
The Persistence of Probability Landscapes of
Stochastic Gene Regulatory Networks

Ali M. Farhat1,∗, Hammad Farooq1, Jiun Cho2, Wei Tian1, Calin C. Guet3,
Herbert Edelsbrunner3, Farid Manuchehrfar1, Jie Liang1,†, Hubert Wagner2,†

1 Center for Bioinformatics and Quantitative Biology, Department of Biomedical Engineering, University of Illinois
at Chicago, Chicago, IL 60607, USA

2 Department of Mathematics, University of Florida, Gainesville, FL, USA
3 Institute of Science and Technology Austria, 3400 Klosterneuburg, Austria

∗ To whom correspondence should be addressed.
† Co–senior authors.

Classification: Biological Sciences; Computational Biology

Keywords: chemical master equation; probability landscape; stochastic reaction networks;
topological data analysis; persistent homology; high-dimensional voids



Abstract

Biological systems at the level of interacting molecules are inherently stochastic, and
noise is ubiquitous in their dynamics. Probability landscapes therefore provide a nat-
ural description of system behavior; however, their high dimensionality presents a fun-
damental obstacle to both quantitative and qualitative analysis. Existing approaches
typically rely on low-dimensional projections or dimensionality reduction, which can
obscure peaks, distort connectivity, and eliminate higher-dimensional structure. To
enable analysis of large, high-dimensional landscapes, we introduce a new specialized
persistent homology-based algorithm for characterizing probability landscapes directly
in their original high-dimensional state space. Using superlevel-set filtrations of land-
scapes computed from the discrete Chemical Master Equation, we identify prominent
features across scales and quantify their persistence, providing a principled measure
of feature significance. Because persistent homology is stable to noise and captures
multiscale topological features, our framework reveals previously inaccessible struc-
tural organization in canonical stochastic reaction networks, including the feedback
activation–inhibition network and three- and four-species repressilators. More broadly,
this approach provides a topology-preserving framework to compare stochastic network
architectures and to map the structural organization of complex landscapes without
projection artifacts. This capability supports systems-level interpretation and provides
a useful characterization of phenotypic organization that is relevant to understanding
naturally occurring biological networks as well as to synthetic gene circuit design and
analysis.

Significance Statement

Stochasticity in molecular events governs how biological reaction networks move be-
tween functional states. We introduce a computational method that enables the in-
terpretation of these systems by analyzing the full, high-dimensional probability land-
scape computed from the Chemical Master Equation—a map that assigns occupancy
probabilities to every possible molecular state configuration at a given time. Using
persistent homology—a tool from topological data analysis—our method quantifies
multiscale structure in this landscape by identifying (i) distinct probability regions
that correspond to phenotypes, (ii) loop-like high-probability routes that connect phe-
notypes and indicate likely switching paths, and (iii) a void of lower-probability states
encased within a closed shell of higher-probability states. Together, these signatures
quantify the topological structure of the phenotypic landscape.
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1 Introduction

Biomolecules such as protein, DNA, and RNA interact in cells to carry out cellular func-
tions. These molecular interactions are often described as networks of chemical reactions.
When the quantities of individual molecular species are small, there are inherently pro-
nounced stochastic effects in these interactions. Stochasticity in molecular networks plays
important roles in a variety of biological phenomena, ranging from signal transduction [1, 2],
metabolic regulations [3, 4], to cellular fate determination [5, 6]. It is therefore fundamental
to understand the stochastic behavior of reaction networks.

The stochastic processes of a network of chemical reactions, also termed the Stochastic
Chemical Kinetics (SCK) processes [7, 8, 9, 10, 11, 12], can be described by its time-evolving
probability density function, also referred to as probability landscape over the microstates of
the network. Here the microstates are integer vectors of copy numbers of the different
combinations of the individual molecular species. This probability landscape is governed
by the Chemical Master Equation over discrete state space [13, 8, 10, 14, 15, 16]. An
alternative description of the stochastic reactions and the SCK process is by trajectories of
reaction paths, which are governed by random-time changed integral equations of a Poisson
process [17, 18, 9, 10].

The complexity of biological processes dictates that their probability landscapes are often
high-dimensional. There have been important advances in computational techniques aiming
to directly solve the discrete Chemical Master Equation (dCME) [19, 20, 15, 16, 21, 22, 23,
24, 25, 26]. Among these, the finite buffer n-simplex algorithm provides an optimal method
for enumerating the number of different states [20, 27, 15]. Theoretical error bounds have
also been obtained that can specify simple conditions guaranteeing acceptable accuracy when
full state-space enumeration is not possible and truncations are applied [16]. As a result,
the probability landscapes for a large class of high-dimensional stochastic reaction networks
have now been constructed [15, 16, 27, 28, 29, 30, 31, 32, 33].

Examples include a 16-dimensional MAPK network [15], the Tat circuit of HIV-latency [27],
and the construction of the phase diagram of multi-modality of the feed-forward networks
through parameter sweeps [33]. The ability to construct probability landscapes of networks
has significant advantages over analysis of trajectory-based simulations [9, 10], as an exor-
bitantly large number of trajectories is required to ensure sufficient sampling for estimating
probability densities.

With the availability of accurately computed probability landscapes, a number of impor-
tant challenges arise. First, there is a need for methods that can navigate high-dimensional
probability landscapes in a manner that reliably identifies all major probability peaks, quan-
tifies their relative persistence, and establishes the structural connections between them.
Second, because the notion of reactivity in complex stochastic networks is not well de-
fined, it remains unclear how to identify reactive regions of the high-dimensional landscape
in which the system evolves with higher probability. In particular, it is unknown whether
such regions are organized as one-dimensional pathways, closed cycles, or higher-dimensional
manifolds. Third, a fundamental challenge is to develop frameworks that enable explana-
tion of abnormal behavior in stochastic networks observed in nature, as well as the rational
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design of synthetic networks with prescribed stochastic properties. Addressing these chal-
lenges requires an exhaustive characterization of the underlying probability landscape, from
which network behavior can be fully understood.

There are fundamental shortcomings in all current approaches JC: could this be too
harshly worded?for analyzing the behavior of stochastic networks. A common practice
is to investigate the probability landscape after projection on an a priori selected sub-
space [34, 35]. Conclusions drawn using this approach may be misleading, as spurious prob-
ability peaks may be identified and incorrect high-probability transition pathways may be
inferred. This is due to the fact that the topology of 2- or 3- dimensional projections rarely re-
flects the actual topology of the high-dimensional space, as shown in a recent study [36]. This
is in addition to potential difficulties that arise when landscapes can only be approximated
from trajectories obtained from stochastic simulations [37], with the accuracy deteriorating
rapidly with increasing dimension. Furthermore, dimensionality reduction methods such as
linear principal component analysis (PCA) [38] are often used to analyze probability land-
scapes by transforming the data into a low-dimensional space. However, PCA can distort
the topological structure of a high-dimensional surface and introduce artificial features [39].
Similarly, none of the available non-linear methods is guaranteed to preserve the topological
structure of the original data, making them unsuitable for the accurate topological analysis
of high-dimensional probability landscapes. Another approach is through the analysis on
the Freidlin-Wentzell or similarly constructed quasi-potential surfaces for multi-stable sys-
tems [40, 41, 42, 43]. However, this approach is not suitable as perturbations around local
extrema of constructed quasi-potential surfaces do not guarantee a full characterization of
the global features of the probability landscape. Furthermore, the requirement of small noise
often cannot be assumed when copy numbers are small and binding is weak.

In this work, we introduce a new approach for quantifying the topological structure of
probability landscapes. Based on the techniques of persistent homology [44], our method
identifies peaks, cycles, and shell-enclosed voids in high-dimensional probability landscapes,
and quantifies their prominence. Our method works well in high-dimensional space (currently
up to dimension 7), making it feasible to investigate the topological structures of a number
of networks of higher dimension. With this approach, we obtain a topological view of high-
dimensional probability landscapes which allows us to uncover structural properties of the
underlying stochastic networks that were not previously detectable (See Box 1).

2 Methods

The main mathematical concept in this work is the probability density function of a chem-
ical or biological reaction network, which evolves in time. Section 2.1 formally introduces
the time-series of density functions, together with the discrete chemical master equations
used to compute them. The novel aspect of this work, however, is the quantification of its
topological features, described in Section 2.2 and computed in Section 2.3. Such features
reveal phenotypic structure and the multiscale topological organization of high-probability
regions in state space.
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From a stochastic gene regulatory network (GRN), we calculate the probability of occupying each state in  the 
state space by obtaining the exact solution of the discrete Chemical Master Equation (dCME) using ACME.

Next, we apply persistent homology by lowering a level set from the highest-probability state to the lowest proba-
bility state. This is analogous to mountains submerged under water: as we lower the water level, we  track which
mountains emerge (birth) and the level at which they meet at a valley (death). Death follows  the elder rule, mea-
ning the younger mountain (revealed later) dies for the older mountain (revealed earlier).

Using persistent homology, we uncover the topological properties of GRNs, including connected regions (0-homology),
loops that enclose low-probability “craters” (1-homology), and higher-dimensional homology classes.

Box 1: Overview of the method

2.1 The Probability Landscape

We refer to the probability density function of a reaction network as its probability landscape.
In this work, we assume a well-mixed reaction system with constant temperature and volume,
and a total of n molecular species, denoted Xi for i = 1, 2, . . . , n. Let xi(t) ≥ 0 be the copy
number of Xi at time t, and call the vector x(t) = [x1(t), x2(t), . . . , xn(t)] the microstate of
the system at time t. The species participate in m reactions, denoted Rj for j = 1, 2, . . . ,m,
taking the form

cj,1X1 + cj,2X2 + . . .+ ck,nXn
rj−→ c′j.1X1 + c′j,2X2 + . . .+ c′j,nXn, (1)
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which brings the system from the microstate x to the new microstate x+sj, where sj is the
stoichiometry vector of Rj, defined as sj = [c′j,1 − cj,1, c

′
j,2 − cj,2, . . . , c

′
j,n − cj,n], and rj is the

reaction rate. The reaction preserves mass, so the total mass before and after the reaction is
the same. Exceptions are reactions that synthesize species from the outside, in which case
the left-hand side is empty, and reactions that degrade, in which case the right-hand side is
empty. We follow how the system evolves from time t = 0 to infinity, and write Ω for the
state space, which is the collection of all possible microstates, whether or not they arise:

Ω = {[x1, x2, . . . , xn] | xi ≥ 0 for 1 ≤ i ≤ n}. (2)

A single evolution of the system may thus be understood as a path through state space, but
note that this path can cross itself because it may go through the same microstate more
than once. The shape of such a path is influenced by the likelihood of a reaction to happen.
This motivates the main definition in this work.

Definition 1 The probability landscape of the reaction network, p : Ω × [0,∞) → [0, 1],
maps every microstate, x ∈ Ω, and moment in time, t ∈ [0,∞), to the probability that x is
the microstate of the system at time t. For fixed t, we write pt : Ω → [0, 1] for the time-slice
at t, defined by pt(x) = p(x, t).

With the assumption of a well-mixed system, the propensity of the j-th reaction depends
on the availability of the species needed for the reaction:

Aj(x) = rj

n∏
i=1

(
xi

cj,i

)
, (3)

The propensity Aj(x) admits a natural interpretation as the instantaneous transition rate
of probability mass out of microstate x through reaction channel j. While the probability
landscape pt(x) specifies the amount of probability mass residing at microstate x at time t,
the propensity determines how rapidly this mass is redistributed to neighboring microstates
due to reaction events. The intrinsic rate constant rj encodes the kinetic timescale of reaction
j, whereas the combinatorial factor

∏n
i=1

(
xi

cj,i

)
counts the number of distinct molecular con-

figurations in microstate x that are capable of firing reaction j. Consequently, microstates
with larger copy numbers admit more reaction-ready configurations and therefore exhibit
higher transition rates. In the discrete chemical master equation, each term Aj(x) pt(x)
represents an outgoing transition rate of probability mass from x, while terms of the form
Aj(x− sj) pt(x− sj) represent incoming probability from adjacent microstates. The dCME
thus enforces local conservation of probability mass on the discrete state space by balancing
these inflow and outflow contributions.

We compute the probability landscape using the discrete Chemical Master Equation
(dCME) of the reaction network, which consists of a collection of ordinary differential equa-
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tions (ODEs):

dp(x, t)

dt
=

m∑
j=1

[Aj(x− sj)pt(x− sj)− Aj(x)pt(x)] , (4)

in which x and x − sj both belong to Ω. The time-evolving and steady-state probability
landscape can be computed by solving these differential equations using methods such as
the n-simplex finite buffer ACME algorithm [20, 29, 15, 16].

Remark 1 While the restriction of the probability landscape to a fixed microstate is contin-
uous, the restriction to a fixed time is not. Indeed, the state space is a countable collection
of microstates, each mapped to a probability. It makes sense to model a time-slice as a con-
tinuous function, obtained by piecewise linear interpolation between the integer points in Rn.
We will take this point of view and pretend that each time-slice is indeed a smooth function
on Rn. While it is convenient to assume smoothness, it will not be necessary to compute
such functions because we will work with concepts that are defined for piecewise linear con-
tinuous functions as well. Indeed, the algorithm we use to compute features of the probability
landscape does so directly from the values at the points in Ω.

2.2 Quantifying the Prominence of Critical Points

The traditional approach to identify features of a real-valued function is through the defi-
nition of critical points, and we refer to [45, 46] for background reading. Here we assume
a smooth function on a manifold, f : M → R, but we hasten to mention that smoothness
is convenient but neither necessary nor realistically achievable. We call x ∈ M a critical
point of f if all its partial derivatives vanish; that is: the gradient of f at x is the zero
vector, and x is non-degenerate if the matrix of second derivatives is invertible; that is: the
Hessian of f at x has non-zero determinant. As an example, consider Figure 1B, where we
see a non-degenerate critical point (a maximum) surrounded by a circle of degenerate critical
points forming the top of a crater. Unlike the points of this circle, a non-degenerate critical
point is necessarily isolated and thus cannot be arbitrarily close to another critical point.

Letting n be the dimension of M , the Hessian of f at a non-degenerate critical point,
x, has n non-zero eigenvalues, and the index of x is the number of eigenvalues that are
negative. Importantly, this number is independent of the local parametrization that defines
the Hessian, so the index of a critical point is a property of the function and not of its
parametrization. Intuitively, the index is the number of pairwise orthogonal directions such
that f decreases when we leave x along such a direction or its opposite. For example, in
Figure 1A , we see three non-degenerate critical points, two with index 2 and one with index
1. For comparison, a degenerate critical point in Figure 1B has one direction along which
f is decreasing while f is flat in the orthogonal direction. Correspondingly, the Hessian has
one negative and one zero eigenvalue.

A critical point of index n is a maximum since f decreases in every direction, and a
critical point of index 0 is a minimum since f increases in every direction. All other critical
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Figure 1: Two probability landscapes with illustrations of their persistent critical points. (A) a 2-
dimensional probability landscape with two peaks separated by a saddle on the left, and four of its superlevel
sets on the right. Note that the superlevel sets at different values can have different topologies, with different
numbers of connected components (in white) and differently connected background (in color). (B) a two-
dimensional probability landscape with a peak and a crater on the left, and the corresponding persistence
diagram on the right. Each point in the persistence diagram represents a topological feature, with coordi-
nates corresponding to the probability values at which the associated homology class is born and dies. This
landscape has two 0-homology groups and one 1-homology group. Birth values are plotted on the vertical
axis and death values on the horizontal axis, so all points lie above the diagonal.

points are saddles, and there are n− 1 kinds, one for each index between 1 and n− 1.

Remark 2 The critical points have obvious shortcomings as representatives of the features
of a real-valued function, namely that they come at different scales and thus have different
but yet undefined importance. In particular, small numerical errors may introduce spurious
critical points that can hardly be considered features of the function. We therefore introduce
a measure of scale, or prominence of a critical point, which will allow us to focus on the
important features and ignore spurious ones altogether.

The technical term for the prominence is the persistence of a critical point. To define it,
we introduce the superlevel set of f at a threshold s ∈ R as the set of points at which the
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function exceeds the threshold:

M s = f−1[s,∞) = {x ∈ M | f(x) ≥ s}. (5)

Note that s ≤ t implies M t ⊆ M s. A decreasing sequence of thresholds thus defines an
increasing sequence of sets, each a superlevel set of the manifold:

∅ = M∞ ⊆ . . . ⊆ M t ⊆ . . . ⊆ M s ⊆ . . . ⊆ M−∞ = M. (6)

We call this sequence a filtration of M . Think of it as an incremental construction of the
manifold. According to classic Morse theory, each critical point of index i adds an (n − i)-
dimensional handle to the growing superlevel set [45, 46]. For i = n, this is a 0-handle; that
is: a new connected component. For i = n− 1, this is a 1-handle; that is: a bridge between
two connected components or between different locations of the same component. In the
former case, the number of components decreases by one, and we write βafter

0 = βbefore
0 − 1,

in which β0 counts the components after and before the addition of the bridge. In the latter
case, the number of 1-cycles (closed loops going around holes) increases by one, and we write
βafter
1 = βbefore

1 + 1, in which β1 counts the loops. In the former case, we say the bridge gives
death to a component, while in the latter case, it gives birth to a loop. Similarly, each critical
point of index n− i either gives death to an (i−1)-cycle or birth to an i-cycle. Indeed, there
are two cases for each index, except for critical points of index n, which all give birth, and
critical points of index 0, which all give death.

Using the superlevel sets in the filtration and, more specifically, their homology groups,
we can pair each death-giving critical point with a birth-giving critical point, such that the
latter gives birth to the cycle the former gives death to. We refer to [44] for the algebraic
background needed to see that this pairing exists and is unique. Letting (x,y) be such a
pair, we call f(x) − f(y) the persistence of the pair, or of the two critical points. This
information is conveniently collected in the persistence diagram of f , which for each pair
(x,y) contains the point (f(x), f(y)). This is a point below the diagonal because the values
decrease from left to right in the filtration, so f(x) ≥ f(y).

Example 1 The two functions visualized in Figure 1A and B are good examples. In (A),
we have three critical points, two maxima and one saddle of index 1. The lower maximum
is paired with the saddle, so there is only one finite point in the persistence diagram. The
higher maximum is not paired and represented by the point whose second coordinate is −∞,
since the component does not die until the end of time.

In (B), there is a circle of degenerate critical points at the top of the crater surrounding
the maximum in the middle. A small perturbation suffices to turn this circle of degenerate
critical points into a cyclic sequence of maxima and index-1 saddles. Letting 2k be their
number, we get k − 1 maxima paired with k − 1 saddles, and the corresponding k − 1 points
in the persistence diagram are close to the diagonal. In other words, their persistence is
negligible, and we could eliminate these points altogether if we perturbed the top of the crater
so it has a single maximum (its highest point) and a single saddle (its lowest point). The
maximum gives birth to a component in the filtration of superlevel sets, and the saddle gives
birth to a 1-cycle tracing out the top of the crater.
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2.3 Computing Prominence

We have used the language of smooth functions and critical points, but this was only to ease
the exposition, and the probability landscapes we work with are indeed discrete. In this
section, we describe computations that are based on the discrete Morse theory of cubical
complexes and work for such discrete data. After introducing the necessary concepts, we will
mention challenges related to computational efficiency and sketch how we overcame them.

The input to the computation is an n-dimensional array whose entries store the proba-
bilities in the landscape. We represent this data as a filtered cubical complex, which we now
define. We consider cubes of the form

σ = I1 × I2 × . . .× In, in which Ii =

{
[a, a+ 1] or
a,

(7)

with a ∈ Z, for each 1 ≤ i ≤ n. We call σ a k-cube if k of the Ii are intervals while the other
n − k of the Ii are integers. For example, the 0-cubes are vertices, the 1-cubes are edges,
the 2-cubes are squares, and the n-cubes are full-dimensional. We call a cube, σ, a face of
another cube, τ , if σ is contained in τ , which is only possible if the dimension of σ is at most
the dimension of τ . A cubical complex is a collection of cubes such that all faces of every
cube in the collection also belong to the collection. For example, whenever a square belongs
to the complex, so do the four edges and four vertices of the square.

The n-cubes correspond to the entries of the array that contains the probabilities, and
we write f(τ) for the probability stored in the entry that corresponds to the n-cube τ . We
extend the function to less than full-dimensional cubes by setting f(σ) to the maximum f(τ)
over all n-cubes τ such that σ is a face of τ . With this definition, the faces of a cube have
values that are at least the value of the cube, which implies that each superlevel set of f is a
cubical complex, namely a subcomplex of the complex that represents the entire probability
landscape. This property is essential to be able to define homology and compute persistence.
Suppose we refine this filtration, so that each step adds a single cube to the superlevel set.
If the dimension of the cube is k, its addition either gives birth to a k-cycle or it gives death
to a (k − 1)-cycle, and we pair up the births with the deaths. We call the cube critical if
its value is different from that of its paired cube, and non-critical otherwise. The critical
cubes are more important than the others, and their prominence is further quantified by
persistence. The pairs of non-critical cubes satisfy the standard definitions in discrete Morse
theorem [47], so f is indeed a discrete Morse function. This is the majority of cubes, and
they will be ignored in our analysis of the data.

Algorithm and practical considerations. To compute persistence, we first get the
matching as described in [48], identify the critical cubes, connect the pairs of critical cubes
via paths that alternate between cubes of adjacent dimension, and collect the parity of these
paths in a matrix, whose columns and rows correspond to the critical cubes and are sorted
by their values. Persistence is extracted from the matrix using a reduction algorithm similar
to Gaussian elimination [49]. Specifically, if after reduction σ corresponds to the row that
contains the last non-zero entry in the column of τ , then the persistence of the pair (σ, τ) is
f(τ)− f(σ).
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Figure 2: An Illustration of discrete Morse theory. (A) is a 2D probability landscape f . (B) turns the
probability landscape into a (filtered) cubical complex, color coded to show how f extends to 1-cubes and
0-cubes. (C) depicts the matching between pairs of non-critical cubes using yellow arrows and boundary
relationships between cubes using blue arrows. There are only 3 critical cubes (highlighted in red), one in
each dimension. This number is significantly smaller than the 47 cubes in the entire cubical complex.

It is worth noting that in practice the boundary matrix is sparse and has few non-zero
entries relative to the size of the entire cubical filtration. However, storing the cubical fil-
tration in memory tends to be prohibitive for large data or in higher dimensions. Indeed, a
cubical complex for a probability landscape with wn values contains wn n-cubes and there-
fore (2w+1)n cubes of dimension between 0 and n. For example, storing a cubical filtration
for a dataset of size 20003 requires 32GB of memory, and several times more would be nec-
essary for the whole computation. To circumvent this difficulty, the data is cut into slices,
which are processed one by one and eventually stitched back together as described in [50].
Within each slice, the computations are local, and the information about critical cells and
connections between them are stored. In the end, a global boundary matrix is assembled
and reduced, yielding the correct persistence diagram. This setup allows for the straightfor-
ward parallelization of the computations, as each slice can be handled independently. We
implemented this way of processing the data by modifying the cubicle software package.

Remark 3 The standard way of computing persistence of cubical filtrations [51] uses a
matrix that encodes relationships between all cubes and not just the critical ones, which
tends to be prohibitively large. For input of size m = wn, this matrix contains more than
m

∑n
d=0 2d

(
n
d

)
= mn2n non-zero elements. For example for an input of size 20003, it requires

more than 1.5TB of memory, while the approach described above needs a hundred times less
memory. Overall, the preprocessing approach described above gives substantial savings in
both memory usage and computation time, which enables the persistence computation for
large datasets on commodity hardware.

Our ACME code can be accessed at https://github.com/alifarhat40/bioacme. For
larger reaction networks and high-performance applications, we also provide compiled C++
executables packaged as a downloadable archive at https://github.com/alifarhat40/

bioacme/blob/master/acme_ali.zip. The persistent homology code can be found at
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https://bitbucket.org/hubwag/cubicle/ and https://github.com/alifarhat40/Topoland.
git.

2.4 Interpreting Persistence Diagrams

The persistence diagram of a superlevel-set filtration is a summary of its topological features
across probability values. We demonstrate how these features can be interpreted in the bi-
ological context. Later in the next section, we provide examples of how this interpretation
can be used to infer pathways in the original state space that could not be detected by
dimensionality reduction methods. In particular, the H0 features and births of H1 features
provide the most striking interpretations. H0 features identify the local maxima (at birth)
and the probability thresholds (at death) at which distinct phenotype-associated regions first
become connected, while the birth of H1 features identifies the highest probability thresholds
at which these connections first enable cyclic routes among two or more phenotypes. Fur-
thermore, given a predetermined prominence threshold, since the persistence of H0 quantifies
the prominence of peaks, we may effectively filter out points below this prominence as noise.

An H0 feature is born at a local maximum, and as the threshold is lowered, microstates
in its vicinity are included in the same connected component. After filtering out noise as
described above, we interpret all the remaining components as a region of microstates asso-
ciated with a particular phenotype in the system. In the language of dynamical systems, a
persistent H0 component may be interpreted as a basin of attraction with the local maximum
(peak) as an attractor [52]. Furthermore, the death of an H0 feature, occurring when two
previously separate components merge, corresponds to the filtration lowering to the proba-
bility value of a saddle point (of index n − 1, for an n-dimensional probability landscape)
lying on the separatrix between two basins. The separatrix acts as the boundary surface
partitioning the state space into distinct basins [53, 54]. Geometrically, the saddle point rep-
resents the local minimum along this high-potential ridgeline, effectively the ‘mountain pass’
that offers a path for transitions between the two phenotypes. This saddle represents the
microstate the system must pass through, and the probability level (equal to the probability
value of the saddle) it must attain, in order to cross into a neighboring phenotype.

Topologically, the death of an H0 feature and the birth of an H1 feature are both trig-
gered by the addition of a 1-handle in the superlevel set. This entails the addition of saddle
points which enable new paths between pairs of peaks. While H0 deaths record the first
connection between corresponding attraction basins, the birth of an H1 feature occurs when
such connections first close up to form a non-trivial loop. We therefore emphasize the follow-
ing interpretation: the birth value of H1 marks the highest probability threshold at which
cycle-mediated accessibility is established among the phenotype-associated regions. Above
this threshold, this cyclic accessibility does not yet exist. In this way, H0 features iden-
tify the local maxima (at birth) and the probability thresholds (at death) at which distinct
phenotype-associated regions first become connected, while the birth of H1 features identi-
fies the highest probability thresholds at which these connections first enable cyclic routes
among two or more phenotypes. Such routes allow movement without detouring through the
attraction basins of additional phenotypes. Compared to higher-degree homology, H0 and
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H1 therefore provide the most directly interpretable probability thresholds for phenotype-
to-phenotype accessibility in the filtered landscape.

Higher-degree persistent homology likewise identifies probability thresholds at which
higher-dimensional topological features emerge in the filtered landscape. For instance, the
birth of an H2 feature also corresponds to a probability threshold where non-trivial loops
between phenotype associated regions exist in the superlevel set, since these loops may exist
on nontrivial 2-dimensional cycles. This is, however, met with the slight nuance that this
probability threshold might not be the highest that enables this accessibility. These features
are still useful, for example, in cases where no H1 feature appears on the persistence diagram.

3 Biological Examples

The probability landscape of a biochemical reaction network evolves in time before reaching a
steady state [55]. Differences in reaction rates such as synthesis, degradation, and binding,
can tilt the probability landscape, leading to dramatic changes in the dynamic behavior
of the individual components of the network. Such changes may be exploited for desired
behavior, with implications for a more fundamental understanding of biological systems
and thereby treatment of diseases [27]. Here we present three examples, where topological
features can be identified and their properties quantified using persistent homology. These
include the presence of phenotypical regions (which show up as components measured by
degree-0 homology), and the probability values above which cycle-mediated accessibility exist
between phenotypical regions (indicated by higher degree homology).

3.1 Feedback Activation-Inhibition Networks

The interaction between two genes and their products can be broadly classified as either
activation or inhibition. An activating gene product promotes the activity of another gene,
whereas an inhibiting gene product suppresses it. When two genes regulate each other,
their interactions may be mutually activating, mutually inhibiting, or asymmetric, with one
activating and the other inhibiting. The latter configuration defines a feedback activation-
inhibition network, a motif that is widespread in biological systems and capable of generating
rich nonlinear dynamics.

From a theoretical perspective, feedback activation-inhibition networks are a central ob-
ject of study in chemical reaction network theory, where their structure has been shown
to support multistability and robust dynamical behavior independent of specific parameter
choices [56].

A classic example is the bistable autophosphorylating kinase described by Lisman [57],
where positive feedback from kinase activation is counterbalanced by inhibitory phosphatase
activity, producing two stable steady states. This illustrates how feedback activation-inhibition
motifs can generate robust, switch-like behavior in biochemical regulatory systems. More
broadly, such feedback-driven bistability and switch-like responses have been extensively
studied in signaling and regulatory networks, where they underlie decisive cellular transi-
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tions and persistent cellular states [58].

We list several additional examples of such networks below:

• In the metabolic network, AMP-activated protein kinase (AMPK)—which is known as
a cellular energy tensor—inhibits the activity of noxROS—which plays an important
role in metabolic and inflammatory signaling [59, 60, 61, 62, 63]. In addition, noxROS
promotes the activity of AMPK. Therefore, AMPK and noxROS engage in a feedback
activation-inhibition sub-network.

• In the epithelial-mesenchymal transition (EMT) network, feedback activation-inhibition
sub-networks are present between some of the genes. For example, MDM2—which
plays and important role in cell growth—inhibits P53—which plays important role in
cell growth and cell division[64, 65, 66]. P53, on the other hand, activates MDM2 [67].
Therefore, MDM2 and P53 together form a feedback activation-inhibition sub-network.

• In circadian rhythm, there are inhibitor as well as activator clock genes [68, 69]. Re-
searchers suggest a feedback loop for the circadian rhythm, in which activating genes,
such as BMAL1, NPAS2, and CLOCK interact with inhibiting genes, such as PER,
CRY, NR1D, and ROR [70, 71]. They form a feedback activation-inhibition sub-
network, which controls the circadian rhythm. It is known that the malfunction of
the activating or inhibiting genes may associate with mood disorders, such as major
depressive disorder (MDD) and biopolar disorder (BD) [68, 69, 71, 70].

At the molecular level, activation and inhibition in gene regulatory networks are most
commonly mediated by transcription factors that bind to regulatory regions of DNA. Many
transcription factors function as homodimers or higher-order oligomers, a property that en-
hances binding specificity, cooperativity, and regulatory control over target genes. Upon
binding, transcription factor dimers can either promote transcription by recruiting the tran-
scriptional machinery or repress transcription by blocking access or recruiting inhibitory co-
factors. Such dimerization-dependent regulation provides a natural biochemical mechanism
for implementing activation–inhibition interactions and introduces intrinsic nonlinearity into
gene regulatory dynamics [72, 73, 74]. Because transcription factor copy numbers and DNA-
binding events are often sparse and discrete, stochastic fluctuations can dominate system
dynamics, enabling noise-induced switching between regulatory states. Such effects are in-
herently probabilistic and are therefore not represented in deterministic ordinary differential
equation descriptions, motivating a stochastic modeling framework.

Consider a feedback activation-inhibition network that consists of the inhibiting gene,
GeneX, the activating gene, GeneY , and the transcription factors, X and Y , they encode.
The homodimer of transcription factor X can bind to GeneY and suppress GeneY ’s actions,
while the homodimer of transcription factor Y binds to GeneX and promotes its activities.
All together, the network consists of six molecular species as shown in Figure 3A. In addition,
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there are nine reactions:

GeneX
ksx

−−−−→ GeneX +X; GeneY
ksy

−−−−→ GeneY + Y ; (8)

2Y +GeneX
b1

−−−−→ BGeneY ; 2X +GeneY
b2

−−−−→ BGeneY ; (9)

BGeneX
u

−−−−→ 2Y +GeneX; BGeneY
u

−−−−→ 2X +GeneY ; (10)

X
kdx

−−−−→ ∅; Y
kdy

−−−−→ ∅; BGeneX
ks

−−−−→ BGeneX +X, (11)

in which we set ksx = 5, ksy = ks = 50, b1 = 2.5 · 10−4, b2 = 10−4, u = 0.1, kdx = kdy =
1. All the reaction rate constants are per second. “BGeneX” means GeneX is bound by
two activating Y transcription factor proteins. “BGeneY” means GeneY is bound by two
inhibiting X transcription factors.

Because there is a single copy of GeneX and a single copy of GeneY at the DNA level,
we represent gene binding states using a binary encoding, with 0 denoting a bound gene and
1 denoting an unbound gene. The state space of the system is four-dimensional, consisting
of the variables X, Y , GeneX, and GeneY . The corresponding 4D probability landscape,
illustrated in Figure 3B, is computed using the ACME method [15, 16].

The analysis of the topological structure of the probability landscape is important as
it characterizes the phenotypical behavior of the network and may provide the pathways
of dynamic switching between different behaviors. The peaks represent the centers of phe-
notypical behaviors in the state space, and cycles represent the high probability pathways
where the dynamic switching may occur. Here, we identify the most prominent topological
features with persistent homology and visualize them geometrically.

We examine the probability landscape of the feedback activation-inhibition network ob-
tained by solving its corresponding dCME; see Figure 3C. There are four peaks in the
landscape of the network; see the red dots in Figure 3C, which mark the peaks, and the blue
dots, which mark the saddles.

• The most prominent peak is b1, which gives birth to the component marked as point
1 in the persistence diagram shown in Figure 3D. It is most prominent because the
persistence of point 1 (the distance of the point from the diagonal) is larger than that
of any other point in the diagram. This peak corresponds to the phenotypic behavior
in which the inhibiting GeneX is on and the activating GeneY is off, indicating that
the system most frequently occupies this on-off configuration (Figure 3B).

• The second most prominent peak is b2, which gives birth to the component marked as
point 2 in the persistence diagram. It corresponds to both genes being off.

• Two additional prominent peaks, b3 and b4, correspond to the phenotypic behaviors in
which both genes are on and in which the inhibiting gene is off and the activating gene is
on, respectively. These two peaks exhibit comparable probability mass and persistence,
indicating that the system has approximately equal likelihood of occupying either state
(Figure 3B).
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Figure 3: Feedback activation-inhibition network and its probability landscape. (A) Schematic of the
network, consisting of the inhibiting GeneX, the activating GeneY , and the transcription factors X and
Y that they encode. Homodimers of X inhibit GeneY , while homodimers of Y activate GeneX. (B) The
full four-dimensional probability landscape associated with the feedback activation-inhibition network. the
x- and y-axes show the counts for species X and Y, respectively. (C) Stratified 3D surface visualization of
the probability landscape. Because the landscape resides in a 4D state space, it is stratified into four 2D
subspaces to enable faithful visualization. (D) Persistence diagram of the landscape, showing four prominent
probability peaks (labeled 1-4) and two 1-cycles (labeled 5 and 6). Each topological feature is mapped to
its corresponding 2D subspace in (C). (E) Topological features computed in the original 4D space. For
visualization, these features are overlaid on a 2D representation obtained by stacking the four stratified
probability landscapes shown in (C). (F) Topological features computed after projecting the probability
landscape into a 2D space.
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Our results show that there are also two loops in the probability landscape, corresponding
to the green dots in the persistence diagram of Figure 3D. The saddles that give birth to
these loops are labeled b5 and b6 in Figure 3C. The most prominent loop corresponds to b5
and connect the four prominent peaks. It shows that there is a high probability pathway
between the phenotypes of the system. The loop given birth to by the saddle b5 connects
peak b1 to b2, b2 to b4, b4 to b3, and b3 to b1; see the cyan-colored pathway in Figure 3C. Our
results suggest that in the dynamic switching of the states through this loop, the pathway is
such that only one gene can change its status at any one time. They also suggest that there
is active dynamic switching between the activating GeneY Off and On, when the inhibiting
GeneX is in the Off state. This is represented by the loop given birth to by the saddle b6.

To compare the commonly used projected probability landscape with the original 4D
landscape, we compute the persistence diagrams for both representations. In the original 4D
setting, four prominent probability peaks are present, corresponding to b1, b2, b3, and b4 in
Figure 3E. These peaks are also visible in the projected 2D landscape shown in Figure 3F.
However, the saddles where these peaks merge differ between the original 4D landscape
and its 2D projection. This discrepancy indicates that projection substantially distorts the
topology of the underlying probability landscape. Moreover, the projected landscape in
Figure 3F suggests the presence of only a single dynamical switching pathway between the
four peaks, whereas it fails to capture the loop passing through the saddle associated with
b6 in the original 4D landscape. Existing projection methods do not guarantee preservation
of topological structure [39].

3.2 Repressilator Network

Oscillatory behavior is ubiquitous in biological networks, which include many-gene interac-
tion networks ranging from circadian rhythms to cell cycle and embryonic stem cell net-
works [59, 60, 61, 62, 63, 75, 76]. Gene interaction networks reveal essential information
about biological behavior of various living cells [77]. Despite vigorous efforts to quantita-
tively analyze different gene regulatory networks, the enumeration and characterization of
their topological features remains poorly understood. On the other hand, living cells of-
ten include species with very low copy numbers, including transcription factors, mRNA,
and regulatory molecules, so stochasticity plays an important role in the modeling of such
networks.

Among the work on stochastic networks, there have been efforts to model oscillation in
the copy numbers by synthetic oscillatory networks, such as repressilator network [78, 79].
Their modeling helps in the reverse engineering of the behavior of biological systems, but
also in the modeling of new behaviors in synthetic biology. The high-dimensionality of such
networks makes them difficult to analyze by traditional methods of dimension reduction or
projection to low dimensions.

A repressilator network consists of three or more species, each represented as a node
[79, 80, 81]. Each species may activate or inhibit other species, and the combination of
these influences may cause oscillation in the copy number of the species. In addition, there
are different numbers of phenotypical behaviors, based on the number of nodes in the net-
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work. There may also be different kinds of high probability pathways between these behav-
iors. By stochastic modeling of such network and analyzing the topological features of the
high-dimensional probability landscape, we may reveal the behavior, such as the centers of
phenotypical behavior, and the loops connecting these centers. In this section, we model
a 3-species and a 4-species repressilator network stochastically, and analyze the topological
features of these two networks using our new approach.

3.2.1 Three-Species Repressilator

We consider a network with three transcription factors (TFs), A, B, and C. Each transcrip-
tion factor is synthesized into the system with the synthesis rate θ from an outside source,
and degraded with the degradation rate kd. In addition, transcription factor A is inhibited
by C, B is inhibited by A, and C is inhibited by B. The reaction rates of these inhibitions,
rA, rB, and rC , are modeled as Hill functions, which depend on the copy number of the
inhibiting transcription factor (i.e. rA depends on the copy number of C, etc.), such that
the inhibition happens only if the copy number of the inhibiting transcription factor is more
than a threshold, γ. See Figure 4A for a schematic of the reaction network. There are nine
reactions in the 3D state space:

∅
θ

−−→ A; ∅
θ

−−→ B; ∅
θ

−−→ C; (12)

A
kd

−−→ ∅; B
kd

−−→ ∅; C
kd

−−→ ∅; (13)

A+ C
rA
−−→ ∅+ C; B + A

rB
−−→ ∅+ A; C +B

rC
−−→ ∅+B, (14)

where we define hX = nη
X/(γ

η + nη
X) and set rA = hC , rB = hA, and rC = hB. Here, nX de-

notes the copy number (molecule count) of species X in the current microstate (nA, nB, nC).
We used the ACME method to compute the 3D probability landscape for the specific pa-
rameters kd = 10, θ = 35, γ = 20, and η = 50. Figure 4 (D) shows the 3D probability
landscape for different counts of transcription factors A, B, and C = 3, 17, 27, and 35
and the projected probability landscape onto the A-B plane. We examine the topological
features of this 3D probability landscape with persistent homology. There are three peaks
giving birth to connected components marked as points 1, 2, and 3 in the persistent diagram
of Figure 4B. Each peak corresponds to the activated state of one transcription factor. Red
points in Figure 4D show the peaks in the A-B plane, and the green point shows the saddle
that gives birth to the loop projected to this plane. Peak 1 is at (A,B,C) = (3, 17, 27),
which corresponds to C being active, peak 2 is at (A,B,C) = (17, 27, 3), which corresponds
to B being active, and peak 3 is at (A,B,C) = (27, 3, 17), which corresponds to A being
active. The use of persistent homology was crucial in finding these phenotypical behaviors.

In addition, there is a loop in the probability surface, given birth to by the saddle labeled
4 and located at (A,B,C) = (5, 21, 14) in Figure 4B. This loop indicates the existence of
a high probability pathway in the landscape; that is: a non-equilibrium circuit in the state
space. To identify this pathway, we used the method mentioned in Section 2 and find all
microstates that belong to the loop. The black closed curve in Figure 4C shows the loop in
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Figure 4: Persistent homology analysis of the 3-species repressilator. (A) Reaction network diagram
consisting of the three transcription factors, A, B, and C. (B) Persistence diagram of the probability
landscape, showing three prominent probability peaks (labeled 1, 2, and 3 in red) and a single 1-cycle born
at the saddle point labeled 4 (in green). (C) The corresponding 1-cycle represented as a high-probability
pathway in A–B–C space, connecting the three peaks. This cycle is projected onto the probability landscape
shown in (D). (D) Probability landscape of the 3-species repressilator for parameters kd = 10.0, θ = 35,
γ = 20, and η = 50. The three-dimensional probability landscape is shown in the left panel, and for
visualization purposes it is projected onto the A–B plane in the right panel. The x- and y-axes in panels C
and D represent the molecule counts for each species.

the 3D A-B-C space, together with the locations where the peaks and the loop are born. Our
results show that in the 3-species repressilator, there is a high probability pathway connecting
the three phenotypical behaviors to each other. Most likely, the dynamic switching between
these behaviors happens along this loop.

3.2.2 Four-Species Repressilator

Repressilator networks may consist of more than three nodes, in particular when there are
more than three species interacting with each other. With the number of nodes the dimension
of the state space increases, so the probability landscape is even more difficult to be analyzed
with traditional methods, such as projection or other dimension reduction techniques. Here
we design a 4-species repressilator network and show how persistent homology can help
understanding the homological features of this more complicated system.
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Assume a system with four transcription factors (TFs), where each TF can be synthe-
sized with the synthesize rate θ from an outside source, and each TF is degraded with the
degradation rate kd. In addition, each gene is inhibited by two other transcription factors
when both have a sufficiently high copy number. The reaction rates of the inhibitions, rA,
rB, rC , and rD, depend on the copy numbers of two inhibiting species (i.e. rA depends on
the copy numbers of B and C, etc.). We therefore model the reaction rates as products
of Hill functions. Network with small copy numbers of species can be highly stochastic, so
the stochastic analysis of this network is vitally important. See Figure 5A for the reaction
network schematic with twelve reactions as given here:

∅
θ

−−→ A; ∅
θ

−−→ B; ∅
θ

−−→ C; ∅
θ

−−→ D; (15)

A
kd

−−→ ∅; B
kd

−−→ ∅; C
kd

−−→ ∅; D
kd

−−→ ∅; (16)

A+B + C
rA
−−→ ∅+B + C; B + C +D

rB
−−→ ∅+ C +D; (17)

C + A+D
rC
−−→ ∅+ A+D; D + A+B

rD
−−→ ∅+ A+B, (18)

where we recall hX = nη
X/(γ

η + nη
X) and set rA = hChB, rB = hChD, rC = hAhD, rD = hAhB.

For the parameter values kd = 10.0, θ = 35, γ = 20, and η = 50, we compute the probability
landscape p(A,B,C,D) over the 4D state space using the ACME method; see Figure 5D.
We then identify the most prominent topological features of this landscape using persistent
homology (Figure 5B) and map these features back to the underlying microstates that give
rise to their birth and death events, indicated by the marked points in Figure 5D.

The results in Figure 5B show that the network has four major peaks, labeled 1, 2, 3, 4,
and located at (A,B,C,D) = (16, 1, 31, 27), (2, 31, 27, 16), (32, 27, 16, 7), and (28, 16, 3, 22).
The locations of the peaks projected to the A-B plane are shown in the right panel of
Figure 5D. In addition, there is one 2-cycle, born at point 5 at location (29, 22, 4, 13) (Fig-
ure 5B), which is drawn as a blue point in Figure 5D.

4-dimensional 2-Cycle illustration. As shown in Figures 5B and 5D, the 4D proba-
bility landscape of the repressilator network contains a single 2-cycle that connects all four
phenotypic behaviors. Figure 5C illustrates the 2-cycle in 4D A-B-C-D space on the left,
with color coded copy number of D. It shows that there is a 2-cycle that passes through all
four peaks. Our results show that the 2-cycle is a high-dimensional pathway between the
four phenotypical behaviors of the probability landscape.

From the projection of the probability landscape to the A-B plane, neither the peaks nor
the cycle connecting them can be identified. Figure 5C shows the projected 2-cycle in the
A-B plane on the right. The red points mark the location of peaks, and the blue point marks
the location that gives birth to the 2-cycle in the original 4-dimensional space. Furthermore,
the black lines indicate the states in the A-B plane surrounding this 2-homology void. There
are no 1-homology groups or 1-cycles in this network.

This analysis illustrates again the difficulties of gaining valid topological information from
projections to planes, and stresses the importance of developing tools that are able to do the
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Figure 5: Persistent homology analysis of the 4-species repressilator network. (A) Reaction network dia-
gram of the 4-species repressilator. (B) Persistence diagram recording the birth and death probability values
of connected components and higher-dimensional cycles. The diagram reveals four prominent probability
peaks (labeled 1–4 in red) and a single 2-cycle (void), labeled 5 in blue, in the full 4D probability landscape.
(C) Illustration of the 2-cycle (void) traversing the four phenotypic behaviors (shown as red points), with
the critical location at which the 2-cycle is born indicated in blue. Projecting the probability landscape and
the cycle onto the A–B plane obscures the underlying topology and pathway structure. (D) Probability
landscape of the 4-species repressilator for parameters kd = 10.0, θ = 35, γ = 20, and η = 50. Red and blue
markers indicate the locations of the probability peaks and the critical location associated with the birth of
the 2-cycle, respectively. The x- and y-axes in panels C and D represent the molecule counts for each species.

analysis in the original, higher-dimensional space.

4 Discussion

In the above we introduced a new framework for characterizing the topological structure
of high-dimensional probability landscapes arising from biological networks. Starting with
the critical points, as defined in classic Morse theory [46], we use persistent homology [44]
to quantify their prominence, which allows us to focus on the important topography of
the landscape. The approach does not replace traditional methods, but provides structural
information that traditional methods are unable to detect.

Using persistent homology, we identify the locations of birth and death of features within
high-dimensional state spaces and compute their global persistence. The current imple-
mentation scales well with dimension, which makes it a practical tool for investigating the
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topological features of high-dimensional networks without dimensionality reduction. For
the first time, we introduce a computational approach to characterize loops and higher-
dimensional analogs in high-dimensional probability landscapes, which can be interpreted as
high-dimensional pathways in non-equilibrium steady-state probability density landscapes.

We apply the methodology to three types of biological networks: feedback activation-
inhibition networks, three-node repressilators, and four-node repressilators. In each case,
we identify phenotypic behaviors and the most likely pathways connecting them. The state
spaces in these examples are three- and four-dimensional, and we detect 0-, 1-, and 2-
dimensional features with meaningful biological interpretations. More broadly, this frame-
work provides a practical way to compare gene-circuit designs by revealing which stable
behaviors exist and how the system most likely switches between them.

We stress that most biological networks of interest are higher-dimensional, and we hope
the work reported here is a step toward similar analyses of their probability landscapes. Cur-
rent bottlenecks include computing the landscape by solving the discrete Chemical Master
Equation and scaling persistent homology software. We hope that this work will motivate
further development of both components.

In closing, we would like to emphasize that the persistent homology framework devel-
oped here is not restricted to biological networks, but is applicable to a wide class of high-
dimensional real-valued functions, such as probability distributions, energy landscapes, and
frequency spectra. Thus, this methodology should find wide applicability across domains
where identifying prominent features and their organization in high-dimensional landscapes
is critical for interpretation.
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A Notation

Xi; i = 1, . . . , n molecular species
x(t) = (x1(t), . . . , xn(t)) microstate of copy numbers at time t
Rj, rj; j = 1, . . . ,m reactions, reaction rates
cj,i, c

′
j,i copy numbers of Xi before and after Rj

sj = (. . . , c′j,i − cj,i, . . .) stoichiometry vector of Rj

Ω = {[x1, . . . , xn]} state space
p : Ω× [0,∞) → [0, 1] probability landscape
pt : Ω → [0, 1] time-slice of landscape
Aj(x) propensity of Rj

f : M → R smooth function on n-dimensional manifold
M s = f−1[s,∞) superlevel set
βk; k = 0, 1, . . . k-th Betti number

I1 = [a, a+ 1] or a interval between consecutive integers or integer
σ, τ = I1 × . . .× In cubes

Table 1: Notation used in the paper.
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B Glossary

ACME (Accurate Chemical Master Equation) A numerical framework for solving the
Chemical Master Equation with controlled truncation error, enabling accurate compu-
tation of high-dimensional probability landscapes for stochastic reaction networks.

Persistent homology A method from topological data analysis that characterizes multi-
scale topological structure by tracking the appearance and disappearance of homolog-
ical features across a filtration.

Persistence The lifetime of a homological feature across a filtration, typically measured as
the difference between its birth and death parameter values, and used as a measure
of feature significance. In this work, the filtration is defined by decreasing proba-
bility values, effectively revealing topological features as the probability landscape is
progressively thresholded.

Prominence A geometric notion describing how pronounced a topological feature is relative
to its surrounding landscape. In this work, prominence is quantified by the persistence
of the corresponding homological feature, measured as the difference between its birth
and death values in the superlevel-set filtration of the probability landscape.

0-homology Homology corresponding to connected components; in probability landscapes,
it corresponds to distinct probability peaks or basins. Each 0-homology class represents
a group of microstates that form a single connected region.

1-homology Homology corresponding to one-dimensional cycles (loops); in probability land-
scapes, a 1-homology class corresponds to a loop of high-probability microstates en-
closing a lower-probability region, such as a crater-like structure.

2-homology Homology corresponding to two-dimensional voids or cavities inside a three-
dimensional object. For three-dimensional probability landscapes, these topological
features are generated by 2-cycles (closed, shell-like or spherical surfaces of higher-
probability states) that wrap around and fully enclose a region of low probability
states. More generally, in dimension n, a void is captured by n− 1-homology.
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