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~DStracte.

The nlanar range searching problem 2sks for the enumeration of
2l points of a3 given finite set that Llie inside an orthogonal
r?ctanglt. In dynamic environments, insertions and deleticns of
points have to be supported as well.

This note opresents an improvement of dynamic planar range
searching achieving logarithmic guery time and Otiogzn) tine for
insertions and delctions. This improvement carrics over to higher

cimensions by standard technigues.

Recently, Mclreight (6] dntroduced a surprisingly efficiont
data structure supgporting a special kind of “range queries”. He
calied the structure a treap, since it features a combination of a
binary search tres anc a heap,

A renge cuery asks for all points of a given finite set which

lie dnsice an crthogonal rectangle, ie¢e a rectangle with edges




parallet to the cocrdinate-axes, for simpiicity; we consicer only

thé planar case.

Figure 1-9s Instance of 2 range querys

McCreight™s treap stores n planar points in 0(r) szace anc
supports dynamic range. searching restricted to rectangles
unboundec in one fixed direction with O(logn+t) guery tice and
0{tlogn} update time (where 't denotes the number of cetected
points) in the worst case.

So *ar, the begst worst-case solution for dynazic range
searching ({(with general orthogonal query rectangles) is cue tao 2
sapdification of the dynamic range tree developed independently by
Willard (9] and Lueker {4J. Their tree answers rangeé cueries in
Oiiagzn¢t) time and reguires O0{nlogn) space and U(chzn} time for

_each update. Overmarsy Leeuwen [8] improved the time bcunc rneedec

for deletions to Cllognl.



In the next se¢cliony we present 25 main resuit of this note an
improvement of the query time for range searching., MNotice that
ali results Statec tarry over to higher dimensions Lty standard
technigues described e.g5e. in Edelsbrunner [2Js Each additional
disensior implies an additional factor logn in gquery time, .space,

insertior time, and deletion time. Hence, our improvement also

implies an iamprovemesnt bevond two dimensionse.
2« Pain Result.

As mertionec above the best solution, so far; for dynamit range

204t) time and requires Olnlogn)

searching answers queriés in O(lag
2 . P x

spacey O{log n) time to insert a new point, and 0llogn) time to

delete a point. As main result of this ncote, the tire required to

answer a Guery 1is improved by simultanecusly increasing the <tinme

recuired te celete a pointe.

Thagrem: Dynamic range searching with n points in the plane

can be sclved with gquery time O(logn+t), space O(nleznl, and
" ” 2

insertion and deletion time C(log n),; where t denotes the
number of points reporteds ALl bounds state worst-case

tonplexities.,

Procits The above assertion is proved by explicitely exhibiting

the Sata structure achieving these bounds. It consists of two
toaponents, a range tree as first component and 2 number of treaps

attached tc the nodes of the range tree as second compenents. This
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iy our motivation to term the structure the RT-~tree.
Let us first describe the statit shape of the RT-tres. Tre
. dynamic UGehaviour is then =:i(hieved by replacing the cptimally
balanced trecs by certain kinds of balanced trees.

The first component of the RY-tree is an optimally talanced
binary tree which store§ the points of § sorted «ith respect to
the xu-tvordinates in its leaves. £ach inner node tcntains sgme
‘nformation to guide searches down the tree. Adcitiocnally, ezch
inner node Ceneapt for the root) is augmented with 5 treap storing
ail points which appear in the leaves of the subtree rocotec at the

inner nodes
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Figure 2=1., Gueries supported by Left scn and richt soun treaps.

Let k be the teft scn of scme ncde in the tree. Then the
attached treap stores the pcints in k“s subtree such that rznge

queries with to the right unbounded ranges are accommodated.



1f k is the right son of some node then the treap is auiltl to
adccomngoate range Gueries with to the left unbounded rangoze

The space required to sterfe n points isy of COUTSe,y
proporticnal in nlogn.

A range query with general guery rectangle can be &answered as
tollows:z

Start  at ne root of the RT=tree. 1If only one subtree of the

current ncde hées points with x-coordinates in the x-projection

¢t tne query rectangle then examine this subtres recvesively =

ctherwise dnvelve two appropriate queries 1in the treaps

associzted with the two scns of the node.

The gath in the binary tree of the first component consists of
no more than logn nodes and the examination of tuo treaps costis. at
nost  time Gliogn+t). Conseaquently, the RT=tree answers range
Gueries in time O0CiLagn+t).,

The dynomic behaviour stated in the thearem is athieved by
replacing the static treaps by gynamic ones, and replacing the
cptimally balanced binary tree by 2 wWeight balanced binary tree.
#clreight showed that half—batan;ed binary trees due to Olivie
(71 yielc c¢ynamic treaps requiring time 0(logn) for an update,

citicnally, willard [103 developed a strategy to update an
augmented weight balanced tree in time O0(wlcgn), where w denotes

the worsi-case wupdate time of the attached structures.,
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¥vr the oynamic RT-tree, composed of the balanced trees
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mentioned apove; ¢an be maintained in  time 0O(leg n) for each

Lupdate without dncreasing the asymptotic tounds for space and
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answering a query. This completes the preo

As meptioned in the introdusticn, the over
by standard techniques 1o three and higher dimensiors. (Lonsult
Edelsbrunner {21 for details.) More specifically, c¢-cimensional
range searching can be solved &by Rd'lT—trees, which a&re
multicimensional generalization of the R&T-treces. Gueries arc

d=-1

anssered in time O(leg n+tl,y O{nlogcpln) space is neeged, anc

.ath insertion or deletion is accomplished in time O(chdn).
3. Discussion.

In this note we presented an improvement of cdynamic planarc
range searching. Logarithmic time for answering queries is shaown
to suffice together with 0Clog2n) update time.

As an interesting detail note that the Sresentec structure
canngt be used to determine the number of points insice & query
roctangle efficientlye. The strategy of combining the erurerztion

o

of a poiat with the check: ™Has the “next” point to te ragcr

e

as  well?™ makes this impossible. A similar trick was recenti

(3

exploited for the design of a Llinear space structure which
spports interval intersection secarching in leogarithmic time, sese
Edelsbrunner [13 and ®eCreight [53.
A thallenging question i5 to provide lower Gcouna argusents for
dynami¢ range searchéné. Although Fredman (2] <developec Llower

bound arzuments for dynamic range searching with inswers in 2



temigroup, his results seem not to apply in their strength to

ernumeraticon versiaon dealt with in this note.-
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