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In many developmental systems, cells differentiate into a tissue by reading out morphogen concentration
fields, a process fundamentally limited by noise. How much can the precision of this process be improved
by nonlocal information, e.g., via cell-cell communication? Using a Bayes-optimal framework, we show
that positional inference depends crucially on morphogen spatial correlations and on the “structural prior”
that encodes the geometry of the cellular lattice performing the readout, thereby determining what a cell can
reliably assume about the position of its neighbors when interpreting nonlocal morphogen signals. We
derive upper bounds on positional information gain due to nonlocal readout and identify signal processing
algorithms that approximate optimal positional inference, as well as simple chemical reaction schemes
which implement such algorithms. Our theory suggests that correlational information can be exploited to
significantly enhance developmental precision.
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During development, genetically identical cells reprodu-
cibly differentiate into distinct cell fates arranged in precise
spatial patterns. In many systems, this patterning relies on
positional information [1–3], a chemical “global position-
ing system” in which cells locally interpret graded morph-
ogen concentration profiles to determine their positions
within an embryo. The precision of this process is limited
by intrinsic molecular noise that affects the morphogen
readout in each cell independently, as well as by extrinsic—
environmental or embryo-to-embryo—variability, which
induces spatially correlated fluctuations in the morphogen
signal. [4–7].
The concept of positional information has been formal-

ized in information-theoretic terms as the mutual informa-
tion, PI ¼ IðX;GÞ, between position x and a (possibly
multidimensional) morphogen value g [8–10]. The higher
the PI, the more accurately local morphogen levels can be
mapped to positions along an embryonic or tissue axis.
A complementary view stipulates that the cells perform

“decoding,” or a statistical inference, of positions from the
local morphogen concentrations [11,12]. If decoding is
nearly Bayes-optimal (as suggested empirically [13,14]),
position could be computed as a maximum a posteriori

estimate x̂ ¼ argmaxx�Pðx�jgÞ, and the mutual information
between true and inferred positions provides, in practice, a
tight approximation to positional information PI ≃ IðX; X̂Þ
[15–17]. This relationship connects the encoding and
decoding views of PI.
Both views assume that cells make independent inferences

about their own position by relying only on local morphogen
readouts. This is equivalent to neglecting spatially correlated
fluctuations in the morphogen signal, which can be strong
under dominant extrinsic noise. The assumption also pre-
cludes strategies where a cell could access nonlocal morph-
ogen readouts, for instance via cell-cell communication or
diffusion-mediated averaging [18–20]. Yet, experimental
evidence suggests that nonlocal interactions can refine PI
in several systems [21], e.g., the interpretation of theWingless
gradient in Drosophila wing discs [22]. More recently, the
analyses of the anterior-posterior patterning in the fruit fly
Drosophila demonstrate that information beyond local PI can
be contained in, and extracted from, the spatial correlations in
morphogen fluctuations [Fig. 1(a)] [5,23]. This possibility
was theoretically foreshadowed by the extension of the
positional information formalism to self-organized patterning
[24], which identified correlational information (CI) as a
measure of the additional information content of morphogen
profiles due to spatial correlations in their fluctuations. Thus,
evenwhilemorphogen profile ensembles with identical mean
and local noise variance share the same PI, they can differ in
their CI [Fig. 1(b)].
Here, we develop a mathematical framework to quantify

the amount of information useful for patterning contained in
spatial correlations of the morphogen signal, and to predict
how this information can be optimally exploited through a
formal treatment of nonlocal decoding. We organize our
results using Marr’s three levels of analysis of information
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processing systems, a paradigm well established in computa-
tional neuroscience [29], and recently extended to devel-
opmental patterning [30]: we first formally state the
computational problem that the cells should be solving
(Level I); next, we propose signal processing algorithms
that approximate optimal solutions to this computational
problem (Level II); finally, we provide a proof-of-principle,
minimal biochemical network that can implement such
algorithms (Level III).
Level I: Formalizing the problem—At the first level, our

goal is to quantify the maximal gain in positional infor-
mation achievable when a cell incorporates nonlocal
morphogen readouts, and to determine how these gains
depend on the statistical structure of the morphogen
ensemble [Fig. 1(b)]. In contrast to local decoding, where
a cell i relies only on its own readout gi, nonlocal decoding
allows inference based on morphogen readouts g taken at
all cellular locations x ¼ ðx1;…; xNÞ. For the cell i, this

amounts to x̂i ¼ argmaxx�i Pðx�i jgÞ; if a cell only had access
to information from a limited neighborhood N i, the
posterior is correspondingly conditioned on fgjgj∈N i

.
In general, the posterior can be written as

Pðx�i jgÞ ∝ Pðx�i Þ
Z

dx�
¬iPðgjx�ÞPðx�

¬ijx�i Þ; ð1Þ

where x�
¬i denotes the vector of implied positions of all cells

other than i. Thus, two key factors determine the limits to
nonlocal positional decoding: (i) the correlation structure of
morphogen fluctuations encoded in the likelihood Pðgjx�Þ;
and (ii), the “structural prior,” Pðx�

¬ijx�i Þ, which formalizes
assumptions about the geometry and reproducibility of the
cellular lattice. This prior is not merely a technical
ingredient: it captures what cells can reliably assume about
the positions of the neighbors, and in principle can be
inferred empirically from measured cell positions across
embryos. We formalize this prior through two comple-
mentary idealized limits—the relative location prior (RLP)
and the absolute location prior (ALP)—introduced below.
Exact evaluation of Eq. (1) is generally intractable. To

make analytical progress, we therefore focus on two
idealized but informative limits of the structural priors,
which define upper bounds on nonlocal decoding perfor-
mance. For each case, we compute the mutual information
between the true and inferred positions, IðX; X̂nlÞ, and
compare it to the local decoding baseline, IðX; X̂lÞ. In the
small noise regime with unimodal posteriors (see Defining
positional error in [15]), positional information can be
expressed as

PI ≃ IðX; X̂Þ ≃ −
�
log2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πeσ2xðxÞ

p
L

�
x
; ð2Þ

where h� � �ix indicates averaging over spatial positions, L
is the embryo length and the positional error,
σ2xðxÞ ¼ hðx − x�Þ2iPðx�jxÞ, is the mean squared inference
error at position x, as visualized by the “decoding map”
Pðx�jxÞ [Fig. 1(b)] [14]. We define the information gain
from nonlocal decoding as

ΔPI ≔ IðX; X̂nlÞ − IðX; X̂lÞ: ð3Þ

Throughout, we assume that nonlocal morphogen readouts
are communicated in an error-free fashion, without addi-
tional noise [31], allowing us to compute optimal bounds.
We first consider the RLP (Fig. 2), where cell i decodes

the morphogen relying on the perfect knowledge about the
relative positions dij ¼ xj − xi of its neighbors from which
nonlocal morphogen readouts are received. The corre-
sponding structural prior is

(a)

(b)

FIG. 1. (a) Cells arranged into a 1D lattice (squares; here and
throughout N ¼ 100 cells) read out a local, noisy morphogen
signal (circles with different shades of green) to infer their
positions and commit to corresponding cell fates (blue, white,
and red squares). Signal noise can result in imprecise fate
assignments (left), which could be mitigated by information
exchange between cells, e.g., via diffusion-mediated averaging or
other cell-cell coupling mechanisms (right). (b) Example morph-
ogen ensembles (first column; color lines ¼ individual profiles;
black ¼ mean) carrying the same PI and thus having identical
local decoding maps (second column) [14], but differing in the
spatial correlation structure (third column–see Sec. S2.A in [25]
for details) and therefore in the amount of correlational informa-
tion, CI (fourth column; dashed vertical line at I ¼ log2ðNÞ ≈
6.6 bits ¼ perfect specification of every cell in the lattice).
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PRLPðx�
¬ijx�i Þ ¼

Y
j∈N i

δ½x�j − ðx�i þ dijÞ�: ð4Þ

Under this assumption, the positional error of nonlocal
decoding is (see SM [25] Sec. II.C):

σ2x;RLPðxiÞ ≃
�X

j;k∈N i
ḡ0ðxjÞ½C−1

N i
�jkḡ0ðxkÞ

�
−1
; ð5Þ

where ḡ0ðxÞ is the spatial derivative of the mean profile, and
CN i

is the covariance matrix of morphogen fluctuations
restricted to the neighborhoodN i. This expression general-
izes the familiar result for local decoding from a single,
σ2xðxiÞ ≃ ðḡ0ðxiÞ2=CiiÞ−1, and from multiple gradients
[14,15]; recently, it has been applied to data in the spatial
context by analogy to the established result for the multi-
gradient case [23].
To evaluate ΔPI, we generate morphogen ensembles

with identical PI but different CI by varying the relative

amplitude (σI=σE) and the correlation length (Lcorr=N) of
intrinsic (uncorrelated) and extrinsic (correlated) fluctua-
tions [Fig. 2(c)]. For RLP decoding, the information gain
ΔPI increases with the neighborhood size jN ij, and is
largest when morphogen fluctuations are uncorrelated (i.e.,
at low CI) [Fig. 2(d)], while remaining substantial across a
broad range of Lcorr (SM Fig. S1).
We next consider the ALP, in which cell i is assumed to

know the true positions, xj, of its neighbors, so that

PALPðx�
¬ijx�i Þ ¼ Pðx�

¬iÞ ¼
Y
j∈N i

δðx�j − xjÞ: ð6Þ

In this case, the positional errors read

σ2x;ALPðxiÞ ≃
�
ḡ0ðxiÞ2½C−1

N i
�ii
�
−1
; ð7Þ

leading to a compact expression for ΔPI (see SM [25]
Sec. S2B):

ΔPIALP ¼
1

2N

XN
i¼1

½log2½CN i
�ii þ log2½C−1

N i
�ii�: ð8Þ

Unlike RLP decoding, ALP decoding benefits from
strong spatial correlations, with ΔPI increasing as morph-
ogen fluctuations become more correlated [Fig. 2(d)]. We
provide a clearer intuition for this behavior later in the text.
The RLP and ALP thus define complementary idealized

limits, each corresponding to perfect knowledge of some
aspect of the cellular lattice geometry. Real developmental
systems are unlikely to satisfy either assumption exactly;
nevertheless, these limits provide informative bounds that
clarify how morphogen correlations and structural priors
jointly shape the potential gains from nonlocal decoding. In
the following section, we show that these bounds inform
plausible algorithms that can approximate positional
decoding, also in more realistic situations.
Level II: Algorithmic approximations—While the

bounds in Eqs. (5) and (7) quantify the maximal gain
achievable by nonlocal decoding, they do not specify how
biological systems might algorithmically approximate such
inference, which we study next. Guided by the contrasting
behaviors of RLP and ALP decoding (Fig. 2), we focus on
two limiting cases, one for RLP and one for ALP, so as to
extract the representative algorithmic strategies.
We first consider RLP in the limit of uncorrelated

morphogen fluctuations. As Lcorr → 0, optimal nonlocal
RLP decoding reduces to local decoding from an effective
readout geffi ∝

P
j∈N i

gj, i.e., a uniform pooling of morph-
ogen signals over a local neighborhood (see SM Sec. S3A
[25]). This suggests a simple algorithmic strategy in which
morphogen profiles are first spatially smoothed and then
decoded locally (Fig. 3).

(a)

(c) (d)

(b)

FIG. 2. A focal cell i (pink square) improves its positional
inference with nonlocal morphogen information gj read out by
neighboring cells j∈N i. (a) For RLP, the nonlocal signal is
interpreted in the context of perfectly known relative location, dij,
of each “sender cell” (green square) that conveys the nonlocal
signal. In reality, the relative distances would be imperfectly
known (illustrated by blur). (b) For ALP, absolute locations, xj, of
sender cells are assumed known. In reality, the absolute locations
would be imperfectly known. (c) Correlational information (CI)
in the morphogen ensemble increases with the correlation length
of the Gaussian fluctuations, Lcorr, and their magnitude σE
relative to the intrinsic (uncorrelated) noise with magnitude σI
(colorbar). (d) Maximal PI increase with nonlocal decoding using
RLP (circles) or ALP (triangles). Color indicates the neighbor-
hood size jN ij (dark blue: �1 nearest neighbor; dark red: entire
system of N cells). Here and for the rest of the Letter, we consider
σE=σI ¼ 15 [violet stars in (c); see SM Fig. S1 for other σE=σI].
Dashed black line: ΔPI corresponding to perfect cellular speci-
fication.
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To evaluate the performance of such pooling strategies,
we implement spatial convolution with kernels of varying
shape and “radius” [Fig. 3(a)]. Across kernel choices, we
find that positional information gain ΔPI is maximized at
an intermediate kernel radius, remaining below but close to
the optimal RLP bound [Fig. 3(b)]. Importantly, convolu-
tional pooling yields substantial information gain not only
in the strictly uncorrelated limit, but across a broad range of
correlation lengths [Fig. 3(c)], provided the kernel radius is
matched to the spatial scale of morphogen fluctuations
[Fig. 3(f)]. The precise kernel shape only has minor effects
(see SM Fig. S3 [25]).
We also explore more general optimal linear operatorsL,

geff ¼ Lg, not restricted to having a convolutional form,
which maximize positional information (SM Fig. S4 and
Sec. S3C [25]). While too complex to inform mechanistic
implementations, they provide an existence proof that the
optimality bound can be reached with simple linear
algorithms, as the theory predicts.
In contrast, ALP decoding benefits mostly from long-

range correlated morphogen fluctuations [Fig. 3(c)]. In the
Lcorr → ∞ limit—and assuming that the fluctuation

magnitude scales with the mean morphogen levels,
σ2i;E ∝ g2i , as expected from purely extrinsic noise [7] in
canonical source-diffusion-degradation models for morph-
ogen gradient establishment [32]—the ALP decoding
reduces to local decoding from a nonlinear effective
readout geffi ∝ gi=G, with G ¼ P

j gj, corresponding to
divisive normalization of each profile by the global mean
(see SM Sec. S3B [25]). Accordingly, the optimal kernel
radius for this operation is the system size [Fig. 3(b),
second panel]. Applying divisive normalization yields an
information gain that increases with correlation length,
qualitatively reproducing the behavior of the ALP bound
[Fig. 3(d)]. This operation is closely related to divisive
normalization in sensory neural systems [33], where it
arises from efficient coding theory [34]. In our case,
divisive normalization emerges as the optimal algorithmic
approximation to Bayes-optimal ALP decoding in the fully
correlated limit.
Sequential combinations: Unlike optimal bounds, which

depend on specific assumptions about the structural
prior, algorithmic approximations are operations that can
be applied sequentially, e.g., convolutional smoothing

FIG. 3. (a) Algorithmic transformations map morphogen profiles g into effective profiles geff via spatial convolution and/or divisive
normalization, which are subsequently decoded locally. (b) Information gain ΔPI for convolution and divisive normalization in the
Lcorr ¼ 0 and Lcorr ≫ N limits, respectively.ΔPI achieved by (c) convolution with exponential kernels of varying radii, across a range of
CI values; (d) divisive normalization with a normalization constant obtained via convolution with kernels of varying radii; (e) sequential
application of convolution (variable radius) and global normalization (sum over all N cells). (f) For each correlation length Lcorr, the
optimal kernel radius differs across the three algorithmic strategies. (g) Minimal reaction-diffusion circuit with two diffusible normalizer
species (N1, N2) implements algorithmic operations of (a)–(f). (h)–(k) Same analyses as in (b)–(e), but using the reaction-diffusion
implementation. (i) ΔPI associated with the steady-state profile N1 while varying its diffusion length

ffiffiffiffiffiffi
D1

p
=N. (j) ΔPI associated with

G=N1 while varying
ffiffiffiffiffiffi
D1

p
=N. (k) ΔPI associated with N1=N1 while varying

ffiffiffiffiffiffi
D1

p
=N, with

ffiffiffiffiffiffi
D2

p
=N fixed at ≈2.23 ≫

ffiffiffiffiffiffi
D1

p
=N.

(l) Optimal diffusion length scales with correlation length of morphogen fluctuations.
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followed by divisive normalization. The resulting informa-
tion gain shows a distinct nonmonotonic dependence on CI,
with reduced gain at intermediate correlation length scales
that are far from either limiting regime [Fig. 3(e)].
Nevertheless, the combined strategy consistently outper-
forms either algorithm applied in isolation, and over a
broad range of CI, yields synergistic gains exceeding the
sum of individual contributions. Such sequential trans-
formations are reminiscent of multilayered biological
networks that are thought to “refine” the positional infor-
mation [9,30].
Level III: Mechanistic implementations—Finally, we ask

whether the algorithmic operations identified above can be
implemented by simple biochemical mechanisms. We
consider a simple proof-of-concept reaction-diffusion bio-
chemical network [Fig. 3(g)], that operates on a static input
morphogen profile and transforms it into a refined output
profile, goutðx; tÞ, by filtering out much of the short- and
long-range fluctuations in the input signal with the help of
two intermediary diffusible normalizer chemical species n1
and n2 [24]. In this reaction scheme, gout can be seen as a
Level III realization of the “effective” signal geff discussed
previously, which can be locally decoded into precise
positional estimates.
We consider the following reaction-diffusion system:

∂n1
∂t

¼ D1∇2n1 þ α1g − κ1n1 ð9Þ

∂n2
∂t

¼ D2∇2n2 þ α2n1 − κ2n2 ð10Þ

dgout

dt
¼ αoutn1 − κoutn2gout; ð11Þ

with D2 ≫ D1 (see SM [25] Sec. S4).
At steady state, the input morphogen profile g is filtered

into n1, which naturally acts as its spatially smoothed
version; therefore, the first equation describes a mechanism
implementing convolution. The fast-diffusing species n2
serves as a global integrator, which can be used to
normalize extrinsic fluctuations via an n2-dependent deg-
radation rate of gout in Eq. (11). The final output gout is thus
proportional to n1=n2 at steady state, thereby performing
convolution followed by divisive normalization. As shown
in Figs. 3(h)–3(l), this minimal circuit reproduces the ΔPI
obtained from the algorithmic approximations with a
surprising degree of quantitative agreement.
Several known signaling systems instantiate the key

mechanistic ingredients of the chemical reaction circuit we
considered. Differential diffusivity of Lefty and Nodal in
zebrafish [35], combined with the Lefty-mediated inhib-
ition of Smad2 phosphorylation, would be consistent with
our proposal. Similar circuits, implicated in gradient scal-
ing [36–38], could additionally contribute to patterning
precision in line with our suggestions, with perturbations of

N1 and N2 predicted to differentially affect within- versus
across-embryo variability in cell fate specification. More
generally, the reaction circuit we considered here is a proof-
of-principle; other mechanisms generating long-range
interactions mimicking the role of N2 (e.g., mechanical
gradients [39–41]) could subserve the necessary algorith-
mic roles for our proposed scheme.
Conclusions—A large body of theoretical and experi-

mental work has investigated the limits of reproducibility in
cell fate patterns driven by morphogen gradients [2–4].
While such patterning is often viewed as a cell-autono-
mous, local, single-step process of morphogen interpreta-
tion [2,3], patterning precision could be “refined” across
consecutive steps [9,30,42], when cells are allowed to
communicate [21].
Here, we formalize the problem of refining positional

information through spatial information exchange, which
could be mediated by very diverse cell-cell coupling
mechanisms. We show that (i) optimal nonlocal decoding
can substantially increase positional information in a manner
dependent on the CI present in the morphogen ensemble;
(ii) nonlocal decoding can be approximated by a combina-
tion of simple algorithmic transformations across a wide
range of morphogen ensembles with different fluctuation
correlation structures; (iii) such algorithmic transformations
can be realized by simple reaction-diffusion-based biochemi-
cal networks. Taken together, our results demonstrate that
the information-theoretic gains of nonlocal decoding are not
solely a theoretical curiosity, but could be approached by
biological systems. Furthermore, our results provide a
framework within which we can attempt to rationalize
and interpret the observed multilayered developmental
regulatory cascades [30].
Our results highlight an important dichotomy: with RLP,

correlations are detrimental because they make the infor-
mation pooled by neighbors redundant. In contrast, with
ALPs, correlations are beneficial because they reduce the
effective number of degrees of freedom in the morphogen
ensemble, and thus provide a useful collective signal about
the fluctuation that can be utilized to “undo” its con-
founding effect. These qualitative differences in optimal
signal processing due to different noise and prior statistics
are reminiscent of results in cell signaling [43] and in
neuroscience [44]. Our results show that correlations are
not intrinsically good or bad: their utility for reproducible
patterning depends on the structural prior about the
neighbors that cells might have evolved to rely on in order
to interpret nonlocal morphogen signal efficiently.
Taken together, our results emphasize that the cellular

lattice—its geometry, reproducibility, and modes of cell-
cell communication it supports—is as important as the
morphogen gradients themselves in shaping positional
information. Relaxing our idealized setting, by incorporat-
ing finite precision of cell positioning [45] and the con-
straints imposed by noisy information exchange between
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cells [31,46], will be an important step towards assessing
how closely biological systems can approach these theo-
retical limits.
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