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De Concini—Procesi positive Borel for Ug(GL,)

@ (Drinfeld/Jimbo, 1985) UH%O, F := Q(q): generated by K,
A€Z" and by Ej, 1 <i < n, subject to

KIKF =K, KTEK: =q“E, EE=EE (i-j>1),

E’2Ej - (C]qL q_1)E,'EjE,' + EJE,2 =0 (|’_]| = 1)'

e with Hopf algebra structure, A : Uz — UZ° @ UZ° coproduct,
€: UZ® - Fcounitand S : UZ° — UZ° antipode:

AKD) =K/ oK/, A(E)=10E+E®K],

eK)=1, e(E)=0, S(K])=K", S(E)=-EK,.

@ De Concini—Procesi (1993) integral form: Uz° c UZ° the
A := Z[g*']-subalgebra generated by the Kj and by
€ab := (9 — g 1)Eap, 1<a<bs<n, where E;;,1 := E; and, for
b>a+1,Ewp:=Eap-1Eo-16p— q ' Ep—1pEap-1.



The extended Lusztig negative Borel

e V finite free A-module with UZ°-action, type 1:

Ve =VeyF= @(VF)K;:M& .
AezZn

@ Forme V,{ e V*=Homy(V,A), put c,m(x) = €(xm),

Uio = spany{c,m} C HomA(UXO,A).

Its coefficient Hopf structure and pairing 7(x, ¢) = ¢(x) are
(@) (x) = (p@y¥)(Ax),  (A9)(x®Y) = ¢(yX).

° UXO generated by modified divided powers (Lusztig, 1993):

F' s -1 K, — qj
Fi(r) = r—l‘l—q‘zs’ (Ka )_1’ l_lj:O ar i’
M, q-q

where Fj := ¥ 1c70(K; €))* and 1<i<n, 1<a<n, r>1.



Hybrid family quantum group is the Drinfeld double
® Hopf pairing T : U3% x US? — A, 1(x,¢) = ¢(x):

(KK =g, r(enF) =65, (e K;) =0 =1(K{,F).

e Drinfeld double U := U3° ®, Us°, A-Hopf algebra:
ler Fil = oi(K3 — K). (KK =0,

hybrid family quantum group (Hausel-Léwit, 2026).

@ t, := K K; central group-like,
At := A[ta, t;"]1<a<n € U central family Hopf torus.

@ The Drinfeld double Ur = UZ° ® U3° was considered by
(Berenstein—Greenstein, 2017) and (Lacabanne, 2018);
at t; = 1 it gives (Drinfeld/Jimbo, 1985).

@ Ul;,—1: DCP positive roots, Lusztig negative divided powers,
extended Newton torus;
close to the hybrid quantum groups of (Habiro—Lé, 2016),
(Situ, 2022).



Verma characterisation and Harish—Chandra theorem
@ Family Verma module Mg (1) := Ug ®u0[(k7)+1] Q(q)[tz"] ma,
eimy =0, K;my = gam,, K m, = t,qlamy;
lattice M(2) := A;Um,.
@ HC : Ur — UY = F[(KZ)*'] root-free PBW projection;
Yy = PAKS(K7)™, D= K[ -+ K7;on my:
evy(Ya) = t,q2Uat1-3) ey (D) = g~ Zada,
Theorem (Hausel-Léwit, 2026)

Q U={xeUs: xM(2) CM(2) VAeZ}.
@ HC: Z(U) — F[t2',D*", Y2 N U c Ug.

@ Proof via rational HC, Verma separation + (Drinfeld, 1990):
Z(Ur) = Q(q)lt3", D*" &r(Y),....en-1(YV)];
R: = >; xj ® y; the canonical element of 7, V = /\gIF”,
My := (1 ® pv)(R:21R;) commutes with (1 ® pv)A(Ug);
C =g (1 & Try)|(1 ®pV(K2J;))MV] central,
HC(C,) = er(Y).



Equivariant K-theory of Gr*

@ G complex reductive, X complex projective variety, GC X
@ for G = GLj: Gr := GL,(C((u)))/GLn(C[[u]]) affine
Grassmannian, Gr* := GL,(C[[u]]) u* affine Schubert variety,
for u dominant; G¥ = GL,(C) acts on the left, CX by
u s2u; TV ¢ GY torus, (Gr*)™" = wt(u) := {weights of V#}
@ (Lowit 2025) defines fixed point scheme
Fixg(X) : R~ {(9.x) € G(R) x X(R) | gx = x}.
develops Kg(X;C) = C[Fixg]® for a nice class of varieties
@ (Léwit 2026) proves (Bezrukavnikov 2023) conjecture:
Kroxex(Grt; C) = Clzz", ¢ (biryy ™"
where b;, are the Bezrukavnikov classes
@ H:=T"xCX,, q(s) = s; GKM description
Ku(Gr*; ©) 0 {(11)1 € D) s ClZET 1] -

(1 - i—Zq(’H")a_(“")b) | (fL—f,) forA—veZ(ea—&p), a< b}

S5 g2l




Completed centre is equivariant K-theory

@ y,:=ev oHC: Z(U) — Ay, the scalar by which Z(U) acts on
IM(Q). Verma windows wt(u) c Z":
Jy = ﬂ/lewt(u) AnmngM(2), I, :=Z(U)nJd, = ﬂ/l ker x 1;

—

U=lim U/, Z(U) = lim  Z(U)/

Theorem (Hausel-Léwit, 2026)

Fixed-point restriction gives
— ~ —~. O ”
Z(U) — Z(U) — Kn(Gr), i ©(C) = xa(C).

@ B;:= ©7'(by,) € Z(U) the Bezrukavnikov classes;
by (Léwit, 2026) Z(Ur) = F[tX'][D*", Bf]¢ez., -

@ Their elementary counterparts by Newton identities:
Eo=1,En=213M (-1)"BEp are actually in Z(U).

~m
elementary Bezrukavnikov classes



Quantum medium algebras and the affine Hecke centre

o VK Weyl lattice of Ult,—1 for uq > --- > up > 0;
ze€ Z(U) acts on IM(0) ®4 V¥ by xo(z) and by A,(z).

Zh = (AdAu(2) : z € Z(lU)])W C Endy(M(0) & V*),
Quantum medium algebra.

@ (Orellana—Ram, 2007) On M(0) ® V®d Ti := Pjjt1 R, I+¥S‘,
X1 := (" Ry Ry2, Xiy1 := T;X;T;; braid relations,
(Ti-q)(Ti+ g7 ") =0, [X;, Xj] = 0; they commute with U
~ pg : HAT — EndU(]M(O) ® vg?;d) an action of the affine

Hecke algebra H

@ Bernstein centre:

Z(HA) = AIXE, . X315 = Alei(X), ... ., eg-1(X), €a(X)*].

Z(H:T) 2, Endy #4,(DI(0)® VEH) el Endy(IM(0) ® V)



Integral generators for quantum medium algebras

Theorem (Hausel-Léwit—Ngo, 2026)

Q z - (xa(2))1ew(n) gives
Zh — Kgvxex, (Gr).

@ Gr* c {L c C[[u]]" : dim C[[u]]"/L = |ul}, Q the tautological
rank-u| quotient:

AV e, Z(H) > Zg —  Kgvxcx, (Gr)

em(X) - Ay(Em) o AmQ]

9 ZZ:A;N[E1,...,E|#|].




Moment polytope and GKM graph

Grsr, (Harada—Henriques—Holm 2006)

QSU(3) (Atiyah—Pressley 1983)




Affine braid pictures
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Connections to the Hitchin system

@ Dol-NAH: classical medium algebra M* < upward flows
(Hausel-Hitchin, 2022; Hausel, 2023-24; Gonzalez, 2026):

HZ, (Gr*; C) = M* ~> Hecke transformations for (W A, A).

@ Hodge—NAH: Rees-filtered medium algebras (Hausel, 2025):

it
Héixcrxm(Gr“;C) = Z ~> Hecke transformations.

@ Quantum Betti-NAH?: g-difference NAH (Mochizuki, 2019):

Kavxex, (Gr') = Zy > Hecke transformations.
At g=1: Hecke transformations for multiplicative Hitchin
systems?
@ Cohomological limit: 3 :=(q—1, ta—1, eg: 8>0)c U
two-sided, deg 3/32 = 2:
Uy :=gry U, Z(Upe) : HZ (Gre; Z).



Tip of the iceberg of the Hitchin system
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