] ⊠ [F ]′)

which gives an R(G)-module homomorphism

K0
G(X)⊗K0

G(X) −→ K0
G(X).

This makes K0
G(X) into a commutative unital ring with 1 corresponding to the trivial G-line

bundle OX .

Proposition 2.54 ([CG09], §5.2.4). Let G1, G2 be complex linear algebraic groups and X a
G = G1 ×G2-variety with G1 acting trivially. Then KG(X) ∼= R(G1)⊗KG2(X).

Proposition 2.55 ([CG09], §5.2.17). Let G be a complex linear algebraic group, H ⊂ G a closed
subgroup, and X a H-variety. Then Ki

H(X) ∼= Ki
G(G×H X) for all i ≥ 0.

Corollary 2.56. Let G be a complex linear algebraic group, H ⊂ G a closed subgroup, and X
a G-variety. Then K0

H(X) ∼= K0
G(G/H ×X) where G/H ×X has the diagonal G-action.

Proof. This follows from the same G-equivariant isomorphism G×HX → G/H×X as Corollary
2.14.

Finally, recall that a linear algebraic group G is said to have a Levi decomposition if it can be
written as G = R ⋉ U where R is reductive and U is the unipotent radical of G (cf. Propo-
sition A.23). In fact, every connected linear algebraic group in characteristic zero has a Levi
decomposition.

Proposition 2.57 ([CG09], §5.2.18). Let G = R ⋉ U be a complex linear algebraic group as
above. Then for any G-variety X we have K0

G(X) ∼= K0
R(X) given by the forgetful map.

Remark 2.58. The analogous result in equivariant cohomology holds by by homotopy invariance
(see Corollary 2.11). In the algebraic setting, the following similar idea does it.

Proof sketch. As in the proof of Corollary 2.14, we have K0
R(X) ∼= K0

G(G×R X) ∼= K0
G(G/B ×

X). Furthermore, we have a G-equivariant isomorphism G/B ∼= U with G acting on U by
conjugation. As U is unipotent, it has a central series

U = U0 ⊃ U1 ⊃ · · · ⊃ Un = {e}

with U i+1 = [U i, U i]. Since every U i is a G-stable subgroup of U and U i−1/U i is abelian, we
have U i−1/U i ∼= Cni for some integers ni. Thus, U/U i−1 → U/U i is a trivial fibration with
affine fibres. Hence, by a Thom theorem in equivariant algebraic K-theory ([CG09], Theorem
5.4.17), we have

K0
G(U/U i−1 ×G) ∼= K0

G(U/U i ×X).

But U/U0 ∼= {∗} and U/Un ∼= U ∼= G/B equivariantly. Thus, the above isomorphisms compose
to the desired isomorphism.

14
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Weyl group action. We close this section with an analogue of Theorem 2.15 which said that
H∗

G(X;Q) ∼= H∗
T (X;Q)W for any complex reductive Lie group G acting on a space X, where

T ⊂ G is a maximal torus and W the associated Weyl group.

The action of W on K0
T (X) is constructed as in Section 2.1 using K0

T (X) ∼= K0
G(G/B×X) with

G acting diagonally on G/B ×X (Corollary 2.56). Then G/B has a left W -action commuting
with the right G-action. This induces the W -action on K0

T (X) (see end of Section 2.1 for more
details).

Theorem 2.59 ([CG09], Theorem 6.1.22). Let G be a connected complex semisimple simply-
connected Lie group. Then the natural forgetful map K0

G(X)→ K0
T (X) gives rise to an isomor-

phism
K0

G(X) ∼= K0
T (X)W .

Proof sketch. The proof uses K0
T (X) ∼= K0

G(G/B ×X), a Künneth theorem in algebraic equiv-
ariant K-theory ([CG09], Theorem 5.6.1), and the previous Proposition and Corollary to deduce

K0
T (X) ∼= R(T )⊗R(G) K

0
G(X).

The proof finishes using the Pittie-Steinberg theorem for simply-connected semisimple G

R(T ) ∼= R(T )W ⊗ Z[W ]

(see [CG09], Theorem 6.2.1(b), and [Ste75]) and the Chevalley isomorphism (Theorem A.19)

R(T )W ∼= R(G).

2.2.4 Comparison of algebraic and topological equivarian K-theory

Recall that H∗
K(X) ∼= H∗

G(X) (Corollary 2.12) for a complex reductive group G with maximal
compact subgroup K and a G-space X. This raises the question to what degree the algebraic
Ki

G(X) and topological Ki
G(X) differ.

Differences. For general i one should expect them to be different as the topological version
has Bott periodicity while the algebraic one does not in general, as the Bott element might
not be invertible (see [Kar05], §I.4.6). Over certain prime powers, formally inverting the Bott
element and completing gives an isomorphism when working with suitable definitions [Tho86].
But we are interested in when they are the same without inverting an element.

Thus, we restrict the question to K0
G. Even then, and even for the trivial group G = 1 they are

not the same as the following theorems and example show.

Theorem 2.60 ([Wei13], Theorem 6.5.1). Let X be a Noetherian scheme and write X[t] and
X[t, t−1] for X × Spec(Z[t]) and X × Spec(Z[t, t−1]), respectively. The flat morphisms

X[t, t−1] −→ X[t] −→ X

induce isomorphisms K0(X) ∼= K0(X[t]) ∼= K0(X[t, t−1]) in algebraic K-theory.

Theorem 2.61 ([AH61], §2.4). Let X be a finite CW complex. Then the Chern character

ch : K∗(X)⊗Q
∼=−→ H∗(X;Q)

is an isomorphism and maps the topological K-theory groups K0(X)⊗Q onto Heven(X;Q) and
K1(X)⊗Q onto Hodd(X;Q).

15
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Example 2.62. In algebraic K-theory, the first theorem gives

K0((C×)n) = K0(Spec(C[u1, u
−1
1 , . . . , un, u

−1
n ])) ∼= K0(Spec(C)) ∼= Z.

On the other hand, in topological K-theory the second theorem gives

Q⊗K0((C×)n) = Q⊗ K̃0(((C×)n)+) ∼= H̃even(((C×)n)+;Q)

where ((C×)n)+ is the one-point compactification. By applying a Mayer-Vietoris argument to
((C×)n)+ = (C×)n ∪ U where U is a contractible neighbourhood of the compactification point,
we get that dimQH̃

even(((C×)n)+) > 1 for n ≥ 4. Indeed, we have homotopy equivalences
(C×)n ≃ (S1)n and (C×)n ∩ U ≃ (S1)n × Sn−1. Thus, by Mayer-Vietoris and the Künneth
formula,

H̃ i((C×)n)+;Q) ∼= H̃ i−1((S1)n × Sn−1;Q) ̸= 0

for every n + 2 ≤ i ≤ 2n. Hence, picking n ≥ 4 an shows that dimQH̃
even((C×)n)+;Q) > 1, so

algebraic and topological K-theory are different.

Remark 2.63. Even if we wouldn’t take the ”compactly supported” K-theory from Definition
2.32 but simply the Grothendieck group of the symmetric monoidal category of topological
complex vector bundles, the result would still be bigger than the algebraic K0 for (C×)n and
n sufficiently big. This follows again by (C×)n ≃ (S1)n and the Chern character being an
isomorphism onto even/odd cohomology for finite CW complexes.

Similarities. Let X be a smooth projective variety and G a complex reductive group acting
regularly on X. In this case, the following idea7 might work to show that topological and
algebraic K0

G(X) agree.

1. Let T ⊂ G be a maximal torus of G with associated Weyl group W := NG(T )/T . It
suffices to consider actions by T = (C×)r and S = (S1)r ⊂ T since K0

G(X) ∼= K0
T (X)W

(Theorem 2.59). Note that the analogous proof should work to obtain K0
K(X) ∼= K0

S(X)W

in the compact topological case.

2. Use the Bia lynicki-Birula decomposition [Bia73] to obtain a T -stable cellular decomposi-
tion, where each cell corresponds to one of the (isolated) fixed-points.

3. From ([CG09], §5.2.14) there is a long exact sequence

· · · −→ K1
T (U) −→ K0

T (X)
i∗−→ K0

T (Y )
j∗−→ K0

T (U) −→ 0

in algebraic equivariant K-theory for every T -equivariant closed embedding i : X ↪→ Y
and associated j : U := Y \X ↪→ Y . Similarly, topological equivariant K-theory has the
corresponding long exact sequence

· · · −→ K−1
S (X) −→ K0

S(U) −→ K0
S(Y ) −→ K0

S(X) −→ 0

by (2.30) and K−q
S (Y \X) ∼= K−q

S (Y,X) (see [Seg68b], Proposition 2.9).

4. Use the above sequences to build up X from its T -cells U1, U2, . . . , UN so that dimUi is
non-decreasing. Using Ui

∼= CdimUi , the two sequences should yield the same behavior at
every step.

7sketched by Jakub Koncki at his visit to ISTA on 1 June 2023.
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Alternatively, one could avoid the above long exact sequences and use instead the following
theorem. Note that there is a canonical map K0

G(X)alg → K0
K(X)top since the former is gen-

erated by locally free equivariant sheaves (Theorem 2.45) which can be regarded as topological
equivariant vector bundles on X.

Definition 2.64 (Cellular fibrations, see [CG09], §5.5). Let F → X be a morphism of G-
varieties. Then F is called a cellular fibration over X if F has a decreasing filtration F = Fn ⊃
Fn−1 ⊃ · · · ⊃ F 1 ⊃ F 0 = ∅ such that for any i ∈ {1, . . . , n} the following holds.

(i) F i is a G-stable closed algebraic subvariety and π|F i : F i → X is a G-equivariant locally
trivial fibration.

(ii) The map πi : F i \ F i−1 → X obtained by restricting π is a G-equivariant affine fibration,
i.e. a locally trivial fibration with affine linear fibres and affine transition functions.

Theorem 2.65 ([CG09], Proposition 5.5.6). Let G be a complex reductive group and F → X a
G-equivariant cellular fibration. If the canonical map K0

G(X)alg → K0
K(X)top is an isomorphism

then so is the canonical map K0
G(F )alg → K0

K(F )top.

Remark 2.66. In particular, the proof in [CG09] shows that the map is an isomorphism for the
one-point space {∗}, since both K0

G’s are R(G).

With this theorem at hand, one could order the T -stable cells as in 4. above. Then for every
added cell, puncture it at its fixed-point and see if the punctured space can be made into a
T -equivariant cellular fibration over the union of the previous cells. Thus, in every step, one
would only have to consider the long exact sequences in 3. for the inclusion of a fixed-point.

2.3 Equivariant formality

As mentioned earlier, if G is a compact Lie group acting on a space X trivially, then H∗
G(X;Q) ∼=

H∗
G(∗;Q)⊗Q H∗(X;Q).

Definition 2.67 (Equivariant formality, [GKM97], §1.2). Let G be a (compact) Lie group and
X a G-space. Then X is equivariantly formal if the Serre spectral sequence associated to the
fibration

X → XG := EG×G X → BG

collapses on the E2-page. This is equivalent to

H∗
G(X;Q) ∼= H∗

G(∗;Q)⊗Q H∗(X;Q)

as H∗
G(∗;Q)-modules.

Remark 2.68. By our discussion in Section 2.1, it does not matter if G is a complex linear
algebraic group instead of a compact Lie group.

Remark 2.69. If H∗(X) is supported in even degree (i.e. vanishes in odd degrees) then the
Serre spectral sequence with Ep,q

2 = Hp(BG,Hq(X,Q)) and En ⇒ H∗
G(X;Q) collapses on the

E2-page since d2 = 0, so X is equivariantly formal.

Example 2.70 (Partial flag varieties). By Bruhat decomposition, the partial flag variety G/B
has a cell decomposition consisting of even-dimensional cells. Thus, G/B is equivariantly formal
as a G-space.

Example 2.71. Indeed, if X is a smooth compact G-variety then it is always equivariantly formal
(see [Web05], Corollary 5.2.2).
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Equivariant formality in topological K-theory. [Fok19] relates the following two notions
of equivariant formality in topological K-theory to equivariant formality in cohomology. Note
that we cannot use the collapse of the Serre spectral sequence associated to X → XG → BG
as criterion because K∗

G(X) ̸= K∗(XG) in general (see Section 2.36). Similarly, the condition
K∗

G(X) ∼= K∗
G(∗)⊗KT ∗ (X) would be too restrictive (see [HL07], §4).

In the following, write K∗
G(X; k) := K∗

G(X) ⊗ k and R(G; k) := R(G) ⊗ k for any field k.
Similarly, write I(G; k) := I(G)⊗ k where I(G) ⊂ R(G) is the augmentation ideal.

Definition 2.72 (cf. [HL07], Definition 4.1). Let G be a compact Lie group and X a G-space.
Then X is k-weakly equivariantly formal for K-theory if the map

K∗
G(X; k)⊗R(G;k) k −→ K∗(X; k)

induced by the forgetful map is an isomorphism.

Definition 2.73 ([Fok19]). Let G be a compact Lie group and X a G-space. Then X is rational
K-theoretic equivariantly formal (abbreviated RKEF ) if the forgetful map

K∗
G(X;Q) −→ K∗(X;Q)

is surjective.

Theorem 2.74 ([Fok19], Theorem 1.3). Let G be a compact connected Lie group acting on a
finite CW-complex X. Then the following are equivalent.

(i) X is a RKEF G-space.

(ii) X is a equivariantly formal G-space (for cohomology).

(iii) X is a Q-weakly equivariantly formal G-space for K-thoery.

Equivariant formality in algebraic K-theory. The above theorem confirmed what was
expected for topological K-theory based on the following result in algebraic K-theory (of equiv-
ariant coherent sheaves, as defined in Section 2.2.3).

Theorem 2.75 ([Gra08], Theorem 1.1). Let G be a connected reductive algebraic group acting
on a scheme X. Then the forgetful map induces an isomorphism

KG(X)/I(G)⊗Q −→ K(X)⊗Q.

Hence, the map
KG(X)⊗Q −→ K(X)⊗Q

is surjective.

3 Spectrum of equivariant cohomology as zero-scheme

This section recalls the main theorem of [HR23] and discusses the motivating special case of
partial flag varieties. This case is generalized to K-theory in Section 4.

3.1 The general theorem

First, we introduce the required vocabulary.
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3.1.1 Regular elements and actions

Let G be a connected complex reductive group of rank r and g its Lie algebra.

Definition 3.1 (Regular elements). An element v ∈ g is regular if its centralizer under the
adjoint action has dimCg(v) = r. Similarly, an element x ∈ G is regular if dimCG(x) = r. We
write Greg and greg, respectively, for the regular elements of G and g.

Remark 3.2. When G is connected and semisimple, we have by ([Hum95], §1.6) that dimCB(x) ≥
r for every Borel subgroup B of G containing x. Thus, regularity of x is equivalent to dimCG(x)
being minimal and to dimClG(x) being maximal, where ClG(x) denotes the conjugacy class of
x in G.

Example 3.3. An element x of SLn (or GLn) is regular if and only if there is exactly one Jordan
block for every eigenvalue or, equivalently, if its minimal and characteristic polynomials coincide.
This can be seen by calculating the centralizer of a matrix in Jordan block form explicitly. For
example, we have

CSL4



λ 1 0 0
0 λ 1 0
0 0 λ 1
0 0 0 λ


 =



a b c d
0 a b c
0 0 a b
0 0 0 a

 : a4 = 1


and similarly for sln and gln.

Definition 3.4 (Regular action). An action of G on a smooth projective variety X is regular if
there is a unipotent element u ∈ G with finitely many fixed points.

Example 3.5. Let P ⊂ G be a parabolic subgroup. Then the partial flag variety G/P has a
natural G-action by left multiplication. Moreover, every regular element has finitely many fixed
points (cf. Corollary 4.32). As unipotent regular elements exist (see [Hum95], §4.5), the action
is regular.

In fact, every unipotent regular element has a unique fixed-point (see [Hum95], §4.6). This is a
general phenomenon, as the fixed-point set of a unipotent element is connected (see [Hor69], as
cited in [HR23]).

3.1.2 Kostant section

Let G be a connected complex reductive group and pick a principal sl2-triple (e, f, h).

Definition 3.6. An sl2-triple (e, f, g) consists of e, f, h ∈ g such that

[h, e] = 2e, [h, f ] = −2f, and [e, f ] = h.

It is called principal if e and f are regular nilpotents.

Remark 3.7 (cf. [HR23], §2.5). By the Jacobson-Morozov theorem, if G is semisimple then there
exists an sl2-triple (e, f, h) for every nilpotent e such that f is nilpotent and h is semisimple. As
a reductive Lie algebra is the direct sum of its centre and semisimple ideal, the same is true for
reductive G. Moreover, by the representation theory of sl2, if e is regular then f is regular too.

Definition 3.8 (Kostant section). Given a principal sl2-triple (e, f, h), the Kostant section is

S := e + Cg(f) ⊂ g.

As f is regular, S ∼= Cr is a hyperplane in g ∼= CdimG.
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The crucial property of the Kostant section is the following.

Theorem 3.9 ([Kos63], Theorem 0.10). If G is reductive then every regular element v ∈ g
is conjugate to exactly one element of S. Moreover, the composition S → g → g � G is an
isomorphism.

Theorem 3.10 ([Kos63], Theorem 1). There is a unique regular nilpotent conjugacy class in g,
and hence a unique nilpotent element in S.

Remark 3.11. Under the isomorphism g � G ∼= t/W , the unique nilpotent element of S corre-
sponds to 0 ∈ t/W (see [Kos59], Theorem 9.1).

Example 3.12. For g = sln, we have a principal sl2-triple8

f =


0
1 0
0 1 0

. . .
. . .

0 1 0

 , h =


n− 1 0 · · · 0

0 n− 3
...

. . .

0 · · · −n + 1

 ,

e =



0 n− 1 0
0 2(n− 2) 0

. . .
. . .

0 2(n− 2) 0
0 n− 1

0


.

The pattern for e is that every non-zero entry is of the form i(n− i) for i ∈ {1, . . . , n− 1}. Note
that it is principal because f (and hence e) is regular. The associated Kostant section is given
by

S =





0 n− 1 0 0
a1 0 2(n− 2) 0
a2 a1 0 3(n− 3) 0

. . .
. . .

. . .
. . . 0

a2 a1 0 n− 1
an−1 . . . a2 a1 0


: a1, . . . , an−1 ∈ C


.

The unique nilpotent element corresponds to a1 = · · · = an−1 = 0.

Gradings. By integrating the sl2-triple (e, f, g), we get a subgroup SL2 ⊂ G and a morphism

τ : C× ⊂ SL2 −→ G

giving a C×-action on g by
λ · v := λ−2adτ(λ)(v).

Similarly, any G-variety X inherits a C×-action via C× ⊂ G. Recall that the action of G on a
smooth projective variety X induces an algebraic vector field V on g×X which has a zero-scheme
denoted by ZS ⊂ g×X.

The C×-actions on g and X defined above induce a C×-action on g × X. One can check that
S ⊂ g and ZS ⊂ g×X are invariant under this action. Moreover, it induces a grading of their
coordinate rings.

With these notions and the equivariant cohomology background from Section 2.1 at hand, we
recall the main result (Theorem 1.1 (a)).

8adapted from ([CG09], p.184)
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Theorem 3.13 ([HR23]). With the above gradings, we have a commutative diagram and iso-
morphisms of graded rings

C[ZS ] H∗
G(X;C)

C[S] H∗
G(∗;C)

∼=

π∗

∼=

where π is the restriction of the projection S × X → S and the right hand vertical arrow is

induced from the G-equivariant map X
G−→ {∗} to the one-point space.

Moreover, ZS is reduced and affine.

Remark 3.14. By existence of a Bia lynicki-Birula decomposition of X coming from the C×-action
(see 2. in Section 2.2.4), H∗(X) is supported in even degree. Thus, X is equivariantly formal
(see Section 2.3) and hence H∗

G(X;C) ∼= H∗(X;C)⊗C H∗
G(∗;C) is supported in even degree. In

particular, it is a commutative ring.

3.2 Partial flag varieties

When X is a partial flag variety for G, there is a particularly nice proof for the ungraded version
of Theorem 3.13. In Section 4, we generalize this to K-theory.

Let G be a connected complex reductive group and P ⊂ G a parabolic subgroup.

Definition 3.15 (cf. [Hum75], §21.3). The partial flag variety P is the space G/P . It is a
smooth projective variety with a G-action by left multiplication.

Remark 3.16. As NG(P ) = P (Proposition A.25), there is a one-to-one correspondence

{parabolic subgroups P ′ = gPg−1 ⊂ G conjugate to P} ←→ {gP ∈ G/P}.

On the right hand side, the G-action is given by left multiplication, while on the left hand side
it is given by conjugation.

Alternatively, closed points of P correspond one-to-one to parabolic Lie subalgebras p′ ⊂ g
conjugate to p := Lie(P ). (Proposition A.16)

Remark 3.17. The G-action on P is regular (see Example 3.5).

3.2.1 Grothendieck-Springer resolution

What are the zero-schemes Zg and ZS of the G-action on P?

Definition 3.18 (cf. [CG09], §3.1.31f, [Bal18], §3, and [Yun16], §1.6.3). The Grothendieck-
Springer partial resolution is the variety given by

g̃P := {(v, p′) ∈ g× P : v ∈ p′}.

It comes with the natural projection

µP : g̃P −→ g.

As the stabilizer of P ′ = gPg−1 ∈ P is NG(P ′) = P ′, a computation with closed points gives

g̃P ∼= (Zg)red.

Similarly, we have
S̃P := {(v, p′) ∈ S × P : v ∈ p′} ∼= ZS .

Here, we don’t need to take (ZS)red as ZS is already reduced by Theorem 3.13.

Remark 3.19. g̃P and S̃P are defined as reduced schemes over C given by their closed points.
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3.2.2 Proof for partial flag varieties

In this section, we outline the proof of the ungraded version of Theorem 3.13 ( [HR23], §1) for
the partial flag variety P.

Theorem 3.20. There is a commutative diagram of schemes

ZS Spec(H∗
G(P;C))

S Spec(H∗
G(∗;C))).

∼=

∼=

Proof sketch. Let Pu be the unipotent radical of P and L := P/Pu the Levi factor of P .

On the one hand, we have a commutative diagram

C[t]WL H∗
L(∗;C) H∗

P (∗;C) H∗
G(G/P ;C) = H∗

G(P;C)

C[t]W H∗
G(∗;C) H∗

G(∗;C) H∗
G(∗;C)

∼= ∼= ∼=

∼=

(3.21)

where the top right isomorphism is Corollary 2.12, the top middle isomorphism is Corollary 2.11,
and the left isomorphisms follow from Theorem 2.15, Proposition 2.17, and C[t1, . . . , tr] ∼= C[t].

On the other hand, we have a commutative diagram9

S̃P g̃P t � WL

S g g � G t � W

ι̃

φ:=νP ◦ι̃

µP |S̃

νP

µP π

ι

∼=

∼=

(3.22)

where
νP : g̃P −→ p � P −→ l � L

∼=−→ t � WL

is the morphism that sends (x, p′) ∈ g̃P to the image of x in p′ � P ′ ∼= p � P , then further to
l � L along P ↠ L = P/Pu, and then applies the Chevalley restriction isomorphism (Theorem
A.19) for L. Note that the identification p′ �P ′ ∼= p�P is canonical since P ′ = gPg−1 for some
g ∈ G and the quotient implies that the choice of g does not matter in the isomorphism.

The bottom row is an isomorphism by Theorem 3.9.

The right hand square commutes because successive restrictions commute (cf. [Bal18], Proposi-
tion 3.9). The left hand square commutes by definition of S̃P .

At this point, [HR23] finish their proof sketch by saying that both µP |S̃ and π have degree
χ(G/P ), and so φ is a degree one morphism between normal varieties, hence an isomorphism by
Zariski’s main theorem (Theorem A.9). The conclusion is true, but some more work is required
to finish the argument.

9For the case that P = B is a Borel subgroup, this diagram was communicated to [HR23] by Zhiwei Yun.
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Things that need to be checked.

1. Is S̃P irreducible? Otherwise, the notion of degree is ill-defined and Zariski’s main theorem
does not apply directly.

2. Is φ dominant? Otherwise, degφ is not defined.

3. Why are the degrees of µP |S̃ and π as stated?

It turns out that item 1. is more annoying than expected. For without any further insights, S̃P
could have a lower-dimensional component that destroys the argument.

How to finish the proof. We shall only sketch how to finish the proof as it is analogous to
our proof in Section 4.2.3 of the K-theoretical version, Theorem 4.14.

1. Restrict attention in diagram (3.22) to g̃regP

µP−→ greg. Use irreducibility of g̃regP and finiteness
of µP |g̃regP

to show that µP |g̃regP

is flat by miracle-flatness (Theorem A.7).

2. Since base change preserves flatness, this implies that S̃P
µP−→ S is flat. Thus, every

irreducible component of S̃P maps to S dominantly (Lemma A.8).

3. Pick an irreducible component of S̃P . This gives a well-defined notion of degree. We get
an upper bound for the degree of µP restricted to that component by counting preimages
over the semisimple locus Sss ⊂ S which is open and dense. Indeed, every closed point of
Sss has exactly [W : WL] preimages under µP , which follows from the following four facts.

(a) Every regular semisimple element of g is contained in a unique Cartan subalgebra.
(Indeed, by comparison of dimensions, this is the centralizer of the regular semisimple
element, cf. [Bal18], §1)

(b) Every Cartan subalgebra of g is contained in exactly |W | Borel subalgebras (cf.
Proposition A.27 and Proposition A.16).

(c) If two conjugate parabolic subalgebras of g share a common Borel subalgebra then
they are equal (cf. Proposition A.26 and Proposition A.16).

(d) The Borel subalgebras of p containing a given Cartan algebra t are indexed by the
Weyl group of P , which is WL (cf. Proposition A.27 and Proposition A.16)

On the other hand, the degree of π is [W : WL] by a Galois theory argument. Thus, the
degree of µP restricted to the chosen component is exactly [W : WL].

4. Thus, the degree of φ restricted to any irreducible component of S̃P is one. By Zariski’s
main theorem (Theorem A.9) and a surjectivity argument, this restricted morphism is an
isomorphism.

5. If S̃P had more than one irreducible component, there would be too many preimages over
Css (using Lemma A.2).

4 Spectrum of equivariant K-theory as fixed-point scheme

In this section, we prove Theorem 4.14 which is a special case of Conjecture 1.5. First, we
introduce the required notions. Throughout, we will consider the example of G = SLn.
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4.1 Steinberg section

Throughout this section, let G be a connected semisimple linear algebraic group over C of rank
r.

Recall that the Kostant section S ⊂ greg from Section 3.1.2 gave a unique representative for
every regular conjugacy class of g (see Theorem 3.9). Moreover, it was necessary to restrict
the zero-scheme Zg to S to obtain the isomorphism ZS ∼= Spec(H∗

G(X)). In this section, we
introduce the Steinberg section C ⊂ G which serves as an analogue of the Kostant section.

Recall from Definition 3.1 that an element x ∈ G is called regular if dimCG(x) = r.

Proposition 4.1 ([Hum95], §4.13, following [Ste65], Theorem 1.3). The irregular elements of
G form a closed subset, and each of its components has codimension three in G.

Next, we define the map of which the Steinberg section is a section. Let T ⊂ B ⊂ G be a
maximal torus and Borel subgroup of G, and let W = NG(T )/T be the associated Weyl group.
Composing the GIT quotient map (of G acting on itself by conjugation) with the multiplicative
Chevalley isomorphism (Theorem A.19) we get a morphism

π : G −→ G � G
∼=−→ T/W.

Definition 4.2 (cf. [Hum95], §3.4). The above map π : G→ T/W is called the adjoint quotient.

Note that T/W is a geometric quotient as T is affine and W is finite (see [Har92], §10, p.124).

If, in addition, G is simply-connected then T/W ∼= Cr = Spec(C[χ1, . . . , χr]) where r = rank(G)
and χi are the characters of the irreducible representations of G with the fundamental weights
ϖ1, . . . , ϖr as highest weights (see [Hum95], §0.11). Note that these are uniquely defined since
T ⊂ B ⊂ G have been fixed.

Definition 4.3 (cf. [Hum95], §3.5). Assume that G is simply-connected. Identifying T/W ∼= Cr

as above turns the adjoint map into the Steinberg map

π : G −→ Cr

given by g 7→ (χ1(g), . . . , χr(g)).

Example 4.4. For G = SLn (which is simply-connected) the representations with fundamen-
tal weights ϖi are the exterior powers ΛiCn of the standard representation. Thus, χi(g) =
ei(λ1, . . . , λn) is the ith elementary symmetric polynomial in the eigenvalues λ1, . . . , λn of g, i.e.
the signed coefficients of the characteristic polygon of g (cf. [Hum95], §3.2).

The Steinberg map has the following remarkable properties.

Theorem 4.5. ([Hum95], §4.14) Assume that G is simply-connected and let F be any fibre of
the Steinberg map π : G→ Cr. Then

1. F is closed, and is a union of classes of G.

2. The semisimple elements of F form a single class S, which is closed and lies in the closure
of every class in F .

3. The regular elements of F form a single class R, which is dense and open in F .

4. F is irreducible and of codimension r in G, while F \R is of codimension at least 2 in F .

Remark 4.6 ([Ste65], §6.18). If G is not simply-connected, then the regular elements of G are
isomorphic as variety to Cr/F where F is the fundamental group of G.
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Definition 4.7 (Steinberg section, see [Hum95], §4.15 and [Ste65]). Assume that G is simply-
connected and let ∆ = {α1, . . . , αr} be the system of simple roots corresponding to T ⊂ B. For
each i, let Ui be the one-parameter unipotent subgroup corresponding to αi and let ni ∈ NG(T )
be a representative of the corresponding reflection. The Steinberg section is the closed subvariety

C := U1n1U2n2 . . . Urnr ⊂ G.

Example 4.8 (see [Hum95], §4.15). For G = SLn and n = r + 1 the Steinberg section is

C =




a1 −a2 · · · (−1)r−1ar (−1)r

1 0 · · · 0
0 1 0
...

. . .
...

0 1 0

 : a1, . . . , ar ∈ C


∼= Cr.

In this notation, the characteristic polynomial of an element is

Xn − a1X
n−1 + · · ·+ (−1)r−1arX + (−1)r

and ai = ei(λ1, . . . , λn).

Theorem 4.9. Let G be simply-connected with Steinberg map π : G→ Cr and Steinberg section
C ⊂ G.

1. ([Hum95], §4.17, following [Ste65], Theoreem 1.4) Then the restriction of π to the subset C
induces an isomorphism of varieties between C and Cr. In particular, C is a cross-section
of the fibres of π.

2. ([Hum95], §4.20, following [Ste65], Theorem 1.5) Let χ1, . . . , χr be the fundamental char-
acters of G. Then for any x ∈ G the following statements are equivalent:

(a) x is regular

(b) x is conjugate to an element of C
(c) The differentials (dχi)x are independent at x, i.e. dπx is surjective.

Corollary 4.10. π : G→ Cr is surjective.

Theorem 4.11 (cf. [Hum95], §4.1, 4.5, and 3.6, following [Ste65], §3). Regular unipotent
elements of G exist and form a single conjugacy class. In particular, C has a unique unipotent
element. Moreover, every regular unipotent element lies in a unique Borel subgroup.

Remark 4.12. Under the isomorphism C ∼= T/W , the unique unipotent element corresponds to
1 ∈ T/W as all characters evaluate trivially on it. In the notation of Example 4.8, the unique

unipotent element corresponds to ai =

(
n
i

)
. Under the isomorphism C ∼= Spec(K0

G(∗;C)) that

we prove as part of Theorem 4.14, this corresponds to the point given by the augmentation ideal
(cf. the paragraph before Section 2.2.2).

Lemma 4.13. The semisimple elements Css of C form a dense open subset.

Proof. By [Hum95], Theorem 2.5, the regular semisimple elements Greg,ss ⊂ G form a dense
open subset. Thus, Css = Greg,ss∩C is open in C. It is non-empty as semisimple regular elements
exist (e.g. as diagonal matrix in some maximal torus with distinct eigenvalues) and both of these
properties are invariant under conjugation so that the representative in C is also semisimple.

Thus, Css is dense in C, as it is non-empty and open, and C ∼= Cr is irreducible.
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4.2 Partial flag varieties

As before, let G be a semisimple connected linear algebraic group over C, C ⊂ G the Steinberg
section, P ⊆ G a parabolic subgroup, and P := G/P the associated partial flag variety (see
Section 3.2). When P = B is Borel, we write B := G/B.

In this section, we prove our main result which is the following special case of Conjecture 1.5.

Theorem 4.14. If G is simply-connected, we have the following commutative diagram of schemes.

FixC(P)red Spec(K0
G(P;C))

C Spec(K0
G(∗;C))

∼=

∼=

Moreover, the top isomorphism is given by the trace map that sends a vector bundle Ξ to the
regular function (g, x) 7→ tr(g : Ξx → Ξx) on FixC(P).

Remark 4.15. This trace map gives a well-defined function on K0
G(X) because it is additive on

exact sequnces. Moreover, it is a regular function as the action is algebraic and taking the trace
of a matrix is algebraic.

Before we develop the proof, we illlustrate the example of G = SLn.

4.2.1 Extended example: G = SLn

K-theory for G = SLn. To understand KG(P), we must understand a Levi-factor L of P (i.e.
P = L ⋉ Pu where Pu is the unipotent radical of G and L is reductive), and its representation
ring, because

KG(G/P ) ∼= KP (∗) ∼= KL(∗) ∼= R(L)

by Corollary 2.56, Proposition 2.57, and Remark 2.50.

Explicit calculations of parabolics and their Levi factors can be found in ([Gar97], §7-8). A more
abstract discussion of the standard parabolic subgroups in a reductive group and their standard
Levi factors can be found in ([Hum75], §30.1-2).

For G = SLr+1, a general parabolic subgroup has the form

P (n1, . . . , nk) :=



A1 ∗ ∗ ∗
0 A2 ∗ ∗

0 0
. . . ∗

0 0 0 Ak

 : Ai ∈ GLni and
k∏

i=1

det(Ai) = 1

 (4.16)

where
∑k

i=1 ni = r + 1. Its unipotent radical is

U(n1, . . . , nk) :=



In1 ∗ ∗ ∗
0 In2 ∗ ∗

0 0
. . . ∗

0 0 0 Ink




where In is the n× n identity matrix. A Levi factor is given by

L(n1, . . . , nk) :=



A1 0 0 0
0 A2 0 0

0 0
. . . 0

0 0 0 Ak

 ∈ P (n1, . . . , nk)

 ∼= S(GLn1 × · · · ×GLnk
),
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where the kernel of the determinant homomorphism GLn1 × · · · ×GLnk
→ C×.

Thus, for Pn := SLr+1/P (n1, . . . , nk), we have

C⊗KSLr+1(X) ∼= R(S(GLn1 × · · · ×GLnk
)) (4.17)

∼=
R(GLn1 × · · · ×GLnk

)

Z · det|GLn1×···×GLnk

∼=
R(GLn1)⊗ · · · ⊗R(GLnk

)

(Λn1Cn1 ⊗ · · · ⊗ ΛnkCnk)

∼=
Z
[
s
(1)
1 , s

(1)
2 , . . . , s

(1)
n1 , s

(1)
n1

−1
, . . . , s

(k)
1 , s

(k)
2 , . . . , s

(k)
nk , s

(k)
nk

−1
]

(
s
(1)
n1 . . . s

(k)
nk − 1

)
∼= (C×)k−1 × Cn−k

where s
(j)
i corresponds to the representation ΛiCnj of GLnj . The above calculation can also

be seen using R(G) ∼= R(T )W for a complex reductive group G (cf. [Kam11]), §6.5, [CG09],
Theorem 6.1.4, or Theorem A.19).

Fixed point scheme for G = SLn. In our case where G = SLr+1, P = P (n1, . . . , nk), and
Pn := G/P , we have

FixG(X)red = {(g, xP ) : g ∈ SLr+1, g ∈ xPx−1}

because NG(P ) = P (Proposition A.25).

First, we restrict this to the Steinberg section, which we recall from Example 4.8:

C =




a1 −a2 · · · (−1)r−1ar (−1)r

1 0 · · · 0
0 1 0
...

. . .
...

0 1 0

 : a1, . . . , ar ∈ C


∼= Cr.

By the particular shape of P (n1, . . . , nk) from (4.16), we have

FixC(X) = {(g, V•) : g ∈ C, gV• = V•}

where V• = (∅ = V0 ⊂ V2 ⊂ · · · ⊂ Vk = Cn) is a flag in Cn with dim(Vi/Vi−1) = ni. We say that
V• is a type n flag.

To understand the flags fixed by a certain g ∈ C, observe the following:

1. Each g ∈ SLr+1 is conjugate (in SLr+1) to a matrix in Jordan block form.

2. Since C ⊂ Greg, the eigenvalues of distinct Jordan blocks are distinct (see Example 3.3).
Hence, the Jordan block form of g ∈ C is completely determined by the eigenvalues of g
and their algebraic multiplicities (up to permutation of blocks).

3. (a1, . . . , ar) are the coefficients of the characteristic polynomial of g, i.e. the (signed)
elementary symmetric polynomials in the eigenvalues.
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4. Assume the distinct eigenvalues of g = (a1, . . . , ar) ∈ C are λ1, . . . , λk with multiplicities
m1, . . . ,mk, respectively. Then the invariant subspaces V of g are uniquely parametrised
by

I := {(l1, . . . , lk) : li ∈ {0, . . . ,mi}∀i}
where li is the dimension of the intersection with the Jordan block of eigenvalue λi.

5. Thus, the type n flags V• invariant under g are uniquely parametrized by the partitions
A1 ⊔ · · · ⊔Ak of the multiset

{λ1, . . . , λ1︸ ︷︷ ︸
m1

, . . . , λk, . . . , λk︸ ︷︷ ︸
mk

}

with |Ai| = ni. Here, Ai is the multiset of eigenvalues that describes how much bigger the
intersections of Vi with the Jordan blocks of g is than those of Vi−1.

In other words, if the eigenvalues of g are λ1, . . . , λn (now possibly with repetitions), then
the invariant flags of type (n1, . . . , nk) of g are parametrized by

Sym(λ1, . . . , λn)

Sn1 × · · · × Snk

where each Sni acts on an ordering (λπ(1), . . . , λπ(n)) by permuting the ith block, which is
of length size ni.

Example 4.18. If P corresponds to full flags, i.e. k = n and n1 = · · · = nk = 1, then the
invariant flags of g ∈ C are given precisely by listing the eigenvalues λ1, . . . , λn in some
order. Thus, we get

FixC(X)red ∼= Spec

(
C
[
a1, . . . , ar, λ

±1
1 , . . . , λ±1

n

]
(ai − ei(λ1, . . . , λn), λ1 · · ·λn − 1)

)
∼=
(
C×)n−1

(4.19)

where ei is the ith elementary symmetric polynomial.

6. Forgetting the order of the eigenvalues in each block Ai is algebraically equivalent to
replacing the ni eigenvalues in each Ai by their symmetric polynomials e1, . . . , eni .

Geometrically, this corresponds to taking the GIT quotient of (4.19) by Sn1 × · · · × Snk

acting on λ1, . . . , λn. The GIT quotient map is the map from the full flag variety to the
partial flag variety given by forgetting some of the intermediate subspaces of the flag.

This can be generalized to describe the quotient between two partial flag varieties corre-
sponding to parabolic subgroups P1 ⊂ P2.

In conclusion, the fixed-point scheme over C for P = P (n1, . . . , nk) ⊂ SLr+1 is given by

FixC(X)red ∼= Spec


C

 a1, . . . , ar,
e1(λ1, . . . , λn1), e2(λ1, . . . , λn1), . . . en1(λ1, . . . , λn1)±1, . . . ,

e1(λn−nk+1, . . . , λn), e2(λn−nk+1, . . . , λn), . . . enk
(λn−nk+1, . . . , λn)±1


(ai − ei(λ1, . . . , λn), λ1 . . . λn − 1)


∼= Spec

C
[
u
(1)
1 , u

(1)
2 , . . . , u

(1)
n1

±1
, . . . , u

(k)
1 , u

(k)
2 , . . . , u

(k)
n1

±1
]

(u
(1)
n1 . . . u

(k)
nk − 1)

 (4.20)

∼=
(
C×)k−1 × Cn−k

Indeed, this is isomorphic to KG(X)⊗ C from (4.17).
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The isomorphism as trace map. We can also verify directly that the trace map gives an
isomorphism. Consider the morphism

φ : FixC(X) −→ Spec(KG(X)⊗ C)

given by the following comorphism φ∗ : KG(X) ⊗ C → C[FixC(X)]. For a Ξ a G-equivariant
vector bundle on X (i.e. locally free sheaf, cf. Theorem 2.45) and (g, y) ∈ FixC(X), we define

φ∗([Ξ])(g, y) := tr(g : Ξy → Ξy).

In our specific case, g ∈ C ⊂ SLr+1 and y = xP with x−1gx ∈ P . Then the action of g on Ξg is
given as follows.

Since x−1gx ∈ P , it can be written in block upper-triangular form with invertible square matrices
A1, . . . , Ak of size n1, . . . , nk along the diagonal (see (4.16)). Since KG(Pn) ∼= R(L) from above,
where L = S(GLn1 × · · · ×GLnk

) is a Levi factor of P , the equivariant vector bundle Ξ is given
by some ρ ∈ R(L).

Now trg(ΞxP ) = trx−1gx(ΞP ), which is exactly the character of ρ at the image of x−1gx under
P → L (i.e. restriction to the block diagonal). The character of ρ is given by block-(n1, . . . , nk)-
symmetric polynomials in the eigenvalues of x−1gx. These coincide with those of g, which in

turn are the coordinates of FixC as in (4.20). In the notation of (4.17) and (4.20), φ∗ sends s
(j)
i

to u
(j)
i , giving the isomorphism a particularly nice form.

Remark 4.21. The choice of x does not matter here. Indeed, if x, y ∈ G such that xP = yP
then y−1x ∈ P and so x−1gx differs from y−1gy by conjugation in P . But this leaves the blocks
invariant, and hence also the symmetric polynomials of their eigenvalues. In other words, a
choice of parabolic subgroup P induces a (blockwise) ordering of the eigenvalues.

4.2.2 Multiplicative Grothendieck-Springer resolution

We now prepare our setup for the general proof of Theorem 4.14.

The multiplicative Grothendieck-Springer resolution will be our candidate for FixG(P), just like
the (additive) partial Grothendieck-Springer resolution g̃P played the role of the zero scheme
Zg (see Section 3.2.1). The following definition follows ([Bal22], §2.1), except that we consider
parabolic subgroups and not just Borels.

Definition 4.22. (Multiplicative Grothendieck-Springer resolution) Given a parabolic subgroup
P ⊆ G, we define the partial multiplicative Grothendieck-Springer resolution as the incidence
variety

G̃ := {(x, gP ) ∈ G× P : x ∈ gPg−1}.

It is a closed subscheme of G× P (see below). If P = B is a Borel subgroup of G, we drop the
adjective partial and call G̃ the multiplicative Grothendieck-Springer resolution. More generally,
for a subvariety X ⊆ G, we define

X̃ := {(x, gP ) ∈ X × P : x ∈ gPg−1}.

which is a subvariety of G̃. This comes with a morphism

µ : G̃ −→ G

given by projection onto the first coordinate.

Remark 4.23. X̃ is defined as a reduced scheme over C given by its closed points.
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Proposition 4.24. G̃ is a closed irreducible non-singular subvariety of G× P.

Proof. Recall the definition

G̃ := {(x, gP ) ∈ G× P : x ∈ gPg−1}.

This admits a natural projection map θ : G̃ −→ P which realizes G̃ as a fiber bundle over P
with fiber isomorphic to P , i.e.

G×P P
∼=−→ G̃

[g : p] 7−→ (gpg−1, gPg−1).

(cf. [Bal22], §2.1). Thus, G̃ is irreducible, since it is the isomorphic to the image of the irreducible
variety G × P under the surjective quotient morphism G × P → G ×P P . (Note that G × P
is irreducible because G is connected by assumption, P is connected because it is parabolic
(Proposition A.24), connected linear algebraic groups are irreducible (Proposition A.15), and
products of irreducible varieties are irreducible.)

Non-singular: Every point in G̃ ∼= G ×P P has an open neighbourhood isomorphic to U × P
where U is an open subset of P. U × P is smooth since both U and P are. Alternatively,
G̃ ∼= G ×P P is non-singular because it is the quotient of the smooth complex manifold G × P
by a proper free action of P (see [Lee03], Theorem 9.16).

Remark 4.25. Irreducibility can also be shown using the ”key geometric argument” in ([Hum95],
§0.15), which shows the following. Let H be a closed connected subgroup of G, and let C be
an irreducible closed subset of G that is stable under conjugation by elements of H. Then
X := {(gH, x) : g−1xg ∈ C} ⊆ G/H ×G is closed and irreducible.

The relevance of G̃ for us comes from the following proposition.

Proposition 4.26. X̃ is the reduction of the fixed-point scheme FixX(P), i.e.

X̃ ∼= FixX(P)red.

Proof. Recall that FixC(P) is defined as fibre product (see Conjecture 1.5). Since all schemes
involved are of finite type over C = C, the closed points of the fibre product coincide with the
fibre product of the sets of closed points10. But the description of this is exactly the definition
of X̃ (Definition 4.22). The claim follows since FixC(P)red is reduced and hence determined by
its closed points.

Lemma 4.27. µ is surjective.

Proof. The Borel subgroups of G are all conjugate to each other and cover G. Thus, for any
Borel B ⊆ P there exists g ∈ G such that x ∈ gBg−1 ⊆ gPg−1.

Lemma 4.28. µ is proper.

Proof (cf. [Bal18], Proposition 3.6). µ is the restriction of α : G×P → G to the subvariety G̃P .
But α is proper because P is projective, hence proper over C, and properness is preserved under
base-change.

10cf. https://stacks.math.columbia.edu/tag/01JT.
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Next, we want to say that µ is also quasi-finite, hence finite. However, this is not true in general,
since irregular elements of G are contained in infinitely many Borel subgroups, as displayed by
the following proposition.

Proposition 4.29 ([Ste65], Theorem 1.1). Let x ∈ G and assume that P = B is Borel. Then
µ−1(x) consists of finitely many points if and only if x is regular.

Proof. This follows from the dimension formula (see [Hum95], §6.17)

dimCG(x) = r + 2 dimµ−1(x).

Thus, x is regular if and only if dimµ−1(x) = 0. This is equivalent to µ−1(x) consisting of
finitely many points.

Remark 4.30. In fact, the same result holds even if the parabolic P is not Borel, as long as it is
proper in all factors of G (see [Hum95], §6.18).

As a consequence, we shall restrict our attention to G̃reg.

Proposition 4.31. µ|Greg : G̃reg → Greg is quasi-finite. In particular, every closed point x ∈ Greg

has at most |W | points in its fibre µ−1(x).

Proof. First, note that to show quasi-finiteness, it suffices to prove that every closed point has
finite fibre (Lemma A.3).

By Theorem 4.9 of [Hum95], x ∈ Greg lies in at most |W | Borel subgroups of G. (If x is regular
and semisimple, this is easy to see because it then lies in a unique maximal torus T (see [Hum95]
Proposition 2.3), which in turn is contained in exactly |W | Borel groups.)

Since the Borel subgroups cover G and are all conjugate to each ther, it suffices to fix a Borel
subgroup B containing x and show that there are at most N parabolic subgroups conjugate to
P containing B, for some constant integer N . But if two parabolic subgroups are conjugate and
have a Borel subgroup in common, then they are equal (see [Hum75], §23.1, Corollary C), so in
fact N = 1.

Corollary 4.32. µ|
G̃reg : G̃reg → Greg is finite.

Proof. By the previous two propositions, µ|
G̃reg is proper and quasi-finite, hence finite.

Remark 4.33. The upper bound |W | is not sharp if P is not a Borel subgroup. In general, the
correct number for semisimple elements is [W : WL] in the notation introduced below.

Given the parabolic subgroup P ⊂ G, let Pu be its unipotent radical, i.e. its (unique) maximal
connected normal unipotent subgroup (Definition A.22). Then L := P/Pu is a Levi-factor of L,
i.e. G ∼= L ⋊ Pu and L is reductive (Proposition A.23). Moreover, since T ∩ Lu = 1, we have
T ⊆ L (this is an equality if P = B is Borel). Thus, we have WL ⊆ W where WL = NL(T )/T
is the Weyl group of L and W = NG(T )/T is the Weyl group of G.

Lemma 4.34. Let x ∈ Greg be semisimple. Then µ−1(x) consists of exactly [W : WL] points.

Proof. Since x is semisimple and regular, it is contained in exactly |W | Borel subgroups (see
[Hum95], Theorem 4.9(iii)). Moreover, each of these Borel subgroups is contained in exactly
one conjugate of P since conjugate parabolic subgroups sharing a Borel subgroup are equal (see
[Hum75], §23.1, Corollary C).

It remains to prove that for every g ∈ G such that x ∈ gPg−1 there exist exactly |WL| Borel
subgroups B of G such that x ∈ B ⊂ gPg−1. Indeed, since x is regular and semisimple, it
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is contained in a unique maximal torus T of G (see [Hum95] Proposition 2.3), which must lie
in every B containing x, as every semisimple element of a connected linear algebraic group
is contained in some maximal torus (Proposition A.18). But the Borel subgroups of gPg−1

containing T are indexed by the Weyl group of P , which is WL (Proposition A.27).

Finally, we investigate the irreducibility and regularity of G̃reg.

Lemma 4.35. The following holds.

1. G̃reg is irreducible.

2. G̃reg is regular (hence Cohen-Macaulay).

3. Greg is regular.

4. dim G̃reg = dimGreg.

Proof. 1. Since G̃ is irreducible, it suffices to show that G̃reg is a non-empty open subset. But
G̃reg = µ−1(Greg) which is open and non-empty as µ is surjective.

2. holds since G̃reg ⊂ G̃ is open and G̃ is non-singular.

3. holds as Greg ⊂ G is open (Proposition 4.1) and G is smooth (Proposition A.14).

4. follows since µ|
G̃reg : G̃reg → Greg is a finite dominant (since surjective) map between irre-

ducible varieties.

Corollary 4.36. µ|Greg : G̃reg → Greg is flat.

Proof. This follows immediately from the previous lemma, finiteness of µ|Greg , and miracle flat-
ness (Theorem A.7).

4.2.3 Proof for partial flag varieties

We prove Theorem 4.14 in two parts, by comparing both columns to T � WL → T � W .

Proposition 4.37. We have the following commutative diagram of rings.

C[T ]WL K0
G(P;C)

C[T ]W K0
G(∗;C)

∼=

∼=

(4.38)

Proof. We have

C[T ]WL K0
L(∗;C) K0

P (∗;C) K0
G(G/P ;C) = K0

G(P;C)

C[T ]W K0
G(∗;C) K0

G(∗;C) K0
G(∗;C).

∼= ∼= ∼=

∼=

The left isomorphisms are Theorem 2.59, the middle ones are Proposition 2.57, and the right
ones are Corollary 2.56. All three squares commute as the underlying equivariant maps commute
(cf. Section 2.2.3).

Lemma 4.39. The quotient map ρ : T � WL → T � W is a dominant morphism between
irreducible normal varieties, and deg ρ = [W : WL].
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Proof. Since T is an irreducible affine variety and W and WL are finite, T � W and T � WL

are affine irreducible varieties too (see Theorem A.4). Similarly, they inherit normality from
normality of T (see Lemma A.5). Moreover, ρ is dominant since C[T ]W ↪→ C[T ]WL is injective.

To get deg ρ, consider the function field extensions

C(T )W ⊂ C(T )WL ⊂ C(T ).

By Galois theory, we have [C(T ) : C(T )W ] = |W | and [C(T ) : C(T )WL ] = |WL|. Thus, the Tower
Law gives deg ρ = [C(T )WL : C(T )W ] = [W : WL] as desired.

We should note that the fraction field of C[T ]W is indeed the full invariant field C(T )W , and
similarly for WL. Indeed, let x = p

q ∈ C(T )W with p, q ∈ C[T ]. Since C[T ] ∼= C[t±1 , . . . , t
±
r ] is a

UFD, we may take p and q to be coprime and factor p = pe11 . . . peuu and q = qf11 . . . qfvv where the
pi and qj are pairwise inequivalent primes in C[T ]. Since the action of W preserves primality
and coprimality and fixes x = p

q , it permutes the pi and qj , respectively, up to multiplication by

units. Thus, there is a character χ : W → C× such that w · p = χ(w)p and w · q = χ(w)q for

every w ∈ W . In particular, χ(w)|W | ≡ 1. Thus, p|W |, qp|W |−1 ∈ C[T ]W and hence x = p|W |

qp|W |−1

is in the fraction field of C[T ]W .

Proposition 4.40. We have the following commutative diagram of schemes.

C̃ G̃reg G̃ T � WL

C Greg G T � W.

µ

∼=

µ µ

∼=

(4.41)

Proof. The bottom right horizontal arrow is the composition G→ G�G
∼=←− T �W , where the

isomorphism is the Chevalley isomorphism (Theorem A.19).

The top right horizontal arrow is the composition

G̃ −→ P � P −→ L � L
∼=←− T � WL (4.42)

where the first map is given by sending (x, gPg−1) ∈ G̃ to g−1xg ∈ P and then projecting to
P � P . This is well-defined since NG(P ) = P , so if gPg−1 = g′Pg′−1 then g−1xg and g′−1xg′

are conjugate by an element of P , so define the same point of P � P .

The map P �P → L�L in (4.42) comes from the quotient map P → P/Pu = L. The third map
is the Chevalley isomorphism for the reductive group L with maximal torus T . Finally, the left
two squares commute trivially, while the right hand square commutes because the corresponding
comorphisms are induced by restriction of invariant functions in compatible orders (cf. [Bal18]
Proposition 3.9 and [Bal22] equation (2.2)).

The composition of the bottom row of (4.41) is an isomorphism by the main property of the
Steinberg section (see Definition 4.3 and Theorem 4.9). In particular, C ∼= T/W ∼= Cr.

Now consider the left hand square of (4.41):

C̃ G̃reg

C Greg.

µ µ
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By Corollary 4.36, µ|
G̃reg is flat. Therefore, the base-changed morphism µ : C ×Greg G̃reg → C is

also flat. By an argument analogous to that of Proposition 4.26, we have C̃ ∼=
(
C ×Greg G̃reg

)
red

.

Thus, on the level of topological spaces, the flat map µ : C ×Greg G̃reg → C coincides with the
morphism of reduced schemes µ|C̃ : C̃ → C. In particular, µ|C̃ enjoys the same topological prop-

erties as a flat morphism. Hence, by Lemma A.8, every irreducible component of C̃ dominates
C ∼= Cr.

Now let C̃1 be an irreducible component of C̃. Consider diagram (4.41) restricted to C̃1:

C̃1 T � WL

C Cr T � W

ν

µ|C̃1 ρ

∼= ∼=

This is a diagram of irreducible varieties in which both vertical maps are dominant. Note that
C̃1 is affine as µ|C̃1 is finite (Corollary 4.32) and C ∼= Cr is affine. Write ν#, ρ#, µ|#

C̃1
for the

comorphisms of ν, ρ, µ|C̃1 , respectively.

Claim: ν is dominant. Indeed, ν# is injective. For if ν#(x) = 0 for some x ∈ C[T ]WL then

y :=
∏

w∈W w · x has ν#(y) = 0. But y ∈ C[T ]W so 0 = ν#(ρ#(y)) = µ|#
C̃1

(y). But µ|#
C̃1

is

injective since µ|C̃1 is dominant and C ∼= Cr is reduced. Thus, y = 0 and hence w · x = 0 for

some w ∈ W because C[T ]W is a domain. Acting with w−1 gives x = 0, so ν# is injective, as
desired.

Since µ|C̃1 , ν, ρ are dominant morphisms between irreducible varieties, they induce extensions of
function fields, giving a notion of degree of these maps.

Degrees of µ|C̃1 , ν, ρ: By Lemma 4.34, every regular semisimple element of C has precisely [W :
WL] points in its preimage under µ. Since C ⊂ Greg and the semisimple elements of C are
a dense open subset (Lemma 4.13), Lemma A.2 implies that deg µ|C̃1 ≤ [W : WL]. But also
deg ρ = [W : WL] by Lemma 4.39, so the Tower Law implies degµ|C̃1 ≥ [W : WL]. Thus,
degµ|C̃1 = [W : WL] and deg ν = 1.

Since T �WL is normal (Lemma 4.39), Zariski’s main theorem (Theorem A.9) implies that ν is
an isomorphism of C̃1 onto an open subset of T � WL.

Claim: ν is surjective. Indeed, since ν#, ρ#, µ|#
C̃1

are injections we have ring extensions

C[C] ∼= C[T ]W ⊆ C[T ]WL ⊆ C[C̃1].

The composition of these two extensions is finite as µ|C̃1 is finite. Therefore, C[C̃1] is integral

over C[t]WL . Hence, ν is surjective by the Going-up Theorem (Theorem A.11).

Thus, ν is an isomorphism.

No other components: Finally, we claim that C̃1 = C̃. Indeed, if there is another component
C̃2, then by the same argument, it will map dominantly onto C of degree [W : WL]. But then
there is an open subset of C over which every fiber of µ has more than [W : WL] distinct points,
contradicting Lemma 4.34 since the semisimple elements of C are open (Lemma 4.13).

Thus, ν is the desired isomorphism in the top row of diagram (4.41).

Recognising the trace map and finishing the proof.
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Proof of Theorem 4.14. Propositions 4.37, 4.40, and 4.26 prove the existence of the stated com-
mutative diagram and isomorphisms. It remains to check that the constructed isomorphism

C̃
∼=−→ T/WL

∼=−→ Spec(K0
G(P;C))

is indeed given by the trace map. The associated comorphism is

C[C̃]
∼=←− C⊗R(L)

∼=←− K0
G(P;C).

By Theorem 2.45 it suffices to check what the morphism does on locally free equivariant sheaves
Ξ on P, i.e. equivariant vector bundles. This happens in two steps:

1. First, [Ξ] ∈ K0
G(P;C) is mapped to [ρ] ∈ R(L) where ρ is the representation of L from

which Ξ was induced.

2. Second, unravelling (4.42) shows that [ρ] corresponds via its character to a WL-invariant
function on T . This, in turn, corresponds to a class function on L and further to a class
function on P .

Finally, C[C̃] ← C[P ]P evaluates (g, xP ) ∈ C̃ by conjugating g into P via x and then
evaluating the class function given by [ρ]. As in the example of SLn, the choice of x does
not matter (cf. Remark 4.21).

But evaluating the character function of [ρ] at x−1gx ∈ P is the same as taking the trace of
x−1gx : ΞP → ΞP . By conjugation invariance of the trace, this is the same as

tr(g : ΞxP → ΞxP )

which completes the proof.

5 Intertwining results in H∗G and K0
G

In this section, we relate the results of Section 3 and Section 4.

As before, let G be a connected semisimple simply-connected linear algebraic group over C, g
its Lie algebra, P ⊂ G a parabolic subgroup with associated partial flag variety P := G/P ,
L = P/Pu a Levi factor of P , T ⊂ L ⊂ G a maximal torus with Lie algebra t, and W and WL

the Weyl groups of G and L, respectively, relative to T . Moreover, let S ⊂ g be the Kostant
section, C ⊂ G the Steinberg section, ZS the zero scheme over S, and FixC(P) the fixed point
scheme over C.
By Theorem 4.14 and Theorem 3.20, we have the following two commutative diagrams.

FixC(P)red T/WL Spec(K0
G(P;C))

C T/W Spec(K0
G(∗;C)).

∼= ∼=

∼= ∼=

(5.1)

ZS t/WL Spec(H∗
G(P;C))

S t/W Spec(H∗
G(∗;C)).

∼= ∼=

∼= ∼=

(5.2)

In this section, we describe maps from (5.2) to (5.1) so that everything commute. To define these
”exponential” maps, we need to restrict the bottom row of (5.2) to a formal neighbourhood.

35



Rotation report Equivariant K-theory and fixed-point schemes Daniel Holmes

Exponential map and formal neighbourhoods. The obvious candidate is the exponential
map exp : g→ G that restricts and descends to maps t/W → T/W and t/WL → T/WL. As these
maps are given by infinite power series, they are not algebraic. However, they become algebraic
when exp is restricted to a formal neighbourhood ĝ0 of 0 ∈ g. This is defined algebraically as

ĝ0 := Spec(Ĉ[g]m0
), i.e. the spectrum of the coordinate ring of g localized at the maximal ideal

m0 corresponding to 0 ∈ g.

Similarly, we will consider formal neighbourhoods Ŝn, t̂/W , and Spec( ̂(H∗
G(∗;C))J) where J ⊂

H∗
G(∗;C) is the ideal of positive degree elements and n ∈ S is the representative of the unique

regular nilpotent class of g (Theorem 3.10). The corresponding points in diagram (5.1) are
[1] ∈ T/W , u ∈ C, and mIG where IG ⊂ R(G) ⊗ C is the augmentation ideal and u is the
representative of the unique regular unipotent conjugacy class of G (see Theorem 4.11).

5.1 Equivariant Chern character

The candidate for a morphism Spec(H∗
G(X))→ Spec(K0

G(X)) is the equivariant Chern character

chG : K0
G(X) −→ Ĥ∗

G(X)J . (5.3)

Here, X is either the one-point space {∗} or P, as above. The following construction is discussed
in ([Ros03], §3.1), as cited and used in [Fok19] and [Spo19]. A non-equivariant version that goes
from algebraic K-theory to Borel-Moore homology is discussed in ([CG09], §5.8).

Ordinary Chern character. First, recall that the ordinary Chern character is defined for a
complex line bundle L→ X by

ch(L) := exp(c1(L)) =
∑
i≥0

c1(L)

i!
.

Since this is an infinite power series, it naturally lies in the completion of H∗(X) at the positive
degree ideal. Now the splitting principle says that for every vector bundle E → X there is
a map f : X → Y and line bundles L1, . . . , Lr → Y such that E = f∗(L1 ⊕ · · · ⊕ Lr) and
f∗ : H∗(Y ) → H∗(X) is injective. Thus, the Chern character is fully determined by requiring
functoriality and additivity of ch under direct sum of line bundles. With these definitions, ch
defines a ring homomorphism

K0(X)top −→
∏
i≥0

H2i(X)

defined on topological K-theory.

Equivariant Chern character. Let X be a smooth projective complex variety and recall
that we want to define (5.3). By Theorem 2.45, it suffices to define chG([Ξ]) where Ξ is a locally
free equivariant sheaf (i.e. an equivariant algebraic vector bundle) on X. Then Ξ defines a

topological equivariant vector bundle on X, which we denote by Ξtop G−→ X. Applying the
Borel construction (see Section 2.1) gives a topological vector bundle Ξtop

G → XG. Taking the
ordinary Chern character gives a class

chG([Ξ]) := ch(Ξtop) ∈
∏
i≥0

H2i(XG;C) =
∏
i≥0

H2i
G (X;C) ∼= ̂H∗

G(X;C)J .

Note that X is equivariantly formal so H∗
G(X) is supported in even degree. Otherwise, the last

∼= would be an inclusion and the same definition works just as well. Note that this is well-defined
as c1 is additive under exact sequences.
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Remark 5.4. Recall that K0
G(∗) ∼= R(G) (see Remark 2.50). So what is the equivariant Chern

character of [ρ] ∈ R(G) where ρ is a complex representation of G? This is discussed for the case
of finite groups in the appendix of [Ati61]. If dim ρ = 1 then ρ ∈ Hom(G,C×) and the first Chern

class is given by the boundary map Hom(G,C×) ∼= H1(BG,C×)
c1−→ H2(BG,Z) ∼= H2

G(∗) in
sheaf cohomology induced by the exponential short exact sequence

0 −→ Z −→ C exp−→ C× −→ 0.

The equivariant Chern character is then chG([ρ]) = exp(c1([ρ]). If dim ρ = m then c1([ρ]) =
c1([Λ

mρ]) while the higher Chern classes are more difficult to describe directly algebraically.

5.2 Comparison to the exponential map

By the above, chG incuces a commutative diagram

Spec( ̂H∗
G(P;C)) Spec(K0

G(P;C))

Spec( ̂H∗
G(∗;C)) Spec(K0

G(∗;C))

chG

chG

(5.5)

where both cohomology rings are completed at their positive degree ideals (cf. [Ati61], §4.7
for compact Lie groups). This is constitutes a map from the right column of (5.2) to the right
column of (5.1). By the isomorphisms in those diagrams, it also induces commutative diagrams

t̂/WL0 T/WL

t̂/W 0 T/W

chG

chG

(5.6)

and

ẐS FixC(P)red

Ŝn C.

chG

chG

(5.7)

Here, Ŝn is a formal neighbourhood around n and ẐS is a formal neighbourhood around (n, pn) ∈
ZS where n is the unique regular nilpotent element of S (see Theorem 3.10 and Remark 3.11) and
pn is the unique parabolic subgroup conjugate to p and containing n (cf. [Bal18], Proposition
4.11, and [Hum75], Theorem 13.1 and Corollary 23.1.C).

How does (5.6) compare to the exponential maps exp : t̂/W 0 → T/W and exp : t̂/WL0 → T/WL

considered above? Indeed, they define the same map. To see this, note that K0
G(P;C) ∼=

R(L)⊗C ∼= C[T ]WL is a subring of C[T ] ∼= C[t±1 , . . . , t
±
r ] where each ti is a linear character of T .

On each t1, exp and chG agree by definition. Hence, they also agree on C[T ]WL as well. Note
the analogy to the splitting principle: every representation of L, when restricted to T , splits
as a direct sum of one-dimensional representations, and R(L) ⊗ C ↪→ R(T ) ⊗ C is injective as
C[T ]L ⊂ C[T ].
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Exponential map from Kostant to Steinberg section. Thus, we may interpret the bot-
tom line of (5.7) as an exponential map from the a formal neighbourhood Ŝn of the Kostant
section around its unique nilpotent n to the Steinberg section C. Note also that this maps the
unique nilpotent n ∈ S to the unique unipotent u ∈ C (see Remark 3.11 and Remark 4.12).

The top line of (5.7) can be interpreted as an exponential map from the infinitesimal fixed-point
object to the global one.

5.3 Factoring through K̂0
G(X)IG

Spong remarks the following ([Spo19], Remark 2.4.6). Let T be a compact torus and X a finite
T -CW complex. Then we have

̂Heven
T (X)0

∼=
∏
i≥0

H2i(ET ×T X) ∼= lim←−
k

∏
i≥0

H2i(ET (k) ×T X) (5.8)

where ET (k) ×T X is the k-skeleton of the Borel construction of X. By the Atiyah-Segal
completion theorem for topological K-theory [AS69], we also have

̂K0
T (X)top1

∼= lim←−
k

K0top(ET (k) ×T X) (5.9)

As the ordinary Chern character is an isomorphism for finite CW complexes (see Theorem 2.61),
applying the ordinary Chern character to ET (k) ×T X gives an isomorphism

̂K0
T (X)top1

∼=−→ ̂Heven
T (X)0. (5.10)

Thus, one could also define chG as composition

ch′
G : K0

T (X)top−→ ̂K0
T (X)top1

∼=−→ ̂Heven
T (X)0.

Incorporating this into diagrams (5.5), (5.6), and (5.6), would look like

ẐS ̂FixC(P)red FixC(P)red

Ŝn Ĉu C

chG

chG

(5.11)

and similarly for the other two squares.

However, although there is now a completion theorem in algebraic equivariant K-theory (see
[Kri15], Theorem 1.3, and cf. [EG08]), the algebraic version of the infinite-dimensional non-
compact space XG and the definition of its K0

G are much more involved and require Morel and
Voevodsky’s A1-homotopy theory of schemes.

6 Conclusion and further questions

Theorem 4.14 confirms Conjecture 1.5 for the reduced fixed point scheme over the Steinberg
section C ⊂ G for partial flag varieties of simply-connected semisimple complex linear algebraic
groups G.
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Questions for further research include:

(i) Is FixC(X) reduced?

(ii) What about FixG(X) � G instead of FixC(X)?

(iii) What if G is not simply-connected or not semisimple?

(iv) For what other spaces does the conjecture hold?

(v) Note that the cohomological Theorem 1.1 by [HR23] gives a graded ring isomorphism
C[ZS ] ∼= H∗

G(X;C) for some interesting grading on C[ZS ]. Is there a grading on K0
G(X),

and what would be the geometric interpretation of the corresponding grading of C[FixC(X)]?

One candidate is the coniveau filtration which filters coherent sheaves according to the
codimension of their support.

(vi) In the light of Section 5, one might wonder if it is possible to strengthen the intertwining
so that the K-theoretical result can be deduced directly from the cohomological one via
an isomorphism like (5.10). For that, it would be necessary to describe FixC(X) purely in
terms of its formal neighbourhood around the unique fixed-point of the unipotent element
u ∈ C. It is conceivable that simply-connectedness of G becomes relevant in this endeavour.

(vii) Kamil Rychlewicz pointed out that the zero scheme and fixed point scheme can both be
found in the TG-space TX. What are the G-invariant functions on TX?

(viii) If the K-theoretical Conjecture 1.5 holds, what about other equivariant cohomology theo-
ries like elliptic equivariant cohomology or equivariant complex bordism? To what geomet-
ric object does the spectrum of a generalized equivariant cohomology theory correspond?
In particular, if there is a universal such theory, what is the corresponding universal fixed-
point object?

A Appendix

A.1 Some algebraic geometry facts

Lemma A.1. Let f : X → Y be a finite dominant map between irreducible varieties. Then
dimX = dimY .

Proof. Since f is finite and dominant, it induces a function field extension C(Y ) ⊆ C(X) of
finite degree. In particular, both function fields have the same transcendence degree. But
dim(X) = trdeg(C(X)) and dim(Y ) = trdeg(C(Y )) (cf. Noether normalisation)

Lemma A.2. Let f : X → Y be a dominant morphism of irreducible varieties. Let d := [C(X) :
C(Y )] be the degree of the induced function-field extension. If d is finite then there exists a non-
empty dense open subset U ⊆ Y such that every closed point x ∈ U contains exactly d distinct
points in its fibre f−1(x).

Proof sketch. 11 To get U , restrict to affine open patches f : Spec(B) → Spec(A) and note
that by the primitive element theorem, the function field extension takes the form Frac(B) =
Frac(A)[t] for some algebraic element t of degree n.

Now localize A and B to t integral over A. Finally, consider the discriminant ∆ of the minimum
polynomial P of t over A (∆ ̸= 0 as P is separable). Taking U to be the principal open set
where ∆ ̸= 0 does the job since P has n distinct roots there.

11This is a summary of https://math.stackexchange.com/a/350503
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Lemma A.3. Let f : X → Y be a morphism of irreducible complex algebraic varieties. If the
fibre of every closed point of Y is finite then f is quasi-finite.

Proof sketch. 12 The set of points with finite fibres is the set of points whose preimage has
dimension zero. This is constructible, and so if it contains all closed points it contains all
points.

Theorem A.4 (Affine GIT quotient by finite groups, [Har92], §10, p.124, and [Hum95], §3.3).
Let X be an irreducible affine variety over C and G a finite group acting on X. Then X �G =
Spec(C[X]G) is an irreducible affine variety. In particular, C[X]G is a finitely generated C-
algebra.

Moreover, X � G is a geometric quotient so we may write X/G.

Lemma A.5 (Affine GIT quotient preserves normality). Let X be an affine irreducible variety
over C and G a group acting algebraically on it. If X is normal then X � G is normal too.

Remark A.6. The proof is a direct verification of the axiom of normality.

Theorem A.7 (Miracle flatness, [Mat87] Corollary 23.1). Let k be a field and let f : Y → X be
a morphism between irreducible algebraic k-schemes. Assume that the following conditions hold:

1. X is regular.

2. Y is Cohen-Macaulay.

3. f takes closed points to closed points (this holds, for example, if f is proper).

4. For every closed point x ∈ X the fibre f−1(x) is (dimY − dimX)-dimensional or empty.

Then f is flat.

Lemma A.8 ([Gro65], Proposition 2.3.4 (iii)). Let f : X → Y be a flat morphism of schemes.
Then for every irreducible closed subset Y ′ of Y , every irreducible component of f−1(Y ′) domi-
nates Y ′.

Theorem A.9 (Zariski’s main theorem, [Mum99] p.209). Let X,Y be irreducible varieties over
an algebraically closed field k, X normal, and let f : Y → X be a birational morphism with
finite fibres. Then f is an isomorphism of X with an open subset U ⊆ X.

Remark A.10. Note that a dominant morphism between irreducible varieties of degree one is
birational.

Theorem A.11 (Corollary of the going-up theorem, see [AM94], Theorem 5.11). Let A ⊆ B be
an integral extension of rings. Then the induced morphism Spec(B)→ Spec(A) is surjective.

A.2 Background on linear algebraic groups

Definition A.12. A linear algebraic group is a (not necessarily irreducible) affine algebraic
variety G together with a group structure such tha the multiplication map µ : G×G→ G and
the inverse map ι : G → G are morphisms of varieties. For us, all varieties including linear
algebraic groups will always be over C.

12see Georges Elencwajg (https://math.stackexchange.com/users/3217/georges-elencwajg), Finite Fibers
over closed points, URL (version: 2012-05-17): https://math.stackexchange.com/q/146207
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Remark A.13. The adjective linear comes from the fact that every group satisfying the above
definiion is isomorphic to a closed subgroup of some GLn(C) (see [Hum75], Theorem 8.6).

Proposition A.14. Every complex linear algebraic group is smooth.

Proof. Since left multiplication by group elements is an automorphism of G, it suffices to show
that there is at least one smooth point. But this is ([Hum75], Theorem 5.3).

Proposition A.15 ([Hum75], Proposition 7.3 (a)). Let G be a linear algebraic group. Then the
connected components and the irreducible components of G coincide.

Proposition A.16 ([Hum75], Theorem 13.1). Let G be a complex connected linear algebraic
group with Lie algebra g. Then the Lie subalgebras h ⊆ g correspond one-to-one to the closed
Lie subgroups H ⊆ G where h is the Lie algebra of H.

Remark A.17. This requires characteristic zero.

Proposition A.18 ([Hum75], Theorem 22.2). Let G be a connected linear algebraic group, B
a Borel subgroup, and T a maximal torus. The union of all conjugates of B (resp. T , resp. Bu)
is G (resp. Gss, resp. Gu), where Gss is the set of semisimple elements of G.

Theorem A.19 (Chevalley restriction theorem). Let G be a complex reductive linear algebraic
group with Lie algebra g, and let T ⊂ G be a maximal torus with Lie algebra t ⊂ g. Let
W := NG(T )/T be the Weyl group. Then the restriction maps

C[g]G −→ C[t]W and C[G]G −→ C[T ]W

are isomorphisms. I.e., we have isomorphisms of affine GIT quotients

t/W
∼=−→ g � G and T/W

∼=−→ G � G.

Remark A.20. The Lie algebra theorem for semisimple Lie algebras can be found in ([CG09],
Theorem 3.1.38 and [Bal18], Theorem 3.7). The extension to reductive Lie algebras is explained
in ([HR23], footnote 3 before Proposition 2.29). The Lie group version for semisimple groups
is found in ([CG09], Theorem 6.1.4) while the version for reductive groups is mentioned in
([Bal22]), for example.

Definition A.21 (Parabolic subgroup, [Hum75], §21.3). Let G be a connected linear algebraic
group. A subgroup P ⊆ G is parabolic if G/P is a projective variety or, equivalently, P includes
a Borel subgroup of G.

Definition A.22 (Unipotent radical, [Hum75], §19.5). Let G be a linear algebraic group. The
unipotent radical Gu of G is the (unique) maximal connected normal unipotent subgroup of G.

Proposition A.23 ([Hum75], Theorem 30.2). Let G be a complex reductive linear algebraic
group and P ⊂ G a parabolic subgroup. Then there exists a subgroup L ⊂ P called a Levi factor
such that G = L⋉ Pu where L is reductive and Pu is the unipotent radical of P .

Proposition A.24 ([Hum75], Corollary 23.1.B). Let G be a connected linear algebraic group
and P ⊂ G a parabolic subgroup. Then P is connected.

Proposition A.25 ([Hum75], Corollary 23.1.B). Let G be a connected linear algebraic group
and P ⊂ G be a parabolic subgroup. Then NG(P ) = P .

Corollary A.26 ([Hum75], Corollary 23.1.C). Let G be a connected linear algebraic group. Let
P, P ′ ⊂ G be conjugate parabolic subgroups containing a common Borel subgroup B ⊂ G. Then
P = P ′,

Proposition A.27 ([Hum75], Theorem 30.1 and §30.2). Let G be a complex reductive group
and T ⊂ G a maximal torus. Then the Weyl group W := NG(T )/T parametrizes the Borel
subgroups of G containing T . Similarly, if P ⊂ G is parabolic and L is a Levi factor of P , then
WL := NL(T )/T parametrizes the parabolic subgroups of G conjugate to P and containing T .
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