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De Concini–Procesi positive Borel for Uq(GLn)

(Drinfeld/Jimbo, 1985) U≥0
F , F := Q(q): generated by K+

λ ,
λ ∈ Zn, and by Ei , 1 ≤ i < n, subject to

K+
λ K+

µ = K+
λ+µ, K+

λ EiK+
−λ = q(λ,αi)Ei , EiEj = EjEi (|i − j| > 1),

E2
i Ej − (q + q−1)EiEjEi + EjE2

i = 0 (|i − j| = 1).

with Hopf algebra structure, ∆ : U≥0
F → U≥0

F ⊗ U≥0
F coproduct,

ϵ : U≥0
F → F counit and S : U≥0

F → U≥0
F antipode:

∆(K+
λ ) = K+

λ ⊗ K+
λ , ∆(Ei) = 1 ⊗ Ei + Ei ⊗ K+

αi
,

ϵ(K+
λ ) = 1, ϵ(Ei) = 0, S(K+

λ ) = K+
−λ, S(Ei) = −EiK+

−αi
.

De Concini–Procesi (1993) integral form: U≥0
A
⊂ U≥0

F the
A := Z[q±1]-subalgebra generated by the K+

λ and by
eab := (q − q−1)Eab , 1≤a<b≤n, where Ei,i+1 := Ei and, for
b > a + 1, Eab := Ea,b−1Eb−1,b − q−1Eb−1,bEa,b−1.
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The extended Lusztig negative Borel

V finite free A-module with U≥0
A

-action, type 1:

VF := V ⊗A F =
⊕
λ∈Zn

(VF)K+
a =qλa .

For m ∈ V , ℓ ∈ V∗ = HomA(V ,A), put cℓ,m(x) = ℓ(xm),

U≤0
A := spanA{cℓ,m} ⊆ HomA

(
U≥0
A ,A

)
.

Its coefficient Hopf structure and pairing τ(x, ϕ) = ϕ(x) are

(ϕψ)(x) = (ϕ ⊗ ψ)(∆x), (∆ϕ)(x ⊗ y) = ϕ(yx).

U≤0
A

generated by modified divided powers (Lusztig, 1993):

F(r)
i :=

F r
i∏r

s=1
1−q−2s

1−q−2

, (K−a )
±1,

∏r−1

j=0

K−a − qj

qr − qj
,

where Fi :=
∑
λ∈Zn(K+

λ ei)
∗ and 1≤i<n, 1≤a≤n, r≥1.
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Hybrid family quantum group is the Drinfeld double
Hopf pairing τ : U≥0

A
× U≤0

A
→ A, τ(x, ϕ) = ϕ(x):

τ(K+
λ ,K

−
µ ) = q−⟨λ,µ⟩, τ(ei ,Fj) = δij , τ(ei ,K−µ ) = 0 = τ(K+

λ ,Fj).

Drinfeld double U := U≥0
A
⊗A U≤0

A
, A-Hopf algebra:

[ei ,Fj] = δij

(
K+
αi
− K−αi

)
, [K+

λ ,K
−
µ ] = 0,

hybrid family quantum group (Hausel–Löwit, 2026).

ta := K+
a K−a central group-like,

At := A[ta , t−1
a ]1≤a≤n ⊂ U central family Hopf torus.

The Drinfeld double UF = U≥0
F ⊗F U≤0

F was considered by
(Berenstein–Greenstein, 2017) and (Lacabanne, 2018);
at ta = 1 it gives (Drinfeld/Jimbo, 1985).

U|ta=1: DCP positive roots, Lusztig negative divided powers,
extended Newton torus;
close to the hybrid quantum groups of (Habiro–Lê, 2016),
(Situ, 2022).
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Verma characterisation and Harish–Chandra theorem
Family Verma module MF(λ) := UF ⊗U≥0

F [(K−a )±1] Q(q)[t
±1
a ]mλ,

eimλ = 0, K−a mλ = q−λa mλ, K+
a mλ = taqλa mλ;

lattice M(λ) := AtU≤0
A

mλ.
HC : UF → U0

F = F[(K
±
a )
±1] root-free PBW projection;

Ya := q2(n−a)K+
a (K−a )

−1, D := K−1 · · ·K
−
n ; on mλ:

evλ(Ya) = taq2(λa+n−a), evλ(D) = q−
∑

a λa .

Theorem (Hausel–Löwit, 2026)

1 U =
{
x ∈ UF : xM(λ) ⊆M(λ) ∀λ ∈ Zn

}
.

2 HC : Z(U)
∼
−−→ F[t±1

a ,D±1,Y±1
a ]W ∩U ⊂ UF.

Proof via rational HC, Verma separation + (Drinfeld, 1990):
Z(UF) � Q(q)[t±1

a ,D±1, e1(Y), . . . , en−1(Y)];
Rτ =

∑
i xi ⊗ yi the canonical element of τ, V = Λr

qF
n,

MV := (1 ⊗ ρV)(Rτ,21Rτ) commutes with (1 ⊗ ρV)∆(UF);
Cr := qr(n−1)(1 ⊗ TrV)

[
(1 ⊗ ρV(K+

2ρ))MV

]
central,

HC(Cr) = er(Y).
6



Equivariant K-theory of Grµ
G complex reductive, X complex projective variety, G

⟳

X
for G = GLn: Gr := GLn(C((u)))/GLn(C[[u]]) affine
Grassmannian, Grµ := GLn(C[[u]]) uµ affine Schubert variety,
for µ dominant; G∨ = GLn(C) acts on the left, C×rot by
u 7→ s2u; T∨ ⊂ G∨ torus, (Grµ)T∨ = wt(µ) := {weights of Vµ}

(Löwit 2025) defines fixed point scheme
FixG(X) : R 7→ {(g, x) ∈ G(R) × X(R) | gx = x}.
develops KG(X ;C) � C[FixG]

G for a nice class of varieties
(Löwit 2026) proves (Bezrukavnikov 2023) conjecture:
KT∨×C×(Grµ;C) = C[z±1

a , q±1]⟨bi,ℓ⟩
1≤i≤n
ℓ>0

where bi,ℓ are the Bezrukavnikov classes
H := T∨ × C×rot, q(s) = s; GKM description

KH(Grµ;C)
GKMµ

−−−−−→
�

{
(fλ)λ ∈

⊕
λ∈wt(µ) C[z

±1
a , q±1] :(

1 − za
zb

q(λ+ν)a−(λ+ν)b
)
| (fλ − fν) for λ − ν ∈ Z(εa − εb), a < b

}
GKMµ(b1,ℓ)λ =

∑
a zℓa −

∑
a zℓaq2ℓλa

1 − q2ℓ
∈ C[z±1

a , q±1]
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Completed centre is equivariant K -theory
χλ := evλ ◦HC : Z(U)→ At , the scalar by which Z(U) acts on
M(λ). Verma windows wt(µ) ⊂ Zn:

Jµ :=
⋂

λ∈wt(µ)
AnnUM(λ), Iµ := Z(U) ∩ Jµ =

⋂
λ
ker χλ;

Û := lim
←−−µ

U/Jµ, Ẑ(U) := lim
←−−µ

Z(U)/Iµ.

Theorem (Hausel–Löwit, 2026)
Fixed-point restriction gives

Ẑ(U)
∼
−−→ Z(Û)

Θ
−−−→
∼

KH(Gr), i∗λΘ(C) = χλ(C).

Bℓ := Θ−1(b1,ℓ) ∈ Z(U) the Bezrukavnikov classes;
by (Löwit, 2026) Z(UF) = F[t±1

a ][D±1,Bℓ]ℓ∈Z>0 .

Their elementary counterparts by Newton identities:
E0 = 1, Em = 1

m
∑m
ℓ=1(−1)ℓ−1BℓEm−ℓ are actually in Z(U).

elementary Bezrukavnikov classes
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Quantum medium algebras and the affine Hecke centre

Vµ Weyl lattice of U|ta=1 for µ1 ≥ · · · ≥ µn ≥ 0;
z ∈ Z(U) acts on M(0) ⊗A Vµ by χ0(z) and by ∆µ(z).

Z
µ
q :=

(
At

[
∆µ(z) : z ∈ Z(U)

])W
⊆ EndU

(
M(0) ⊗A Vµ

)
,

Quantum medium algebra.

(Orellana–Ram, 2007) On M(0) ⊗ V⊗d
st : Ti := Pi,i+1RVst,Vst

i,i+1 ,

X1 := q2(n−1)R21R12, Xi+1 := TiXiTi ; braid relations,
(Ti − q)(Ti + q−1) = 0, [Xi ,Xj] = 0; they commute with U
{ ρd : Haff

d → EndU
(
M(0) ⊗ V⊗d

st

)
an action of the affine

Hecke algebra Haff
d

Bernstein centre:
Z(Haff

d ) = A[X±1
1 , . . . ,X±1

d ]Sd = A[e1(X), . . . , ed−1(X), ed(X)±1].

Z(Haff
|µ|
)

ρ|µ|
−−−→ EndU,H|µ|

(
M(0)⊗V⊗|µ|st

) µ-cell
−−−−−→ EndU

(
M(0)⊗Vµ

)
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Integral generators for quantum medium algebras

Theorem (Hausel–Löwit–Ngo, 2026)

1 z 7→ (χλ(z))λ∈wt(µ) gives

Z
µ
q
∼
−−→ KG∨×C×rot

(Grµ).

2 Grµ ⊆ {L ⊆ C[[u]]n : dimC[[u]]n/L = |µ|}, Q the tautological
rank-|µ| quotient:

AW
t ⊗A Z(Haff

|µ|
) ↠ Z

µ
q

∼
−−→ KG∨×C×rot

(Grµ)
em(X) 7→ ∆µ(Em) ↔ [ΛmQ]

3 Z
µ
q = AW

t [E1, . . . ,E|µ|].
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Moment polytope and GKM graph

GrSL2 (Harada–Henriques–Holm 2006) ΩSU(3) (Atiyah–Pressley 1983)
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Affine braid pictures

Ti = X1 =

ii + 1
∗ ∗

Xi =

i
∗

X1 · · ·X7 =

∗
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Connections to the Hitchin system

Dol–NAH: classical medium algebraMµ ↔ upward flows
(Hausel–Hitchin, 2022; Hausel, 2023–24; González, 2026):

H2∗
G∨(Grµ;C) �Mµ { Hecke transformations for (W+

µ

h
−−→ A).

Hodge–NAH: Rees-filtered medium algebras (Hausel, 2025):

H2∗
G∨×C×rot

(Grµ;C) � Zµ
ℏ

?
{ Hecke transformations.

Quantum Betti–NAH?: q-difference NAH (Mochizuki, 2019):

KG∨×C×rot
(Grµ) � Zµ

q
?
{ Hecke transformations.

At q=1: Hecke transformations for multiplicative Hitchin
systems?
Cohomological limit: J := (q − 1, ta − 1, eβ : β > 0) ⊂ U
two-sided, degJ/J2 = 2:

Uℏ := grJU, Z(Uℏ,c)
?
� H2∗

H (Grc ;Z).
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Tip of the iceberg of the Hitchin system
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Boldog születésnapot Nigel!

15



Acknowledgement

Funded by the European Union. Views and opinions expressed are however
those of the author(s) only and do not necessarily reflect those of the European
Union or the European Research Council Executive Agency. Neither the Euro-
pean Union nor the granting authority can be held responsible for them. This
work is supported by ERC grant ViaFiPoS, No 101199663.

Supported by FWF grant P35847.

16

https://cordis.europa.eu/project/id/101199663
https://www.fwf.ac.at/en/research-radar/10.55776/P35847

