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Introduction

Let p € N denote a prime number and ¢ denote a power of p. This notation will be used
throughout this dissertation.

The zeta function—generating function of point-counts

A fundamental and natural problem in number theory is finding integer solutions to a system of
polynomial equations. We can reduce the problem modulo ¢ and look at the solutions over the
finite field IF,. The solutions can be viewed as points in an algebraic variety X over F,. To study
a sequence Ny := #X(F,), the number of points on X in field extensions F,:, we can look at
the zeta function of X. The (local) zeta function is defined as a generating function packaging
the point-counts N, on X:

o0

Z(T) :=exp (Z NSSTS> .

s=1

Weil conjectures—properties of the zeta function

In 1949, Weil conjectured [Weid9] that for a smooth variety of dimension n over F,,, the following
hold:

(1). (Rationality) Z(7) is a rational function;

(2). (Functional equation) Z (ﬁ) = +¢™/2TZ(T), where x is the Euler-Poincaré character-
istic of X;

(3). (Riemann hypothesis) Z(T) = Siesetetld) with Py(T) =1 =T, Py (T) = 1 —¢"T

and for 1 < h < 2n — 1, B(T) = [[2(1 — an,T) where a, are algebraic integers of
absolute value ¢"/? and B, are called Betti numbers which satisfy x = >, (—1)"By,.

Earlier in 1948, Weil proved the conjectures for curves [Wei48a] and for abelian varieties [Wei48b].
The Weil conjectures give insight in understanding the points in a variety as they connect the
geometry over finite fields to topology.

Proving Weil conjectures—cohomology and Dwork’s p-adic method

In 1960, Dwork proved the first of the Weil conjectures [Dwo60], the rationality of the zeta
function, using p-adic analysis. Instead of the usual real numbers, the p-adic numbers is a
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different completion of the rational numbers, giving the field distinctive properties that facilitated
the proof.

Before Dwork, it was thought that some cohomology theory would be the key in proving
the Weil conjectures. The idea was that X (IF,) are fixed points of the ¢*-Frobenius over the
algebraic closure of Fy, so the Lefschetz fixed point formula for a suitable cohomology would
allow us to find the numbers #X(F ). Effort was made to find a suitable cohomology that
would fit into the picture. Building on Serre’s idea, Artin and Grothendieck constructed étale
cohomology, which played a fundamental role in the proofs of the other statements of the Weil
conjectures by Grothendieck and Deligne in the 1960s and 1970s.

Quite unexpectedly, Dwork’s method did not involve the use of cohomology theory, but it
led to the development of p-adic cohomology theory, an example of which is Monsky-Washnitzer
cohomology [MW68, Mon71]. Monsky-Washnitzer cohomology satisfies the Lefschetz fixed point
formula, which can be used to count points and hence to compute zeta functions of curves.

Computing the zeta function—Kedlaya’s algorithm and variants

In 2001, Kedlaya developed an algorithm for counting points on hyperelliptic curves [Ked01],
using Monsky-Washnitzer cohomology. The curve over F, is lifted to a curve over the ring Z, of
characteristic 0, and a lift of the ¢-Frobenius is defined over Z,. The algorithm then p-adically
approximates the action of the Frobenius on an explicit basis of cohomology. The same idea can
be applied to other types of curves. The algorithm was generalised to nondegenerate curves in
[CDV06].

Harvey optimised Kedlaya’s algorithm for large primes [Har07] and further developed an
algorithm that computes the zeta function simultaneously for a given curve for all primes smaller
than a fixed integer, in average polynomial time [Har14]. These methods can be used to obtain
numerical data for problems such as the Sato-Tate Conjecture.

Sato-Tate conjecture—computing statistical distributions

The original Sato-Tate conjecture was conjectured by Sato and Tate independently in the 1960s.
For an elliptic curve E over Q, we know by the Hasse bound that

a, :=p+1—#E(F,) € [-2\/p, 2/D].

The conjecture concerns the distribution of @, = a,/,/p in the interval [—2, 2], where a,, is the
trace of Frobenius. It turns out that the distribution of @, obtained is the same for any elliptic
curves without complex multiplication. The conjecture was only proved recently by Harris,
Shepherd-Barron and Taylor [HSBT10].

The conjecture has been generalised to abelian varieties over number fields. The generalisa-
tion was formulated by Serre [Ser94]. The generalised conjecture suggests the equidistribution
property of a sequence of polynomials Py(T) = P4(T/,/q) which determines the zeta function
of the abelian variety modulo primes q. If the abelian variety is the Jacobian associated to a
curve, the polynomial P(7") is the numerator of the zeta function of the curve modulo primes.
Therefore, by computing the zeta function of curves, numerical evidence can be obtained for
the conjecture. The genus 1 case corresponds to elliptic curves and there are 3 possible dis-
tributions. The genus 2 case was studied in [FKRS12] and examples were computed for all 52
possible distributions. The conjecture in the general case still remains open.



Layout of this dissertation

In the first chapter, we will go through the basics of p-adic numbers and p-adic analysis, then
in the second chapter give an overview of Dwork’s proof of the rationality of the zeta function
of an algebraic variety, as presented by Koblitz [Kob84]. In the third chapter we will introduce
Monsky-Washnitzer cohomology. In the fourth chapter we will present Kedlaya’s algorithm,
using Monsky-Washnitzer cohomology to count points on hyperelliptic cuves [Ked01]. The fifth
chapter will cover Harvey’s algorithm, which counts points in average polynomial time [Har14].
In the last chapter, we will discuss the application of such algorithms in computing data for the
Sato-Tate Conjecture and illustrate this idea with some explicit examples.
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Chapter 1

p-adic Numbers and the Zeta Function

In this chapter we will give some background on p-adic numbers and the zeta function, sum-
marising the key facts and ideas from Chapters I, IIT and IV of [Kob84].

1.1 p-adic Numbers

Definition 1.1.1 (p-adic norm). The p-adic norm |- |, on Q is defined such that
P ordy x fo 7& 0
|x|p = e A
0 ifx=0
where ord, : Q — Z 1is the p-adic order
r  such that z=p' % mn€Z, pitnm ifr#0
ord, z = m _ .
00 ifx =0

Every nontrivial norm on Q is equivalent to the usual absolute value or a p-adic norm by
Ostrowski’s Theorem.

Definition 1.1.2 (non-Archimedean norm). A norm || - || is non-Archimedean if it satisfies the
isosceles triangle principle ||z + y|| < max(||z||, ||y||). Equality holds if ||x|| # ||y||-

| - | is @ non-Archimedian norm on Q. To avoid confusion, we will denote the usual absolute
value | - |-

Definition 1.1.3 (p-adic numbers and integers). The p-adic numbers Q, is the completion of
Q with respect to the p-adic norm. Its subring Z, = {a € Q, | |al, < 1} is the p-adic integers.

Remark 1. We can view p-adic numbers in a more concrete form. Any a € Q, can be written
uniquely in the form
o0
a= > b,

i=ordp a

where b; € {0,...,p — 1} are the p-adic digits of a.
Alternatively, the p-adic integers Z, can be defined as the inverse limit lim, Z/p*Z. The
p-adic numbers Q, is the field of fractions, or equivalently Z,[1/p).

1



2 CHAPTER 1. P-ADIC NUMBERS AND THE ZETA FUNCTION

Theorem 1.1.4 (Hensel’s Lemma). Let F'(z) = co+c1o+---+c,x" € Zy[z]. If ag € Z, satisfies
F(ap) =0 mod p and F'(ap) #0 mod p, then there exists a unique a € Z, such that F(a) =0
and a = ag mod p.

Proof. See Theorem 3 in Chapter I of [Kob84]. O

Hensel’s Lemma can be viewed as a p-adic analogue of Newton’s method, but stronger as it
guarantees convergence to a solution.

Instead of {0,1,...,p— 1}, we can take the p-adic digits from another set of representatives
{ag,01,...,0p1} C Z,, where a; =i mod p.

Definition 1.1.5 (Teichmiiller representatives). Consider 1,...,p — 1, the distinct roots of

Pt — 1 4n F,. By Hensel’s lemma, we can lift them to distinct roots v, ..., qp_1 in L, with
a; =1 mod p. Then 0,0y, ..., a1 are the Teichmiiller representatives of 0,1, ..., p—1 respec-
tively.

Naturally, we would want study the algebraic closure and completion of QQ, as we do in R.

Definition 1.1.6. leg denotes the algebraic closure of Q,. If a € leg has the minimal poly-

nomial x4 a1x" " + -+ + an, then |al, = |any’™ and ord, a = — log, |a/,.

Although C, the algebraic closure of R is complete, the algebraic closure of Q, is not complete,
see Theorem 12 in Chapter III of [Kob84]. We need to further extend to get a complete field.

Definition 1.1.7. Q) denotes the completion of leg with respect to | -|,. If x € § is the limit of

a sequence {x;} in QW9, then |z, = limy o0 |24], and ord, z = —log, |z|,.

(2 is algebraically closed, see Theorem 13 in Chapter III of [Kob84]. €2 is the smallest field
containing Q which is both algebraically closed and complete with respect to the norm |- |,.

1.2 p-adic Power Series

Since | - |, is a non-Archimedean norm, by the isosceles triangle principle, a p-adic power series
F(X) =37 a, X" € Q[[X]] converges for x if and only if a,2™ — 0 as n — oc.

Definition 1.2.1 (radius of convergence). Let f(X) = > > a, X" € Q[[X]]. The radius of
1

convergence of f(X) is r:=liminf |a,|p *. f(X) is an entire function if v is infinite.
Definition 1.2.2 (discs). The closed disc of radius r € R about a point a € € is
Dy(r):={zeQ||x—al, <r}
The open disc of radius r € R about a point a € ) is
D,(r7) ={zeQ||z—al, <r}
When a = 0, we omit the subscript in the notation and write D(r) := Do(r).

Note that both D,(r) and D,(r~) are simultaneously topologically open and closed sets.
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Definition 1.2.3 (p-adic exponential function). The p-adic ezponential function is

exp,(X) =3 % € Q,[[X]).

n=0

Definition 1.2.4 (p-adic binomial expansion). The p-adic binomial expansion is

By, (X) 522 (a)Xn:Za(a—1)...(a—n—|—1)Xn c Q[X]].

n n!

For a € Q, we have B, ,(X) = (1 + X)* in Q.
The following lemma is a criterion for a formal power series over Q, to have coefficients in
Z,,, which is used in Dwork’s proof.

Lemma 1.2.5 (Dwork). Let F(X) = > a,X" € 1+ XQ,[[X]]. Then a,, € Z, for all m and n
if and only if F(XP?)/(F (X))’ € 1+ pXZ,[[X]].

Proof. Suppose F(X) =Y a, X" € 1 + XZ,[[X]]. Since (a 4+ b)? = a? 4+ mod p and a® = a
mod p for a,b € Z,, we have F(X?) = (F(X))” + pXG(X) for some G(X) € Zy[[X]]. As
1+ XZ,[[X]] is a multiplicative group, we have

1 L FOM) L pXGY)
Fxyp €T ABIE and e = U

Conversely, suppose F(X?)/(F(X))? € 1+ pXZ,[[X]], then F(X?) = (F(X))PG(X) for
some G(X) € 1+ pXZ,[[X]]. Write F(X) =" a; X" and G(X) =1+ > pb;X". By assumption
ap = 1. Now carry out induction on n. Suppose a; € Z, for any ¢ < n. Equate the coefficients
in (F(X))PG(X) = F(XP):

n p n .
: " ; ; ansp, ifp|n
coefficient of X" in a; X 1+ b, X' | = ’
<; > ( ; P ) { 0, otherwise
i=0 i=0
n—1 p n—1 p—1
( aiX") + pa, X" (Z mX”) to b al X"

€ 1+ pXZ,[[X]).

=0 =0
n—1
= Z(ai + pc;)) X + pa, X" + (terms of order > n) for some ¢; € Z,,

since (a +b)? =a? + W =a+b mod p for a,b € Z,. We have

n
» 1

pa, + Z (ai + pci)pbn—ip = O,
i=0
and hence
2]
ay = — Z (a; + pci)bp—_ip € Zy.

=0
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The criterion can be generalised to the following form.

Corollary 1.2.5.1. Let F(z,y) = > ampn XY™ € 14+ XQ,[[X, Y]] +YQ,[[X,Y]]. Then we have
Umn € Zy for allm and n if and only if F(XP,Y?)/(F(X,Y))? € 1+pXZ,[[X,Y]]|+pYZ,[[X,Y]].

With this criterion, we can prove the following series has coefficients in Z,,.
Lemma 1.2.6. Define a function in Q,[[X,Y]],
FX)Y) = BX,p(Y)B(XP—X)/p,p(Y)B(Xp2_X)/p27p(y) s B(Xpan)/p”,p(Y) T
= (1+Y)¥(1+ y?)X"=2/p(1 yp2)<XP2—XP>/p (1 ypn)w"—XP”‘l)/p .

X (I (Y e

n=1 i=0
Then F(X,Y) € Z,[[X,Y]].
Proof. Any coefficient of F/(X,Y) is a product of finitely many terms in Q, so
F(X,Y)el+ XQ,X, Y]] +YQ,[X,Y]]

and
F(XP,YP) (14 YP)X (14 yP )X =X0/p(1 4 yr* )X =X (1 4 yp)X
(FX,Y))r (14 Y)PX(1 4 YP)XP=X (1 4 YP)XP*=XP ES S
Since 1 +Y € 1+ YZ,[Y], by Lemma 1.2.5,
% 14 pYG(Y) forsome G(Y) € Z,[[Y]].
We have

E—i : ?rii — (1+pY V) =Y <f>p@'<m<¥>>f € 1 pXZ, (X, Y +pYZ,[[X, Y]]

Hence, F(X,Y) € Z,[[X,Y]], by Corollary 1.2.5.1. O

Theorem 1.2.7 (p-adic Weierstrass Preparation Theorem). If F(T') is a p-adic entire function,
then for any R there exists a polynomial P(T') and a p-adic power series G(T') € 1+ TQ[[T]]
which converges on the disc D(R) of radius R, such that P(T) = F(T)G(T).

Proof. See Chapter IV of [Kob84] for a proof using Newton polygons. O

1.3 The Zeta Function

Definition 1.3.1 (zeta function). For a variety X, the zeta function is defined to be

Z(X/Fy T) = exp (Z fo) ,

s=1

where Ny := #X (Fys).
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The zeta function is a formal power series with positive integral coefficients bounded expo-
nentially.

Lemma 1.3.2. We have Z(H/F,;T) € 1+ TZ[[T]] and for any j € N, the coefficient of T7 is
a positive integer < ¢,

Proof. Consider a point P = (z1,...,%,) € Hy. Let sy be the least s such that all z; € Fy.
Let P; = (x15,...,%nj), j = 1,...,50 be the conjugates of P, = P, so that x;1,...,x;s, are the
conjugates of x; = x;; over F,. If all of the x; are fixed by an automorphism o of Fgs, over F,
then all z; are in a smaller field, which contradicts with the choice of sy, so P; are distinct.
Each P, ... P, is an Fg-point of H; precisely when Fgso C Fgs, ie. so | s. Thus, these

. S0

points contribute sg to Ny, Nog,, Nasy, - - -, s0 their contribution to Z(Hy/Fy;T') is
= SoTjSO - s - 1 _ - VE S
exp <le - ) = exp(—log(1 = T*)) = - = ]ZOT 0 e 14 TZ[[T]].

Then Z(Hy/F,; T) is a product of series of this type and there are only finitely many such series
with first T-term with degree < s for any fixed s, so Z(H¢/F,;T) has integer coefficients.

Finally, N, < #A7, = ¢"°, so the coefficient of T9 in Z(H;/F,;T) is less than the coefficient
of TV in

o qnsTs . 1 B e i
exp (Sz: > = exp(—log(l — ¢"T)) = T ]Z:;q 7T,

S
=1



CHAPTER 1. P-ADIC NUMBERS AND THE ZETA FUNCTION



Chapter 2

Dwork’s Proof on Rationality of the
Zeta Function

Dwork proved that the zeta function of any affine or projective variety is a rational function.
Although the Weil conjectures required the variety to be smooth, Dwork’s proof does not assume
smoothness of the variety so in fact the rationality holds more generally for any variety, including
those with singularities.

In this chapter, we will follow Chapter V of [Kob84].

Let H¢ denote the affine hypersurface defined by a polynomial f and H 7 denote the projective
hypersurface defined by a homogeneous polynomial f .

Remark 2. An affine or projective variety is an intersection of a finite number of hypersurfaces,
so by the inclusion-exclusion principle X = UHy, — NHyp +UHy g — NHyppopp + ..., where
the union and intersections runs through all distinct v, 7, k,l,.... We have

_ H Z(Hfi/]Fq; T) H Z(Hfifjfk/]Fq; T)
HZ(Hfifj/]Fq;T) HZ(Hfifjfkfl/Fq;T) ’
where the products runs through all distinct i, 5, k.1, ....

Since V' is defined on a finite set of polynomials, Z(X/F,;T) is the product of a finite number
of zeta functions of hypersurfaces. Thus, it suffices to consider the zeta function of hypersurfaces.

Z(X[Fq;T)

Remark 3. A projective plane P} can be viewed as the disjoint union
AP UAPT . AL U point
so a projective hypersurface ﬁf 15 a disjoint union of affine hypersurfaces and Z(]:If/Fq; T) is a

product of a finite number of zeta functions of affine hypersurfaces. Hence it is enough to prove
the rationality of the zeta function of affine hypersurfaces.

2.1 Lifting of Characters

Definition 2.1.1. An Q-valued character of a finite group G is a homomorphism from G to the
multiplicative group 2.
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Let € be a primitive pth root of unity in leg C €, then a s €™ is an Q-valued character of
the finite group F,. Now we proceed to find an analytic formula for this map.

Lemma 2.1.2. Let ¢ =p*. Fiza € F; and lett € Q) be the corresponding Teichmiiller represen-
tative. Then there exist a p-adic power series © such that €™ = O(T)O(t*)O(t*") ... 01" ).

Proof. Let F' be as previously defined in Lemma 1.2.6. Let A = € — 1. It is easy to check that
ord, A =1/(p — 1). Define

O(T) = F(T,\) = (1 + N7 (1 + N0)T=D/p(1 4 \o) T =T0p (1 4 o y@" =17y
where each term on the right is a binomial series in Q,[[X, Y]]. We have

F(T,\) = i (T” i amnxn) . on € Z,.

n=0 m=0

Since the power of T' is less than or equal to the power of A in each term of the binomial series,
we have a,,,, = 0 when n < m. Let

OT) = F(T,\) = axT", an =Y amn\™
n=0 m=n
Since ord,a, > n/(p — 1), and Q,(e) = Q,(A) is complete, we have a,, € Q,(¢) and O(T") €
Q,(€)[[T]]. Also, ©(T) converges in D(p*/*~Y~). We compute
Tra=a+a’ +a” +--+a =t+t? + +. 47 mod p,

O(T)O")Ot”) ... 0" )

= F(t, )F(P,\) ... F(t" " \)

—(1+ )\)t+t1’+~--+t1’571(1 + )\p)(t”s*t)/pﬁ + )\p2)(tps+1*t”)/p2(1 + )\103)(25”s+2*'5’72)/173 o

=(1+ )\)Ht“m“pkl since t7" =t

=e™ sincee? =1and Tra=t+"+t* +---+t*  mod p.

2.2 Trace and Determinant

Define U := {(uy,...,u,) | u; € Z,u; > 0 for all i} and the norm |- | on U by |u] = >, ;.
Denote X" := X7 ... X!, where u = (uy,...,u,) € U.
Define R := Q(X;, X5,..., X,,) to be the set of power series which converges on D(1),

R:: {ZgWXWEQHXhXQ’?XnH hlIllll’gu’p:O}7

and its subspace

RM:= {Zgwxw €eR

there exists M > 0 such that ord, g, > M|u] for all u € U} :
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Remark 4. The following are equivalent conditions:

(1).
(2).
(3)
(4)

There exists some M > 0 such that ord, g > M|u| for allu € U;
There exists some A > 1 such that limy| |gu], A" = 0;

3). There exists some M >0 and 0 < p < 1 such that |gy|, < Mpl* for allu e U ;

4). liminfy (ord, gu/uf) > 0.

Define T, : R — R such that ) @, X" = > a4, X"
For any G(X) = >, gwX™ € R' C R, let Lg denote the map of multiplication by G(X)
and let Gy(x) =) gwX ™. Define ¥, ¢ :=1T, 0 Lg.

Lemma 2.2.1. Let G(X) =Y., gw XV € RI. Let U = U, 5 =T, 0 Lg, then Tr(¥*) converges
fors=1,2.3,..., and

(=)' Tr(T%) = Y G@)G@)G(").. G

zeQ”
xq571:1

q' ¢ q' ¢! 7" q
where x = (x1,...,2,), 9 = (zf,...,27) and 27 =1 denotes z{ =---=21 =1

Proof. First we prove the case when s = 1,

(D()(u):: Tj(LG’ <ZE:S%N)(W41{) ::Ezzng)(w+u ::jg:fhvfu)(va
Tr0 = gg-u

which converges by definition of Rf. We have

{q—l ifg—11w
> ur i

otherwise

Moreover,

-1, ifg—1
s ) for s

otherwise

and

ZG Zgw Z:L‘ (g—1)" qu1 (¢g—1)"Trv.

rd—1=1 ri-1=1

It is easy to check that Lg o T, =T, 0 Lg, = ¥, ¢, Suppose s > 1, then

s s—2 s—2
W =T,0LgoTy0LgoV 2 =T,0T,0Lg 0LgoW¥
— s—2 _ — —
= Tq2 o LGGq oW == qu o Lg.Gq.,.qul = \IquyG'Gq"'Gqs—l'
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Note that R is closed under multiplication and under the map G + G, so GG, - - Gy € Rt
From the s = 1 case, replacing ¢ by ¢° and G by G - G- -- G4s—1 gives

(4= )" (@) = (= 1" T (Vg gayc, ) = 30 G)Golw) Gy (2)

= > G@)GE)G@”) -G

O
Lemma 2.2.2. Let A = {a;;}j,;—;. We have det(1 — AT) =1 _ b, T, where
b = (—1)™ Z sgn(a)aul,ua(l)au%um) e Qg -
1<uy < <um <r
gESH
Then det(1 — AT) = exp, (— Yoo Tr(ASS)TS) € Q[[T7].
Proof. Without loss of generality, we can assume A is upper triangular, then
= Tr (A% T = a1
o, (- ) g (53
= exp, (— Zlog (1-— a,-l-T)> = H (1 —ayT) =det(l — AT).
s=1 s=1
[

Lemma 2.2.3. Let G(X) = >, .y gwX™ € R Let U = TyoLg, then U(X™) =3 1 ggv—uX",
so W has matriz A = {ayy fuver = {Ggv—utuvev. Then the series det(l — AT) :=>">*_ b, T™,
where

by, = (—1)™ Z sgn(a)aul’ug(l)auwdm e Qg g

15 well-defined, has infinite radius of convergence and satisfies the identity

det(1 — AT) = exp, (- i M) e Q[[T7]).

Proof. We have

Ol"dp <gqu0(1)_ulgqua(2)_u2 x 'gqud(m)—um>
> M (Jqugay — wi| + |quy@) — W + -+ - + |qUm) — W)

>MZ |qum|—\uz| = Q—lz‘uz

There are only finitely many distinct u; € U with |u;| smaller than a fixed value, so we have
S Juil/m — oo as m — co. Then we have ord, b,, — oo as m — oo and ord, b,,/m — oo
as m — oo. For any fixed t, ord, b,t™ = m (ord,b,,/m + ord,t) — oo as m — oo. Hence
det(1 — AT) has infinite radius of convergence. By taking r — oo in Lemma 2.2.2, we obtain
the identity det(1 — AT) = exp,(— > o, Tr (A*) T%/s). O
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2.3 Meromorphicity

Let f(Xq,...,X,) € F [Xy,...,X,]. We want to prove that Z(H;/F,;T) € Z[[T] C Q[[T]] is p-
adic meromorphic, i.e. a quotient of two power series in Q[[T]] with infinite radius of convergence.
First consider

=\ N!T*
Z'(H;JF,:T) := 5
/8 = e (250,

where Ny = #{(z1, 22, ... ,2,) € Af

f(z1,29,...,2,) =0 and z; # 0 for all i}.
Lemma 2.3.1. Z'(H;/F,;T) is p-adic meromorphic.

Proof. Fix s € N and let ¢ = p”. If t denotes the Teichmiiller representative of a € IFys, then by
Lemma 2.1.2 the pth root of 1 given by € has a p-adic analytic formula

e =0(T)O () O(t) ... 0t ).

Suppose u € F .. For some x € Fs such that Traz # 0,

§ : 6Tru — § : 6T&“(u+x) _ ETrac § 6’I‘ru _ G’I‘rz § eTru’

u€lF s u+r€R s u+r€lF s u€lF s
Z ¢r(zow) — Z € =0 since Tra #0.
zo€EFRgs u€lF s
When u € Fgs,
Z Tr(aou) _ 0, ifuely ‘
zoys ¢, fu=0

Subtracting the o = 0 term gives

Z ETF($0U) _ {—1, if u e ]F;s '
By} ¢ —1, ifu=0

Applying to u = f(xy,...,2,) and summing over all xq,...,z, € qus gives

SO M) - N - 1)+ (¢ = 1) = N (=1) = ¢°NL = (" = 1)",

Replace the coefficients in X f(Xy,...,X,) € Fy[Xo, X1, ..., X,] by their Teichmiiller represen-
tatives to get Zfil a; X" € Q[Xg, X1, ..., X,], where afr = a; and X" denotes X" X" ... X Win
w; = (Wi, Wit - - ., Wi). We have

qué — (qs _ 1)” + Z €Tr(500f(l‘1 ..... .rn))
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—1

Let G(Xo,...,X,) = Hfil O (a; X)) O (a? XP¥i) ... 0 (a}.’ XpPl““) € R since R' is closed

7

under multiplication and © (afjle r _1wi> € R' by Remark 5. We compute

N = (¢ —1)" + > G(2)G(zDG(z7) ... Gz

= (¢ = 1"+ (¢ — )" Tr(¥*) by Lemma 2.2.1

_ Z( ) Jigen=) +Tr(\1,s)nz+1 (”JZF 1)(_1)iqs(n+1i)

=0
SO
" /n an n+1 (n—i)
N = -1 i, s(n—i—1) Tr (s -1 i _s(n—i
=3 () e e 3 (M ) e,
and
— N!T*
(Hf/FtI?T) XDy <Z s >
s=1
n o n (_1)zqs(n i— 1 n+l oo TL+ 1 )z s(n—1) Tl"(\I/S)TS
:4pm(zc> : megj :
=0 s=1 s=1

=[Ja-¢ ') D Hdet 1— A(g"= )0 (),

where A is the matrix of ¥. By Lemma 2.2.3, each term on the right is a p-adic entire function.
O

Remark 5. If O(T) = Y7 a,T", we have ©(aX") =Y a,a"X"" =3 _  g,X", where
Gv = Gppa™ if w | v. Since ord, a, > n/(p—1), for any a with |al, <1 ord, g, > |w|/|v|(p — 1).

Theorem 2.3.2. Z(H;/F,;T) € Z[[T]] C Q[[T]] is p-adic meromorphic.

Proof. Prove by induction on the number of variables n. Note that n — 1 is the dimension of
the hypersurface H.

If n =0, it is trivial since Hy = .

Suppose the theorem holds for 1,...,n — 1. From Lemma 2.3.1, we have that Z'(H;/F,;T)
is p-adic meromorphic. We have

Z(Hyp[Fy;T) = Z'(Hy [Fq; T) exp (Z w) :

where exp (D, (N, — N.)T*%/s) is the zeta function for H = U}, H;, a disjoint union of H;
defined by f(Xi,Xs,...,X,)=0and X; =0.

[12(H/FeT)  T1Z(H:0H, 0 Py T)
[[Z(H, N H;JF,; T) [ Z(H;, N H; N Hy O H/F;T)

Z(H/Fy;T) =
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where products in the expression on the right runs through zeta functions of intersections of
distinct H;. The H; have dimension less than n—1, and so do their intersections. By the induction
assumption, the zeta functions in the expression are all meromorphic, so Z(H/F,;T) as a finite
product of such functions, is meromorphic too. Hence Z(Hy/F;T) == Z'(Hy /F; T)Z(H/F,; T)
is also meromorphic. O

2.4 Rationality of the Zeta Function of Affine Hypersur-
faces

Lemma 2.4.1 (rationality criterion). Let K be a field and let F(T) =Y > a;T" € K[[T]]. For
m,s >0, let Agm = {@stivjto<ij<m and Ny, = det(As,,). If there exist integers m > 0 and S
such that Ny, = 0 whenever s > S, then F(T') = P(T)/Q(T) for some P(T),Q(T) € K[T].

Proof. Pick m minimal such that there exists some S such that N, ,, = 0 for s > S. Denote the
(i + 1)th row of As,, by r;.

Suppose for a contradiction that Ng,,—1 = 0 for some s > S. Then there exist a linear
combination of rg,rq,...,r,,_1, expressed as agrg + airy + -+ + @, 1T,m—1 such that the first
m entries become 0. Let k& be minimal with oy # 0. In A, replace the (k + 1)th row r, with
r, + Oékjl(ak+1rk+1 + - 4 Qp_1rm_1) to get a new matrix

Qs Asy1 - -- Qstm
As41 As42 s Asym+1
Asm = {stirslocijem = | o 0 B ;
as—i—m &s+m+1 v ds+2m
the determinant remains the same, and now the (k + 1)th row is (0,...,0, /).

If £ > 0, ASJFLm_l has a row of 0, so Ngy1m1 = 0. If k =0, - det(AerLm_l) =
BNss1m—1= Ngm = 0 50 Ngy1m—1 = 0, otherwise 8 = 0, then ASJFLm_l has a row of 0, which
implies Ngi1m-1 = 0.

By induction, Ny ,,—1 = 0 for any s’ > s, which contradicts the minimality of m. Hence, we
have shown that N ,,_; # 0 for all s > S.

Since N, = 0, there exist u = (U, Up_1, - - -, up)” such that Ag,,u = 0. For any s > S,
Nsm = 0and Ng,,—1 # 0, so r,, is a linear combination of rg,ry,...,rp_1. If A;_1,,u=0, we
have rpu =rou=--- =r,_u =0, r,, is a linear combination of ro,r{,...,r,,_1 so r,,u = 0,

then A,,,u = 0. By induction, for any s > S, we have A,,,u =0, i.e.
sl + Asi1Upm—1 + -+ + Asimuo =0 forall s > .5,

which implies (37" w; X?) (3o, a;X") is a polynomial of degree < S + m. O

i=1

By bounding N ,, with the p-adic norm and the Euclidean norm, and observing that they
cannot both be small for large enough s, we can show that Z(T') satisfies the criterion above,
hence is rational.
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Theorem 2.4.2. Z(H;/F,;T) is a rational function.

Proof. Write Z(T') = Z(Hy/F,;T). By Theorem 2.3.2, Z(T) is meromorphic, so we have Z(T') =
A(T)/B(T) for some p-adic entire functions A(T) and B(T). Take R = ¢** and apply the p-adic
Weierstrass Preparation Theorem (Theorem 1.2.7) to B(T'), so B(T') = P(T)/G(T), where P(T)
is a polynomial and G(T') converges on D(R).

Let F(T) = A(T)G(T), so F(T) = P(T)Z(T). Let Z(T) = Y i2,aT" € 1+ TZ[[T]],
F(T)=Y2bT" € 1+TQT]) and P(T) =Y ;_ diT" € 1+ TQ[T]. Let m = 2e, let

Qg a5+1 e a5+m
As41 Asy2 coe Osypmid
As,m - {as—H’—i—j}OSi,jSm = . .
Qs4+m As4m+1 - -- As42m

and Ny, = det(As ).

By Lemma 1.3.2, |a;|« < ¢, so all entries in A, are less than ¢"
’Ns,m|oo < (m + 1)!qn(s+2m)(m+1)_
Now equate coefficients in F'(T') = P(T)Z(T),

s+2m
( ), hence

bj—i—e = Gjte + dlaj—i—e—l +---+ dea'j'
Let ¢; denote the ith column in A, ,,. For 0 < j < e, replace each (j + e)th column c;,. with
Cjte + d1Cjpe—1 + -+ - + deCy,

so that the new matrix has entries asy;1; in the first e columns and entries bs;;4; in the last
e + 1 columns,

Qg Asi1  -or  Qgre—1 bsie oo bsim
(541 As42 s Aste—1 bs+e see bs+m
As+m Astm4+1 - Osdmte—1 bs+m+e SR bs—l—Zm

The new matrix has the same determinant N;,,. F(T') converges on D(R) so for sufficiently
large i, we have |b;|, < R~ = ¢~?". Also, a; € Z, so |a;|, < 1. Then

| Nomlp < (maxj§s+e\bj|p)e+1 < g Ilstreer]) o mns(m+2)
Multiplying the estimates,
[Nemlp| Nomloo < (m 4 1)lgnr2mmtlmnsmt2) (5 4 1)lgnGmimth=),
so we can pick large enough s such that
| Ngn|pl Nomloo < 1.

But a; € Z so N, € Z, hence we must have N ,, = 0 for s sufficiently large. By Lemma 2.4.1,
Z(T) is a rational function. O

We have proved the rationality of zeta functions of affine hypersurfaces. Now Dwork’s theo-
rem follows from Remarks 3 and 2.

Theorem 2.4.3 (Dwork). The zeta function of any affine or projective variety is a rational
function.



Chapter 3

Monsky-Washnitzer Cohomology

It was believed that some cohomology theory would prove the Weil conjectures because co-
homology can be used to count fixed points and points in a finite field F, are fixed by the
g-Frobenius. Although Dwork’s proof did not involve cohomology, it inspired the construction
of Monsky-Washnitzer cohomology. In 1971, Monsky proved the Lefschetz fixed point formula

n

#X(Fpe) =) (1) Tr ((¢"F')" Hyw (X/K))

=0

where Hiy;,(X/K) are Monsky-Washnitzer cohomology groups. In this chapter, we will fo-
cus on Monsky-Washnitzer cohomology, so we will henceforth omit the subscripts and write
HY(X/K) := Hi;,(X/K). A consequence is

Z(X[Fy;T) = [[det (1 - Tq"F Hi(x/K))

The idea was that if H(X/K) are finite-dimensional, then this would provide a proof for the
rationality of the zeta function. This was later proved by Berthelot [Ber97].

In this chapter, the background on affinoid algebra and Tate’s Theorem are based on the
first four chapters of [FvdP04]. The proof of the Lefschetz fixed point formula presented here
is the refined proof by van der Put in [vdP86], which is also given in Chapter 7.6 of [FvdP04].
The original proof by Monsky can be found in [Mon71].

3.1 Discrete Valuation Rings

Definition 3.1.1 (discrete valuation). Let K be a field. A discrete valuation of K is a map
v: K\ {0} = Z such that for all z,y € K, x,y # 0,

(1), v(zy) =v(z) +v(y),
(2). v(z+y) > min(v(z),v(y)).

A non-Archimedean norm on K is defined by firing some 0 < p < 1 and setting |z| = p~>®).
K is a discrete valuation field if it is equipped with a discrete valuation. Its ring of integers
R:={ae€ K ||a| <1} ={z € K |v(z) > 0} is a discrete valuation ring, with mazimal ideal
m:={a € K | |a| <1}. The residue field of K is k = R/m.

15
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A discrete valuation and its corresponding non-Archimedean norm are generalisations of the
p-adic order and p-adic norm, respectively. If K was taken to be Q,, the valuation ring R would
be Z,, m would be the ideal pZ, and the residue field would be k& = F,,.

Throughout this chapter, K will denote a field with non-Archimedean norm, which we will
denote as | - |.

Definition 3.1.2 (spectrum of a ring). The spectrum of a ring R, denoted Spec(R), is the set
of all prime ideals of R. The maximal spectrum of a ring R, denoted Sp(R), is the set of all
mazimal ideals of R.

3.2 Tate’s Theorem

Definition 3.2.1 (G-topologies). Let X be a set. A G-topology T' on X consists of

(1). a family F of subsets of X;

(2). for each U € F, a set Cov(U) of coverings of U by elements of F;

satisfying the properties:

(1). {U} e Cov(U);

(2). ForV,U e F withV CU andU € Cov(U), {U NV |U €U} € Cov(V);

(3). IfU € F, {U;}ier € Cov(U) and U; € Cov(U;), then UieU; € Cov(U).

U € F are admissible sets and the elements of Cov(U) are admissible coverings.

Definition 3.2.2 (sheaf). A presheaf F' of abelian groups for a G-topology consists of the data:
(1).  for every admissible U, an abelian group F(U);

(2). for every inclusion U C V' of admissible sets, there is a morphism of abelian groups
py  F(V) = F(U);

satisfying the requirements:

(1). F(0)=0;

(2).  for every admissible set U, pY = id;

(3). for a sequence of admissible sets U C'V C W, pt; o pl¥ = pif.
A presheaf is a sheaf if

(1). 4f Uis an admissible set, {Vi} € Cov(U) and f € F(U) such that p, f =0 for all i, then
f=0;

(2). if PgﬁmUjfi = ngmUj i for each U;NU; # 0, then there is a unique f € F(U) with pf f = f;
for all .
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Definition 3.2.3 (Cech complex). Let S be a presheaf of abelian groups and U = {U,;}ier €

Cov(U). The Cech complex is a complex of abelian groups 0 — C° Loon Ly o &y ..., where

10y esin €1

77777

The nth cohomology group of the complex is H™(U, S) = ker(d™)/im(d"").

Definition 3.2.4 (affinoid algebra). K(X;,..., X,,) is the subring of the ring of formal power
series K[[X1,...,X,]], consisting of all power series ) co2® € K[[Xi,...,X,]] satisfying
lim|cy| = 0. An affinoid algebra is a K-algebra A of the form K(Xi,..., X,)/I for some
ideal T in K(X1,...,X,). X = Sp(A) is an affinoid space.

Definition 3.2.5 (affinoid subspaces). S € X is an affinoid subspace if there ezists a morphism
of affinoid algebras over K, ¢ : A — B such that Sp(¢)F C S € X and for every morphism
W A — C such that Sp(10)Sp(C) C S, there exists a unique morhpism of affinoid algebras over
K, 7:B — C withy =T1o0¢.

Definition 3.2.6 (rational subsets). For an affinoid algebra A over K, R C X := Sp(A) is
rational if there exists fo, ..., fs € A generating the unit ideal of A such that

R={ze X ||fi(z)] <|fo(x)] fori=1,..., s}
Definition 3.2.7. The presheaf Ox on X is defined by

Ox(R) = Al{Zy,.... Z)[(fr = foZa, ..., fs — foZs)
for any rational set R ={z € X | |fi(x)| < |fo(z)| fori=1,...,s}.

Definition 3.2.8 (very weak topology). The admissible subset of X for the very weak G-topology
are the rational subsets. A covering {R;}icr of a rational R by rational sets R; is admissible if
there exists a finite subset J C I with R = U;c s R;.

Remark 6. Lemma 4.1.3 in [FudP04] shows that it is indeed a G-topology.
Definition 3.2.9 (acyclic). Let F' be any presheaf of abelian groups on X and U an admissible
covering of X, then U is acyclic for F if H'(U, F) = F(X) and H'(U, F) =0 for all i > 0.

Theorem 3.2.10 (Tate’s acyclicity theorem). Let A be an affinoid algebra over K, M a finitely
generated A-module and U a finite covering of X = Sp(A) by affinoid subspaces, then U is
acyclic for the presheaf defined by M @4 Ox.

The theorem implies that Oy is a sheaf. Ox is called the structure sheaf of X and the global
section of the structure sheaf is the coordinate ring of its reduction to an affine variety. See
Theorem 3.2 in Chapter I of [Har77].
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3.3 Monsky-Washnitzer Cohomology

Consider a smooth affine variety X over a field k£ = I, of characteristic p > 0 with coordinate
ring A. Let R be a complete mixed characteristic discrete valuation ring with residue field k and
m the maximal ideal of R. Let K := Qt(R) be the field of fractions of R with characteristic 0.

Let m be a generator of the maximal ideal of the valuation ring R, then R/mR = k. A result
of R. Elkik shows that there exists a finitely generated smooth R-algebra B, i.e. Spec(B) is a
smooth variety, such that B/mB = A. Write B = R[Ty, ..., Tu]/(fi,- .., fm).

We want to be able to define a lift of the ¢-Frobenius, but there is no ring endomorphism
on B = R[Ty,...,T,]/(fi,..., fn) that lifts the Frobenius map on A. Naturally, we would be
looking to lift A to R(Ty,...,T,)/(f1,..., fm) instead, but this leads to another problem. Specif-
ically, Y02 p"TP"~! would integrate to Y ;- 7% which is not in R(Ty,...,T,.)/(f1,---, fm), O
the space is not closed under formal integration, then the cohomology would be larger than that
of A. Therefore, we define a slightly smaller space which excludes such elements.

Definition 3.3.1 (overconvergent elements). The subring of R{Ty,...,T,) consisting of all over-
convergent elements is denoted by

|ul

R(Ty,...,T,)" = {Z c,T" € R(Ty,...,T,) | there exists X\ > 1 such that lim |c, |\ = ()} :

A weakly convergent finitely generated (wcfg) algebra is an R-algebra of the form R{(T\, ..., T,)1/7J
for some finitely generated ideal J in R{Ty,...,T,)T.

Note that there are equivalent formulations of the overconvergent condition, as in Remark
4, resembling the space R' in Dwork’s proof. B B
Let A= R(Ty,...,T,)"/(f1,..., fm), then the ring A satisfies A/7A = A and A®zk = A.

Definition 3.3.2 (universal module of differentials). The universal module of differentials 4y,
of A over k is the A-module generated by all da for a € A, satisfying the following relations:

(1). ds=0 foralls €k;

(2). d(a+0b)=da+db foralla,b e A;

(3). d(ab) = adb + bda for all a,b € A.

The k-linear map d : A — Qi 1s the differentiation map.

Definition 3.3.3 (de Rham cohomology). Suppose A = R(Ty,..., T\ /(f1,..., fm), then the
module of differentials is defined by

- . (g o 9
D'(A) == (AdT\ +--- + AdT,,) / (;;A (6T1 dly + -+ aTndT”)> :

The de Rham complex D*(A) is
0 A% DIA) L DXA) > ...

where D'(A) = N'D'(A) and d' is exterior differentiation. Since kerd'/imd'~" only depends on
the k-algebra A, we can define the ith cohomology group of the complex

H'(X/R) := H(A/R) := H.p(A) =kerd'/imd "
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Definition 3.3.4 (Monsky-Washnitzer cohomology). The Monsky- Washnitzer cohomology groups
are the cohomology groups of the complex D*(X) = D*(A) ®r K,

HY (X/K):= H(A/K):= H(A/R) ®r K.

R(Ty,...T,) satisfies Weierstrass preparation and division, so R(T},...T,)" is Noetherian
and flat over R[T},...,T,].

The module D'(A) @z A = Q4 /k 18 projective, i.e. direct sum of free modules, and its rank
equals the dimension d of A. By flatness of A, D*(A) is also projective of rank d.

3.4 The Lefschetz Fixed Point Formula

The Lefschetz fixed point formula for Monsky-Washnitzer cohomology is given by

n

#X(Fp)=> (-1)'Tr ((¢"F,")", H(X/K)) .

1=0

Note that it suffices to prove it for the case s = 1. Suppose the formula holds when s = 1.
Let F, be a lift of the ¢-Frobenius, then F? is a lift of the ¢*-Frobenius. By considering ¢* instead
of ¢ we have

n n

#X(Fp) =) (=)' Tr ((¢)"(F2) 7 HI(X/K)) = ) (=1 Te ((¢"FY)* HU(X/K))

1=0 i=0

Definition 3.4.1 (nuclear map). Let M be a vector space over K. Consider a K-linear map
L: M — M. Let K% be the algebraic closure of K. A non-zero element A\ € K% is an
eigenvalue of L if its minimum polynomial g € KI[T| has the property ker (g(L), M) # 0. L is
nuclear if

(1). for any eigenvalue \ # 0 with minimum polynomial g € K[T|, there exists a direct sum
decomposition M = A @ B such that A and B are invariant under L; g(L) is bijective on
A and B = Uy,>1 ker(g(L)™) is finite dimensional;

(2). the non-zero eigenvalues of L form a finite set or a sequence with limit 0.

A nuclear operator has a well-defined trace, which is the sum of its eigenvalues counted with
multiplicities.

Theorem 3.4.2 (Hilbert’s syzygy theorem). Any finitely generated module over the polynomial
ring k[Ty,...,T,] admits a finite free resolution.

Proof. See Chapter 19.2 in [Eis95]. O
Theorem 3.4.3. Any finitely generated R(Ty,...T,) -module admits a finite free resolution.

Proof. The reduction of the module has a finite free resolution by the Hilbert’s syzygy theorem,
which can be then lifted. See Lemma 2.7 in [Mon71] for details. O
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Definition 3.4.4 (Frobenius map). The lift of the q-Frobenius F : A — A is the homomorphism
on A that satisfies a — a? mod q for any a € A.

Definition 3.4.5 (Dwork operator). Given a wcfg R-algebra A and a lift ' @ A — A of
q-Frobenius on A, an additive operator @ : M — M on a finitely generated A-module M is
a Dwork operator if 0(F(a)m) = af(m) holds for any a € A and m € M.

Note that the definition of a Dwork operator is somewhat similar to the operator T, with
T, 0 Lg, = Lg o Ty in Dwork’s proof.

Theorem 3.4.6. Consider a wcfg R-algebra A, a lift F : A — A of the q-Frobenius on A and
a finitely generated A-module M. Any Dwork operator 0 : M — M induces a nuclear map
0 MK —>M®K.

Proof. There is a surjective homomorphism R(T},...T,)T — A and a lift of the g-Frobenius
of k[Ty,...,T,] to R(Ty,...,T,)" which induces the given F' on A, so it suffices to prove for
A=R(T,,...T).

By Theorem 3.4.3, the module M has a finite free resolution

0— M, 25 M, 2% 2% My 2% M = 0.

On each M;, we will construct Dwork operators ; such that the diagram

0 s M, =2 M, 2y 2 g > 0
QSJ/ os—ll HOJ/ el
0 o M, =2 M, 2 Sy 2 > 0
commutes. Let ey, ..., e, be a free basis of M. Since A is an F'(A)-module with free basis {T™ |

0 < u; <gqforall j} and 0y (D12, Do, F (aw) T;) = >0 > awibo (TMe;), Oy is completely
determined by {6 (T"e;) |1 <i<m, 0<wu; <gqforallj}. 6, (T"e;) can be found by setting
¢p 0 0 = 6y o ¢g. Repeating the process for My, ..., M,, we have the Dwork operators 6y, ..., 0;.

If 6y, ...,0, are nuclear, then 6 is also nuclear, hence it suffices to prove the theorem for free
modules M.
Suppose that M is a free module over A with basis ey,...,¢e,. For r > 1, let A(r) denote

the subspace of A consisting of the power series Y a,T" with lim |a, |7l = 0. A(r) is a Banach
space with respect to the norm || " a7 = max |ay|r'™!. Let M(r) = @&, A(r)e;, which is also
a Banach space.

Let > >, @uwT ™™ € A(r) where 0 < u; < g, then limy| [auw|r/™ " = 0 for any u.

A (Z Z auqueruei) = Z Z Auw TV 0 (T e;)

w u

and {6 (T%;) | 1 <i <m, 0 < u; <qforall j} has finite elements. For 1 < r < ry for
some small enough 7o, 8 (M (r)) € M (r?) and its restriction to M(r), 6} : M(r) — M (r9) is
continuous. The inclusion map 62 : M (r?) < M (r) is the uniform limit of R-linear operators

1 92
of finite rank, and so 6, = 62 o 6} : M(r) LNV (r?) < M(r) is also completely continuous.
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Serre showed in [Ser62] that the uniform limit of R-linear operators of finite rank of a Banach
space is nuclear. Thus for all » with 1 < r < 7, the map 6, is nuclear. Tr(6,) can be calcu-
lated with respect to any orthogonal basis {b, | n > 1} of M(r). If 0,(by,) = > oo Aumbm
for n > 1, then Tr(#,) = > 2, A\uu. The spaces M(r) have a common orthogonal basis
{TV; |1 <i<m, wueZ}. Hence Tr(f,) for 1 <r < ry does not depend on r and the same
holds for Tr(f") and det(1 — t6,) for 1 < r < ry. Therefore, § = lim#@, : M = U,o; M (r) — M is
also nuclear. O

Theorem 3.4.7. Let B be a wcfg algebra associated to a smooth connected affine variety over
k. Let A be the integral closure of B in a finite extension of Qt(B). Then there exists a
D* (B)-linear trace map

Sap: D*(A) = D* (B)
extending the trace map Trouay/qup) @ QL(A) — Qt (B).
Proof. The natural map D* (B) — D*(A) extends to an isomorphism
D* (B) @5 Qt(A) = D*(A) ©4 Qt(A).

See Theorem 8.1 in [MWG68].
Define the trace map

SA/B : D.(A) N DO(A) ® Qt(A) i D* (B) 5 Qt(A) ichO(B)®T1f6>2t(A)/Qt(B’)> D°* (B) Q5 Qt (B) '

It remains to show that the image of S4,p is in D* (B). See Theorem 8.3 in [MW6S]. O

Theorem 3.4.8. Let X be smooth affine and connected over k = F, with dimension n. Suppose
A, the coordinate ring of X, is smooth and finitely generated. Consider an wcfg algebra A
obtained by lifting A and a lift F': A — A of the q-Frobenius of A. Define

Sa/pa)
5

¥ D*(A) D*(F(A)) % D*(A).

Then

(1). P(F(A)m) = a(m) for a € A and m € D*(A).

Y(DY(A)) C DY(A) and ¢ commutes with the differentiation on D*(A).
Yo F is multiplication by q".

(4). Let F, and 1, denote the actions of F' and ¢ on H*(X/K) respectively. Then F, is bijective
and v, = q"F 1.

(5). Y:D*(A)® K — D*(A) ® K is nuclear. Moreover

n n

D (U (¢"FC HUX/K)) = ) (1) Te(, DI(A) @ K).

=0 i=0
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Proof. (1) and (2) follow from the definition of .

For (3), since n = dimA, ¢ = #k and Sa/pa) is D*(F(A))-linear, 1) o F' = Sy/p(a) is
multiplication by Sa/ra)(1) = [A: F(A)] = [A: A1) = ¢".

For (4), suppose Qt(A) is a Galois extension of Qt(F(A)) with group G, then every o € G
maps A onto A and o = id mod 7. It follows that o, on H*(A/K) is also the identity. Let i
denote the inclusion F'(A) — A. From io Sy pa)y =D ,cq0 : D*(A) — D*(A), it follows that
iv o (Saspay), : H(A/K) — H*(A/K) is multiplication by ¢". Hence (Sa/r(a)), and 1, are
injective. 1, o F, = ¢" holds by (3). Hence v, and F, are bijective.

If Qt(A) is not a Galois extension of Qt(F(A)), then we can work with F(A) C A C C,
where C' is the integral closure of F'(A) in a Galois extension containing Q¢(A). An analogous
argument shows that (S AJF( A))* is injective.

For (5), ¢ is nuclear on D(A) by Theorem 3.4.6 and (4). O

Theorem 3.4.9 (Lefschetz fixed point formula). Let N(A) denote the set of k-homomorphisms
A—k=F, Then

n

#N(A) = (=)' Tr (¢"F, ' H'(A/K)),

=0

where n = dim A.

Remark 7. If ¢ : A — k is a k-homomorphism, then ¢ is surjective and A/ker ¢ = k. As
ker ¢ is a maximal ideal of A, it corresponds to a point in the affine variety X = Spec(A).
Such a homomorphism is uniquely determined by the maximal ideal x € X defining the kernel,

¢(f) = f(z), so #N(A) = #X(F,).
Since ¢, = ¢"F; ! is nuclear on each H'(A/K), the sum Y,  (—1)" Tr(¢"F*, H(A/K))

can be written as L(A) := Y " (—1)" Tr(¢), D'(A) ® K), where A is a wefg algebra obtained

by lifting A. Choose elements fi,..., fs € A generating the trivial ideal (1) = A. Let
X;={x € X | fi(x) #0} and let f; € A with norm 1 be a lift of f;. Then X;; N---NX;, =

_ T
Sp (Aﬁl---ﬁa) lifts to A(1/f;, ... f;,)T. Sp(A) has a covering of {Sp (A<%> ) i=1,.. .,s}.

By Tate’s theorem, the sheaf D*( ) ® K is acyclic with respect to finite affinoid coverings, so
the Cech complex

o 1 T o 1 T
0 — ®:D <A<E>>®K%@i<jp <A<fifj>>®K—>...

has cohomology group D*(A) ® K at degree 0 and the higher degree cohomology groups are
trivial. There is an exact sequence:

T T
0—=D*(A)® K = @;D* <A<fl> ) ® K — ®i;D* <A<f-1f-> ) QK —....

L(A):ZL(Aﬁ,) =Y L(Azf) +- -

i<j

Hence it suffices to prove the formula or small enough affine subspaces, namely when N (A)=0

and when N(A) = 1. Then by induction on the size of the generating set fi, ..., f, we will have
N(A) = L(A).
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Lemma 3.4.10. If N(A) =0, then L(A) =

Proof. Let 6 : M — M be any Dwork operator. For a € A, let L, denote the multiplication on
M by a. Then 0 o Lp) = L, 0 0. Consider the commutative diagram with exact rows

0 —— ker L, s M Loy M > coker L, —— 0

A |

0 —— kerL, >y M > M > coker L, —— 0

The maps induced by fo L, and L,06 on ker(L,) and coker(L,) are 0. Eigenvalues of fo L, map to
eigenvalues of L, 06 by L, so this map is one-to-one and onto. We have Tr(foL,) = Tr(L,08) for
every a € A. Since §o L, and L, 060 are nuclear operators, Tr(6o Lp(q)—q) = Tr(0o Lpe) —0oa) =
Tr(Ly,060 — 60 L,) =0 for every a € A.

N(A) = 0 implies that the ideal in A generated by {a?—a | a € A} equals A. Then the ideal
in A generated by {F(a) —a | a € A} is also a unit ideal, so > _._, b;(F(a;) — a;) = 1 for some
a; € A, then § =37 (6o Ly,) 0 Lp(a;)—a, and Tr(6) = 0.

Putting § = 1) and M = D(A), we find that L(A) = 0. O

Lemma 3.4.11. Let A= R(Xy,..., Xp, Y)V/(fui1,- -+, fm,gY —1). There exists a residue map
Res: A(X; W@ K — (A/(X,)) ® K with the followmg properties:
(1). Res oa%L =0,

(2). every element of A(X,; )1 @ K can be written in the form - -+ ax aX , where a € A® K and
Fe AX; )V ®K,

(3). fGeAX, N OK and ZE € AQK, then G e A® K.
Proof. The completion of A with respect to the ideal (X, ..., X,,) is

A=1lmA/(Xy,.. ., Xp) = AT, ... Tu]l/(Ty — X1, ..., Thw — X)

and can be viewed as R[[Xi,...,X,]]. The derivations

A= R[[Xy,...,X,]] and they are derivations of A/R.
Let R[[X1,..., Xu]](X") denote the m-adic completion of R[[X1,..., X, ]][X;']. % ex-

no 18X,
tends in a unique continuous way. A(X 1) is a subring of R[[Xy,..., X,]](X;!) and the two

n
derivations aT coincide on A(X )T,

G € A(X; 1T can be expanded as

a?g for i = 1,...,n on A extend to

}: Gum(X1,. .., X0 1) X]" € R[[X1, .., X N(X ),

m=—0o0

where G,, € R[[Xi,...,X,_1]]. % € A implies G € R[[Xy,...,X,]] and (3) follows from
A= A OR[Y o X
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Fora € Aand k> 1,

a 0 a N 1 da P 1 O la
Xk 0x, \(k—1)Xk1 " (k—1)(k—2)X*k20X, (k— 11X, 0Xk-1
1 o*a
_|_

(k — 1)IX, OXF

Fora € A, 5 2% € (A@ K)NR[[X1,...,X,]] = A. Let G = 372, ap X% € A(X; )T @ K, then
G=F+aX,"', wherea =), —(kil)!‘z)’cT“: and
F—_ i Qg n 1 Oay, n " 1 8k_1ak
B (k—1DXF1 (k- 1)(k—2)X}20X, (k—1D!oxk1 )"
k=1

The two infinite sums converge to elements a € A ® K and F € A(X; )T ® K, and this
proves (2). The map Res is defined by Res (Xin + fTFH) =a mod X, € (A/(X,)) ® K. Res is
well defined and has the property in (1). O

Lemma 3.4.12. If N(A) = 1, then there exists f € A\{0} such that N(Aj) = L(Aj) = 1.

Proof. We can localise at a small enough neighbourhood of the k-valued point of Spec(A). By
applying suitable transformations, we can assume A has the form

A=E[Xy, .., Xolg/ (fatts - fm)s

where n = dim A, such that

(1). (0,...,0) is the only k-rational point of Spec(A);

(2). fi = X;+ terms with order > 2;

(3). Spec(A) is isomorphic to A} by the identity map restricted to the first n coordinates, so
that <a—ﬁ> is invertible in A and det ((a—ﬁ> ) =g.

05 ) ; j=n+1 0; ) j=n+1

Put A = R(Xy,..., X0, V) /(fusts -y fm, gY — 1) and define the complex C*® by the exact
sequence
0— D*(A)® K — D* (AX, ) @ K — C* — 0.
There is a well-defined degree 1 morphism 7: D*(A/(X,)) ® K — C*® mapping w to @ A dXL: in
C*, where @ € D*(A) ® K has image w in D*(A4/(X,)) ® K.
Define Res : C* — D*(A/(X,)) ® K, a morphism of complexes by defining the Res of a
g-form of D*(A(X ) @ K.

Res | > adwy, Ao Ndag, + > bidwy, A Adr,, A da,

11 < <ig<n 1< <ig—1<n

= Y Res(b)day, A+ Adr,_, Adx, € D*(A)(X,) @ K.

1< <ig_1<n
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By construction, Res o7 = 1d.
Suppose w € DI(A(X 1)) @ K satisfies Resw = 0 and dw € D7 (A) @ K. Every Resb; = 0

so b; = g)]?i for some B; € A(X, )T ® K. Put

Mo = (—]_)q_l Z Bzdl'“ VANRIERAN dmiq,p

1< <ig_1<n

then
w—dT]O: Z dldx“/\/\dxzq
1< <ig<n
Since d(w — dng) € D*(A)1 @ K, all g)‘?; € A, hence all @; € A. Then w = dny + m with

no € DIH(A(X; 1)) ® K and ), € DI(A)® K. Hence, Res : H"(C*) — H™1(D*(A/(X,))® K)
is injective so 7 o Res = id on the cohomology groups. B B B

7 induces an isomorphism on the cohomology groups, then L(Ax, ) = N(Ax, ) implies L(A) =
LA

We have N(A) = N(A/(X,)) = 1, then the formula follows by induction on the dimension
of A. O
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Chapter 4

Counting Points with Kedlaya’s
Algorithm

Kedlaya developed an algorithm in [Ked01] to count points on hyperelliptic curves by considering
the Monsky-Washnitzer cohomology of the curves. The algorithm was extended to nondegenerate
curves in [CDV06].

Here we will present Kedlaya’s algorithm, following [Ked01] and [Edi03].

Denote the unramified extension of @Q, of degree n = log,q by Q,. This extension is unique
and is obtained by adjoining the primitive (p™ — 1)th root of unity &, i.e. Q, = Q,[¢] C Q™
and equipped with the extension of the p-adic norm. Denote the ring of g-adic integers by Z,,
i.e. the ring of Witt vectors W (F,).

4.1 The Cohomology of Hyperelliptic Curves

We consider hyperelliptic curves over a field of characteristic p > 2. Let Q(z) be a polynomial
of degree d = 2g + 1 over F, without repeated roots, so that the closure in the projective plane
of the affine curve y? = Q(x) is a smooth hyperelliptic curve C' of genus g.

Note that the algorithm can be generalised to the case where deg @ is even, as shown in
[Har12].

Let C’ be the affine curve obtained from C by removing the point at infinity and the zeros
of y, i.e. points (,0) where « is root of Q. Then the coordinate ring of C” is

A=TFylo,y,y7'/(y* - Qx)).
Pick a lift Q of Q in Z,[x]. Let A= Z,[z,y,y7']/(y* — Q(z)) and let
AT =Zo(w,y,y™ )T/ (" = Q(2)) = Zy(2,y,2)/(y* — Q2),y2 — 1)

be the weak completion of A. AT can be viewed as

{ Z Sn()y"

The module of differentials of A is

DY (A" := (Aldz + Aldy + Aldz) | (AT 2ydy — Q'(x)dz) + AT (zdy + ydz)) = Aldz.

Sn € Zylz], degS, <2¢, ordy(S,) > Cn for some C' > O} .

27
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The de Rham complex D*(AT) is
0— Al % DAl = 0.

The de Rham cohomology groups H'(A/Z,) = 0 for i > 1 so we only have to consider the groups
HY(A/Z,) and H'(A/Z,). H°(A/Z,) = kerd, H'(A/Z,) = D'(A")/imd = Aldx/imd. The
Monsky-Washnitzer cohomology groups are H'(A/Q,) = H'(A/Z,) ®z, Q.

Definition 4.1.1 (hyperelliptic involution). The hyperelliptic involution is the map (z,y)
(x,—y) on C.

Definition 4.1.2 (cohomologous). If a,b have the same image in cohomology, we say a and b
are cohomologous and write a = b.

Now we look at the structure of the de Rham cohomology group H'(A/ Z,). We can consider
elements in ATdx as representatives of elements in the group, quotienting by im d.

Lemma 4.1.3. The de Rham cohomology of A splits into eigenspaces under the hyperelliptic in-
volution, a positive eigenspace HY(A/Z,)" generated by {z'dz/y* | i =0,...,2g} and a negative
eigenspace H'(A/Z,)~ generated by {x'dx/y|i=0,...,29 — 1}.

Proof. Any form in H'(A/Z,) can be written as

S Sulalydr = 3 (Sana(w) + ySns @)y QdHZ
n=—oo m=0
= io SQm_Q(QU;?(x)mdx i Z_O ng—l( x)"dx ig

where deg S, < 2g.
Consider a term R(z) := S_,(x)dz/y™ where n > 2. @
find polynomials A(x) and B(x) such that R(z) = A(z)Q(

x) has no repeated roots, so we can

(
x) + B(z)Q'(x). Since
(

B(z)\ _ B'(x)dz (s —2)B(z)dy _
d ( ysz ) - ysz ys 1 =0
and 2ydy = Q' (x)dx, we have
RE@r o e de A B@Q@dr _ Awds  2B()dy
" = (A(2)Q(z) + B(z)Q'(x)) i R A e

The first reduction relation
R(x)dx

7 (4.1)

_ 2B'(x)\ dx
can consolidate the terms to n = 1 and n = 2 terms.
Now rewriting the form,

Z Sp(z)y"dr = Ry (x)dx n Rz(x)da:‘

n=—oo
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If Ry(x) has degree m > 2g, take P(x) = 2™ %, then

d(2P(x)y) = 2P (z)ydz + 2P(x)dy = (P(2)Q'(x) + 2P'(g;)Q(g;))%”” ~ 0.
The second reduction relation is
(P(2)Q () + 2P’(m)Q(x))d§ —0. (4.2)

The term (P(z)Q'(z) 4+ 2P'(x)Q(x)) has degree m and leading term (2g + 1) + 2(m — 2g) =
2m — 2g + 1 # 0 so a suitable multiple can be subtracted from R;(x) to reduce its degree to
m — 1. Cary out this process repeatedly reduces R;(z) to degree < 2g — 1.

If deg Ry > 2g + 1, subtracting a multiple of do = Q(z)dx/y* reduces R, to degree <
deg @ — 1 = 2g. O]

Note that the basis of the de Rham cohomology of A is also a basis of the Monsky-Washnitzer
cohomology and we can view it as changing the base field from Z, to Q,.

Remark 8. Given a polynomial R(z) = royz®9+- - -+1q of degree < 2g, we can find polynomials
A(x) and B(z) with deg A < 2g and deg B < 2g + 1, such that R(z) = A(z)Q(x) + B(z)Q'(x).
Namely, write Q(z) = 229" + c9,2%9 + - - + o and define a (49 + 1) X (4g + 1) matriz with the
coefficients of Q(z) and Q'(z)

Co C1
- 2¢y
Co
Cl Cl
T= 202 ’
(29 + 1)cagia
Cog+1
C2g+1 (29 + 1)cagia
and a vector v = (rg,...,724,0,...,0). Note that columns of T are linearly independent since
Q and Q" are coprime. Find T v = (ag,...,asg_1,bo,...,bay) by solving the system of linear

equations, for example applying the Cramer’s rule, then we have A(x) = ag,12*9~1 + -+ + ag

and B(x) = bygx® + - - + by that satisfy R(z) = A(z)Q(z) + B(z)Q' ().

4.2 Consequences of the Weil Conjectures

As special case of the Weil conjectures, proved by Weil, we have for a smooth curve C' of genus
g over a finite field IFy, that

P(T)
(1—¢T)(1-T)

Z(C/Fy;T) =
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where P(T) = [[,(1 — yT) = ag,T% + agy 1T*~" + -+ + 1 € Z[T] with degree 2g. From the
power series expansion of the quotient, we can see that for any s > 0,

2g
¢ +1-H#CFp) =) o
j=1

Moreover, aja,.; = q for j = 1,...,9, |ajlee = ¢/ for j = 1,...,2g and ¢?"a; = ay, ; for
i =0,...,2g. See Theorem 5.15 and Corollary 5.16 in [Sti09]. The relationship ¢9~‘a; = asy—;
implies that it is enough to determine ay, ..., aq4.

We are interested in finding P(T') explicitly, so it would be helpful to find a bound for the
coefficients.

Theorem 4.2.1. |a;]o < (¥)¢/? <229¢972 fori=1,....g.
Proof. We have

|ai|0<>:| Z ajl"‘aji|00§ Z |aj1"‘aji

J1<<Ji J1<-<Js

= (QZg)qz/Q S 229qi/2 S 229qg/2'

Corollary 4.2.1.1 (Hasse-Weil Bound). Let C' be as above, then
g+ 1 - #C (F,)| < 29¢"%.

4.3 Applying the Lefschetz Fixed Point Formula

We can apply Lefschetz fixed point formula to compute the zeta function of C'.

Lemma 4.3.1. We have
¢ +1—#C(Fp) =Tr ((qF*—1>57 Hl(A/Qq)_) :

Proof. Let C' denote the quotient of C" under the hyperelliptic involution. Apply the Lefschetz
fixed point formula to C’ and C”’, we have the following equations

#C'(Fye) = Tr((qF), HY(A/Qy)) — Te(q' ' HY(A/Qy)), (4.3)
#C'(Fye) = Te((gF ), HO(A)Qy)") = Ta('F7 HY(A/Qy)"). (4.4)
#C(F,s) — {zeros of y over Fu.}

= #C,ans)
= Tr((qF, )", H'(A/Qy)) — Tr((¢F), H' (A/Qy)) by (4.3)
= Te((¢F, )", H(A/Qy)) — Tr((qF )", HY(A/Qy) ") — Tr((qF )", H'(A/Q,)")
since H'(A/Q,) = H'(A/Q,)” & H'(A/Q,)*
=q" = Te((qF, )", H' (A/Qy)") — Te((¢F, )" HY (A/Q,)7)
=Tr((¢F,")", HY(A/Q,)") = Tr((qF, )", H'(A/Qy)") — Tr((¢F, )", H' (A/Qy)7)
= #C'(Fys) — Tr((qFY)*, HY(A/Q,)”) by equation 4.4
=q¢° + 1 — {zeros of y over Fs} — Tr((¢F, )%, H'(A/Q,) ).
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We now have

Te((qF, "), HY(A/Q,)" Zaj,

for all s > 0, so «; are eigenvalues of ¢F, ' in H'(A/Q,)~ and g/ are eigenvalues of F,. Since
ajog.; = q, the a; are eigenvalues of F, and are the roots of the characteristic polynomial of
the matrix of F! on H*(A/Q,)~. If m is the the matrix of the Frobenius F, on H'(A/Q,)~
with respect to a basis, the characteristic polynomial x(7') of m has roots ay,...,as,. Then
the reciprocal polynomial P(T') = T?9x (1/T) is the required polynomial. By Theorem 4.2.1, we
can bound the coefficients of the characteristic polynomial. If x(T') = T 4+ a1 7?9 + - - - + ay,
then |a;|o < 229¢9/2 fori=1,...,g, so a; only have to be computed to finite p-adic digits.

4.4 Lifting the Frobenius

We can define explicitly a lift of the g-Frobenius F, on H'(A/Q,)".
Lift the p-Frobenius to an endormorphism o on A. Define o as the canonical Witt vector
Frobenius on Z, i.e. (ag,ai,...) — (af,al,...), where a; € F,. Extend this to Z,[z] by sending

x> a?, and then to satisty (y7)* = (42)7 = Q(2)7 = Q)" (4*/Q(x))” = y*Q(x)" /Q(x)?, send

Y P (%)1/2 L (1 . Q(x);(;)cg(x)p)m |

e Q(2)7 — Q)P 2 X (—1/2) (Q(2)” — Q(x)?)*
y e () =y - o) ) —%( ) .

k yp(Qk:—i-l)

1
Further extend to H'(A/Q,)~ by setting dz — pzP~ldz. Define F, = ¢'°%9, then F, is a lift of
the g-power Frobenius. B
Note that a basis for H'(A/Q,)~ is found in Lemma 4.1.3. We will compute explicitly the
action of F, with respect to this basis.

4.5 Precision

We will find (2°dx/y)?, then reduce using relations (4.1) and (4.2) to obtain a cohomologous
expression as a linear combination of the basis {z'dx/y | i = 0,...,2g — 1}. The reduction
process is equivalent to repeatedly subtracting suitable multiples of d(xty¥*) i <0, j € Z.
Precision is lost when some division by power of p is carried out in the reduction algorithm. We
will need to measure the loss of precision, to find the number of p-adic digits needed to begin
the algorithm.

Lemma 4.5.1. Let A(z) € Z,[x] be a polynomial of degree at most 2g. For some m > 0,
consider the reduction of w := A( )2 ST by (4-1),

dx dx

w:= A(x) = B(x )?—i-df

y2m+1

for some B(z) € Q,[x] with deg B <2g—1 and f = Z?_fl FQ’“,M where each deg F, < 2g, then
plesCm=UIB(1) € Z,[2].
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Proof. Let rg, ..., 79, be the roots of ) in the splitting field of @), and let Ty = (ro,0),...,To, =
(724,0) be the corresponding points on the curve y? = Q(x), then f has poles at T, . .., Ty, and
possibly at infinity. We have r; € Z, for some 7. Let R; be the completion of the local ring of
Zy |z, yl/(y? — Q(x)) at Ty, i.e. the localisation of Zg [z, y]/(y? — Q(x)) with respect to the ideal
{f € Zyz,y]| f(r;,0) = 0}, then the maximal ideal of R; is generated by y. x can be written
as a power series in y with integral coefficients, so R; = Z,[[y]].

Let K; = Qt(R;). The image of df in the module of differentials D'(K;/Z,) can be written

as
m—1

Z aixdy

2k+2°
k=—o0 Yy
where a;;, € Zg for k> —1 since they coincide with the corresponding coefficients in the
expansion of w. The map d commutes with the passage to the completed local ring R;, so the
image of f in K, is

m—1

Y. G
= (2]{5 + 1)y2k+1‘

Now f — ZZZ;H 5§T(ﬂ = f;:_l ;“k(ﬁ has a pole of order at most 2j + 1 at each T}, and its image
in K; is 5;5?3 + ...

Take n = pll°&»C@m=V] then na;,/(2k + 1) is integral for i = 0,...,2g and k = —1,0,...,m —
1. Now nF,,_1(r;) = —na;m-1/(2m — 1) is integral for i = 0,...,2¢, and since the r; are
distinct mod p, nF,,_i(x) is integral. Apply the same argument to nf —nk,,_1(z), nF,_o(z) =
—NG;im—2/(2m — 3) is integral and so on. Hence nf is integral so nB(z) is integral. O

Lemma 4.5.2. Let A(x) € Z,[x] of degree at most 2g. For some m > 0, consider the reduction
by (4.2),

d d

w = Ay = Ba)™ + df,
Yy Y

for some B(x) € Q,[z] with deg B < 29 — 1 and f = Cy*™*' + 30" F(x)y**+' where C € Q,

and each deg F}, < 2g, then ploer@@m+D)I B(7) € 7, [x].

Proof. Consider the local ring at infinity. We can apply a birational transformation (z,y) —
(z,w) = (29/y,1/y), then the point at infinity is mapped to (0,0). x and y can be expressed
as power series in z. Let v, denote the valuation at the unique pole oo of y, i.e., the order
of z in the power series in z, then vo(z) = —2, v5o(y) = —d since y? = Q(z) and degQ = d.
Voo (dx) = =3, Vo (dz/y) = d — 3, Voo (f) > min{—d(2m+1), —2(2g) —d(2m —1)} = —d(2m+1)
and voo(B(x)dx/y) > —2(2g — 1)+ (d —3) = —d + 1.

The hyperelliptic involution maps z to —z. Since vy (df) > —d(2m + 1) — 1, the image of df

g apztdz,

k>—d(2m+1)—1

where a; = 0 if k is odd. We have vy (B(x)dz/y) > —d + 1, so ai, € Zy for k < —d since they
correspond to the coefficients in the expansion of w. The image of f is

18

yooee
E+1°

k>—d(2m+1)—1
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Take n = plloge@@m+V) " then nay/(k+ 1) € Z, if k < —d. As ve(2'y’) are distinct and
< —dfor0<i<dandj>0, fis integral. O

Since we only need to find ai,...,a, and |a;le < 2%¢9% for i = 1,...,g, it suffices to
compute the action of F, on a suitable basis of H'(A/Q,)~ modulo p" for some N such that
pY >2(2%¢9/), ie. N > gn/2+ (29 + 1)log, 2, where n = log,g.

Let pE(z) := Q(x)? — Q(x)? and d = deg Q = 2¢g + 1. The action of the p-Frobenius o on
differentials z'dz/y for i =0,...,2g — 1,

(xid$)0 B prPtr=1dy <1 N pE(x)>1/2 B i (_1/2) PP B (1) kg
o 2 o 2k+1
1Y yp Y P — k yp( +1)

Note that deg ¥ < pd — 1.
For fixed i and k, write

(p(2k+1)~1)/2

—1/2\ 2P LE(z)*dx dx
< k ) yph+1) = Z Am(m)y2m+l’

where deg A,, < 2¢ and

p(2k+1) —1 ip+p—1+kdegk
c:= -1 |
2 d
Since
ip+p—1+kdegE<(d—2)p+p—1+k(pd—1)
d - d
1 1 1
( d)p d+k(p d)<(/f+ )P,
we have
p(2k+1) — 1 p(2k +1)+1 1
ex PRI ZL (g = PEEDEL iy = L)

The reduction of m > 0 terms by (4.1) is integral upon multiplication by pl°sPCk+D=2)] 1y
Lemma 4.5.1. Since

(—2c+1)d < (—2 (%(1—;))) +l>d—pd,

the reduction of m < 0 terms by (4.2) is integral upon multiplication by pl°&®d) by Lemma
4.5.2.
We have the reduction

—1/2\ PP E(z)*dx B(x)d—x,
L P21 Y

where deg B(x) < 2g — 1.

The reduction of (~}/?) 222 B g divisible by pt1-me{lios, (k1) -2 los, ()1} e

only have to consider terms up k£ = M — 1, where M is the smallest integer such that M —
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max{|log,(2M +1-2/p)], [log,d|} > N and the other terms will not contribute to the reduction
modulo p". Note that |log,(2M +1—2/p)| = [log,(2M —1)] since p is odd, so M is the smallest
integer such that M — max{|log,(2M — 1)/, |log,d]} > N.

We have min{k — max{|[log,(2k —1)], [log,d]} | kK > 0} = —[log, d] so the matrix of o with
respect to the Z,-basis {z'dz/y | i =0,...,2g — 1} does not necessarily have coefficients in Z,.
We will need extra precision of [log,(2g — 1)] by [Edi03].

Hence, to get N significant digits after reduction, we need to start with precision

Ny = N + max{[log,(2M — 1 —2/p)], [log,d]} + 1 + [log,(2g — 1)]
= N 4 max{|log,(2M — 3)], [log, d]} + 1 + [log,(2g — 1)].

Remark 9. Alternatively, we could take a basis on which the matrixz has integral entries. The
existence of such a basis is shown in [Edi03]. Namely, let = = x9/y, any basis of the submodule
of the Zy-span of {z'dx/y | i =0,...,2g9 — 1} whose z-adic expansions can be integrated over Z,
gives an integral matriz.

Remark 10. min{k — max{|log,(2k — 1)], [log,d|} | K > 0} = —[log,d| = 0 if p > d so the
matriz 1s always integral if p > d. It was shown in [Har12] that if p < d, using an alternative
basis {z'dx/y* | i =0,...,29 — 1} of H'(A/Q,)~ instead will guarantee an integral matriz.

Remark 11. For some small ¢ and d, namely, at least for ¢ < 17 and d < 25, max{|log,(2M —
3)], [log, d|} = [log,(2M — 3)]. Specifically, when ¢ <13, and if 2M — 3 < d, i.e. M < g+1,

M —max{|log,(2M —1)], [log,d|} > N = [gn/2+ (29 + 1) log, 2],

g+1>M > max{|log,(2M — 1)], [log, d|} + [gn/2 + (2g + 1) log,, 2]
> |log, (max{2M — 1,29+ 1}]) + [g/2 + (2g + 1) log,, 2]
= [log,(29 +1)| + [g/2 + (29 + 1) log;3 2] since 2M —1 < 2g + 1
> [log,(29+ 1) +g+1 since p <13,

which is only possible if log, (29 + 1) < 1. By checking the remaining cases, we see that in
fact 2M — 3 > d always holds for ¢ < 13 so the formula giving N1 can be simplified as Ny =
N + [log,(2M — 3)] + 1 + [log,(2g — 1)|. The function adjusted_prec(p,prec) in Sage uses
the formula Ny = N + [log,(2M — 3)] + 1, which should hold when 2g —1 < q =p < 13.

Remark 12. If we start with a curve C': y? = Q(z) over Q, we have to make sure it has good

reduction modulo p, i.e. its reduction Q has no repeated roots over F, so that y* = Q(x) defines
a smooth curve. This can be done by checking the p does not divide the discriminant of Q.

Remark 13. There were problems in the original precision estimate in [Ked01], which were
pointed out by Edixhoven and corrections were made in the corresponding errata. The corrections
were explained in [Edi03] but the formula stated for Ny was inaccurate. For example, we consider
the elliptic curve y* = x® + x + 1 with prime p = 5. We need to obtain the matriz modulo 5.
The formula in [Edi03] would give Ny = 2. If we carry out the computation with a precision of
2 digits, we would obtain the matrix

(105 ;2) mod 5%
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However, if we compute with a precision of 3 digits, the resulting matrix would be

0 18 9
(15 22) mod 5°.

This shows that it is not sufficient to use 2 digits in the computation. This example is explained
in Section 4.7. Therefore, instead of restating the formulae in [Edi03], the formulae here were
deduced following the idea in [Edi03].

4.6 Kedlaya’s Algorithm

4.6.1 Initialisation

Let N := [gn/2 + (29 + 1)log, 2]; this is the precision required to recover the characteristic
polynomial of Frobenius. Let M be the smallest integer such that

M —max{|log,(2M — 1)], [log,d]} > N,
which is the number of terms to be computed in the expansion of (z'dz/y)°. Then
Ny = N + max{|[log,(2M — 3)], [log,d]} + 1 + [log, (29 — 1)]

is the precision to begin as required by the reduction algorithm.

4.6.2 Computing the Frobenius on Differentials

Compute the action of the Frobenius on H'(A/Q,)~. Compute the reduction of (z'dz/y)° for
i=0,...,29 — 1 up to modulo p™, i.e. with precision of N; digits.
For each fixed 1,

vidr\” = (—1/2\ pFHlar e B (r)d MY ) da o
y - g L yP(k+D) +eoe= Zo y2itl mod p
— j:

where Fj are polynomials and deg F; < 2g for j > 1.

Remark 14. In practice, to avoid any loss in precision during the reduction, the sum is first
coerced into an expression over Z, then the reduction is carried out over Q. There is no need
to keep track of the precision during the reduction, since we know that the expression after the
reduction will be correct modulo pV by the precision estimates.

Let K := (p(2M — 1) —1)/2. Set Sk (x) = Fx(z) and compute a series of polynomials Sy (x)
inductively for k = K — 1, K — 2,...,0. Given Si;1(x), find polynomials A1 and By such
that Ap1Q + Byy1Q' = Sk, then set Sy(x) = Fi(x) + Apa () +2B;,,(x)/(2k +1). Note that
2B;.,/(2k + 1) denotes any polynomial over Z,/(p*) which when multiplied by 2k + 1 gives
2B, ;. By the reduction relation (4.1),

Sy(x)dx
2kl

= (Fk(az) + g () + 2B;'€+1<I)> ydx _ Fu(z)dx  Spyi(x)dx

ok + 1 2k+1 — Y2kt y2h+3
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- Fij(x)dr  Sk(x)dz = Sj(z)dr  Sji(x)dr  So(z)dx
Z y2i+1 = 2K+ JFZ y2i+1 o y2i+3 - y

(x'dz/y)? can be reduced to (Sy(z))dz/y.

By construction, Fy can have degree up to 2pg—1 so Sy can have degree up to 2pg—1. Reduce
Sp using the relation (4.2) 28 71Q'(z) +2(k—1)z*2Q(x) for k = deg Sy—2g+1,deg Sp—2g, ..., 1,
obtaining G(x) with degree < 2g. Then (z'dx/y)? is cohomologous to G(x)dz/y mod pV.

4.6.3 Computing the Characteristic Polynomial

We have (z'dz/y)° reduced in the form G;(x)dx/y where degG; < 2g —1fori=0,...,2g — 1.
Write G;(z) in the form 377, " a;x?, each a;; is computed up to modulo pV. Extract the matrix
m = {aij}?g;(l). m approximates the action of o on H'(A/Z,)~. Compute m’ = m". Determine
the characteristic polynomial of m/, det(T -id — m’) = T* + s T* 1 + -+ + ¢y, € Z,[T).

Now we recover the characteristic polynomial of the Frobenius from the first g coefficients.
For 1 <i < g, let a; be the unique integer with |a;| < 229¢9/2 such that a; = ¢; mod p". For g <
i < 2g, let a; := ¢"Yag,—;. Then the characteristic polynomial is x(7) = T? +a;T?9 '+ - -+ ay,
and the numerator of the zeta function is the reciprocal polynomial P(T) = T (1/T).

4.7 Explicit Example

Let us apply the algorithm to an example.

Let Q(z) := 23+ 2 + 1 and consider the elliptic curve C' : y?> = Q(z) and prime p = 5. Q
has discriminant —31, which is not divisible by 5, so it has no repeated roots modulo 5, i.e. C
has good reduction at 5.

C has genus g = 1, the precision required to recover the characteristic polynomial of the
Frobenius is N = 2 and the number of terms to be considered in the series expansion of (z'dz/y)°
is M = 3. N; = 3 is the precision required for the computation. See Appendix for the step-by-
step implementation in Sage.

We have

y yis e Yyl Y9 Y7
7022 + 702+ 25 5

+ x—|—5ac+ —l——f)da: mod 5%,
) )

(dm) 7 250450 7522 +1002 +25 5022 + 502 + 100 75 +50 502 + 50z
— ) = ( + + + +

xdr\° 10022 + 100z + 75 2522 + 50z + 75 5022 + 100x + 100 2522 + 75z + 75
] = < Y15 - y13 T Yyl - Y0
7522 +100  852% +90x + 50 1522+ 30x +85  5x® + 652 + 65
7 - 5 + 3 -
Y ) Y )

)d:p mod 5.

First consider the reduction of (dx/y)?. Let Fy be the polynomial in the term Fy(z)dz /y**+1,
then compute the sequence Sy for k =7,6,...,0.

Set S7(x) := Fy(z) = 25x 4+ 50, and find Sk(z) for each k = 6,5,...,0. Find polynomials
Aps1, Brgr such that Ay Q + By Q' = Sk and set Sp(w) == Fj + Apn +28;,,/(2k + 1),
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7 25x + 50 25x + 50 2bx 7522 + 50 53

6 || 752% + 100z + 25 | 752 + 100z + 25 | 75z + 100 | 10022 + 50z + 50 53

5 || 5022 + 502 + 100 | 5022 + 252 + 50 | 75z + 50 10022 + 25z 53

4 75x + 50 50 100z + 100 | 5022 + 50x + 75 53

3 5022 4 50z 5022 + 25 100z + 100 | 5022 + 50z + 50 53

2| 702?470z +25 | 7022+ 10z +20 | 5z + 20 1522 + 10z 52

1 5x 5r + 10 5x 1522 + 10 52

0 0 15z 52

We have .
(d_:c) = 15xd—x mod 5.
Yy Yy
Now reduce (zdzx/y)°.
7 || 1002% + 1002 + 75 | 10022 + 1002 + 75 | 752 + 100 | 1002% + 50z + 100 53
6| 25x%+50x + 75 2522 + 50z 75 100z + 50 53
5 | 5022 4+ 100z + 100 5022 + 1002 25 75x + 100 53
4| 252%+ 75x + 75 2532 + THx + 75 75z 10022 + 75 53
3 7522 + 100 7522 + 252 + 100 | 75z + 50 | 10022 + 25z + 50 53
2| 8522 + 90x + 50 8522 + 20x + 10 20x 1022 + 10 52
1| 15224 302 + 85 1522 + 5z + 10 20z + 15 | 1022 + 20z + 20 52
0 523+ 65z +65 53 + 20 52
and Y
<@) = (52° + 20)d—x mod 5°.
Yy Yy

We still have to reduce the term 5z*dz/y in (xdz/y)°.

37

The relation d(2xy) = (2Q'(x) +2Q)dx/y gives (52*+3x+2)dr/y =0 mod 53. Subtracting

from (5z® + 20)dx/y, we get
(%) = (22z + 18)% mod 5%

We obtain the matrix of the Frobenius with respect to the basis {dz/y, zdz/y}:

(0 18 9
m—(15 22) mod 5°.

The characteristic polynomial of the matrix is
x(t) =t*+3t+5 mod 5%
The coefficients of the polynomial in the numerator of the zeta function are bounded by
22019/2 — 4 x 5Y/? < 9,
so we do not have to adjust by multiples of 52. We have

572 +3T + 1
(1-T)(1-5T)

Z(C/Fs5T) =
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Chapter 5

Counting Points in Average Polynomial
Time

To gather data more efficiently for the generalised Sato-Tate conjecture for abelian varieties,
which relates to the distributions of the numerator of the zeta function of curves modulo primes,
modifications to Kedlaya’s algorithm can be helpful. We would like to compute the matrix of
Frobenius more quickly for a fixed curve and large primes p.

Harvey presented an optimisation of Kedlaya’s algorithm, which is more efficient for fixed
g and large p in [Har07]. In [Harl4], Harvey further developed an algorithm to compute the
zeta function simultaneously for all primes p < N given ) and a fixed integer N, in average
polynomial time. We will present this algorithm here. Computations were done using this
algorithm by Harvey and Sutherland [HS14], producing substantial results.

5.1 Setup

We begin with a hyperelliptic curve C' : y*> = Q(z) over Q. Take C’ by removing the point at
infinity and the Weierstrass points. The coordinate ring is A = Q[z,y,y7']/(y*> — Q(z)). Let
Q := D'(A), Q" the negative eigenspace under the hyperelliptic involution. We will keep track of
p by denoting A, = Z,[z,y,y~']/(y* - Q(x)), A} = Zy(2,y,y")T/(y* - Q(x)), @, := D'(A}) and
), the negative eigenspace. There is a natural map 0~ — 2. 0, is the lift of the p-Frobenius

on 2.
p
In Kedlaya’s algorithm, we compute the action of o, in Q. /d(A}) with respect to the basis
{a'dx/y|i=0,...,2g—1}. Here, we use the same basis, but we view o,(z'dz/y) as elements in

Q™ by truncating the series expansion of o, (z'dz/y), since we only require finite p-adic precision.
Then the reduction is done in Q7 /d(A).
A different series expression is considered so that the number of terms does not depend on

p.

Lemma 5.1.1. Let 1 > 1 and assume that p > (2u — 1)(29 + 1). Let C;, € Z such that
Qz) =PI ¢ 4. For 0 < j < p, let

= :i;—wj*’“(_lf) ()=l

39
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For a,b < 1, with b odd, let U;’b denote the reduction of xP* "ty P*ldx/y in Q. Then for
0<1< 2g,

id p—1 (2g+1) | |
Tp (—) = Z Z pa;Ci U H27H mod p# in Q).

y j=0 r=0

Proof. Let pE(x) := Q(z)” — Q(z)?. Recall

ridr —1/2\ pFHlaPtr-l B (x)kdy A
Tp ( Y ) - Z ( k ) yp(h+1) mod p

k=0

where M is the smallest integer such that M —|[log,(2M —1)] > pand Ny = p+|log,(2M —3)]+1
We have M = pand Ny = pu+1, so

7 pl pEHLgiptr— k
( da:) ( 1/2) =l B(x)kdx mod p.
0

2k+1
. yp( )

We compute

— (—1/2\ pPtrH(Q(x)” — y??)rda
- k yp(2k+1)

=

b
Il

=
|

pn—1 k
—1/2\ pzr Pt k o, 2p(k—7)
-3 ()5 2 () oyt s
k=0 7=0
p—1 pip—1 (2g+1)j 7
1\ AR
- ( k )yp(2k+1) (=1 j Z Cipx" |y Vdx
k=0 7=0 r=0
(0

1/2 (29+1)j
k/ )pxwﬂ’ IZ Z J+k(> oz y_p_ijdx

70
= o
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Lemma 5.1.2. Let F,G € Z[x] be nonzero and coprime. Let m = degF, n = degG. Let
d € Z be the resultant of F and G so 6 # 0. Then there exist polynomials R;,S; € Zlx], for
0<i<m+n with FR; + GS; = dx2¢, deg R; < n and deg S; < m.
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Proof. Define a (m + n) x (m + n) matrix with entries of coefficients of F'(z) and G(x)

FO GO
oo Gy
T = : F(] GO
Fm Fl Gn Gl
F29+1 Gn

T can be viewed as a map in the space of polynomials P, x P,, — P4, given by (R,S) —
FR+ GS. Since 0 = detT by definition, applying Cramer’s rule will give us the coefficients of
the required polynomials R; and .S;. O

5.2 Reduction

We will take ¢ as the resultant of Q(x) and @’(x), which is also the discriminant of Q(x).
For s > 0 and t € Z, define a collection of Q-subspaces, denote

Wsy = {F(:L’)wsy’%da:/y | F e Qlz], degF <29} CQ,
and
W_is:= {F(x)r 'y ?dz/y | F € Qz], degF <2g, F(0)#0}
= {F(z)y *dz/y | F € Q[z], degF <2g—-1}C Q.

Note that W_; is the space spanned by {z'dz/y | i = 0,...,29 — 1}. The treatment here
differs from Kedlaya’s algorithm. The reduction in cohomology is represented by matrices
with respect the natural basis of W,;. Linear maps are applied repeatedly to reduce each
Pt =1y =PRItV gy [y € Wiyipri1)—1,(p(2j+1)—1)/2 in the expression of o, (z'dx/y) to

U;+7“+1,2j+1 € W1
A fast matrix multiplying algorithm can be adapted the to speed up the computation.

Lemma 5.2.1 (horizontal reduction). Let s > 0, t € Z and let Dy(s,t) = (29+1)(2t—1)—2s €
Z[s,t], then Dg(s,t) # 0. There exists a matrivc My € GLogi1(Z[s,t]) such that the map
Dy (s, t) ' My(s,t) reduce w € Wy to a cohomologous differential in W,_y; and the entries of
My have degree at most 1.

Proof. We have

2t -1
2

d
I‘Q/(ZL’)) $S_1y_2t§.

d($sy_2t+1) — SZL’S_ly_2t+1d.I’ _ (2t _ 1)[L’sy_2tdy — (8@(1’) .

Substitute with Q(x) = z%9*! + P(x), where P € Z[z| has degree at most 2g,
_ydr _ 25P(x) — (2t — 1)1:P’(x)$5_1 g d

s+2g _ Y .
y Dy (s,t) Y

Ty
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Let C;(s,t) be the coefficient of z* in the polynomial 2sP(z) — (2t — 1)xP'(x), then the required
matrix is

0 0 - 0 G

Dy 0 O

Mp=1 0 Dy . O,
: o0

0 --- 0 Dy Chy

]

Lemma 5.2.2 (diagonal reduction). Let s > 0, t € Z and let Dp(s,t) =2t — 1 € Z[s,t]. There
exists a matriv Mp € GLagy1(Z[s,t]) such that the map 6~ *Dp(T)*Mp(s,t) reduce w € W,
to a cohomologous differential in Ws_y 1 and the entries of Mp have degree at most 1.

Proof. For each 0 < i < 2g, there exist R;, S; € Z[z] with deg R; > 2g — 1 and deg S; > 2¢, such
that .

0r' = Ri(2)Q(x) + 5i(2)Q'(v).
s, —2t d$

) d d
5$5+1?J_2t§ = (Ri(z)Q(x) + Si(2)Q'(z))x"y ? = stz‘(ﬁ)?J—QtHg + 22°S;(z)y > dy.

A Sy () = (2°8(2)'y ™ 4 (<21 + 1275, (a)y~dy

Y
d
= (2°Si(z) + sx51Si(x))y2t+2§ — (2t — D’ S;(x)y~ Hdy
o d 1 d
st —2t yx — g( sR'($)y—2t+2§ + 2x55i(x)y_2tdy)
— 1 2*Ri(z)y oo d i 2(xSi(x) + st_lsi(x))y—2t+2d_x
) Yy 2t —1 Y
( t — DaRi(z) 4+ 255;(z) + 225(x) 251 —2t+2d_35
(2t—1) Yoy
Let Mp be the matrix such that its (i + 1)th column consist of coefficients of the polynomial
(2t — Dz Ri(z) + 25S;(x) + 225)(x). O

Let ¢o be the constant term of Q(x).

Lemma 5.2.3 (vertical reduction). Suppose cog # 0. Let s > 0, t € Z and let Dy (s,t) =2t—1 €
Z[t]. There exists a matric My € GLag1(Zs,t]) such that (cod)Dy(T) ' M,(s,t) # 0 reduce
w € Wy, to a cohomologous differential in Wy ,_1 and the entries of My have degree at most 1.

Proof. Let S; and R; be as defined in the proof of Lemma 5.2.2. Write S;(z) = h; + 2T (x),
where h; € Z,T; € Z[x],degT; < 2g — 1.

y 2 1) y
_ 2hisatTh 4 (2t — 1) Ry(x) + 25T () 4 25(x )) o4 dT
- (2t — 1)6 Y

xs+iy—2td_x _ (2t = 1DaRy(x) + 2sSi(z) + stf(m)xs Ly~2t+2 dx
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Write Q(x) = ¢o + 2P (x), where P € Z[z] with deg P > 2g.

i) = (sQe) - e/ >) oy ea

Y
2t d
= (st toPo) - 27 2aqa) oty 2t
o1 1 / s\, —22dr
= | sz — 5 (2t = 3)Q'(z) —2sP(x))z° | y m
28x571y72t+2d_$ — (2t —3)Q'(x) — 2sP(x) xsy—2t+2d_x_
Y Co )
xs+z‘y—2td_37 _ 2hisa® + 2® (2t — 1) Ry(2) + 28T (x) + Qsé(m))y—%md_x
vy o (2t = 1)0 y
hi((2t = 3)Q'(x) — 2sP(x)) + co((2t — 1) Ri(x) + 25T (x) + 25i(x)) 511247
= zy —.
(2t — 1)dco Yy
Let My be the matrix such that its (¢ + 1)th column consist of coefficients of the polynomial
hi((2t — 3)Q'(z) — 2sP(x)) + co((2t — 1) R;(x) + 28T (x) + 25/(x)). O

We say (a,b) is admissible if it satisfies the following conditions:

(1). a,b>1and b is odd;

(2). if ¢o =0, then b < 2a.
Lemma 5.2.4 (Reduction towards zero). Let (a,b) be an admissible pair and r > 1. There
exists a matriz M € GLagy1(Z) and D®® such that the map (D®*)~ M reduces a differential
w € Woar1)—1,(b(2r+1)—1)/2 to a cohomologous differential in Woa,—1)—1,(b(2r—1)—1)/2-
Proof. Let s=a(2r+1)—1and t = (b(2r+a) —1)/2. If b < 2a, perform b diagonal reductions
followed by 2a — b horizontal reductions:

(s,1)

—
(s—1,t—1)
—

(s—2a,t—b)« ...« (s—=b—1,t—b)« (s—0b,t—10)
If b > 2a, perform 2a diagonal reductions followed by b — 2a vertical reductions:

(s,1)
(s—1,t—1)
—
—
(s —2a,t — 2a)
1
(s —2a,t —2a—1)
1
!

(s —2a,t—b)
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]

Lemma 5.2.5 (Final reduction). Let (a,b) be an admissible pair. There exists a matrizc M" €
GL2y1(Z) and ngb such that the map (ng")—lMg’b reduces a differential w € Wo_1 ,—1)/2 to a
cohomologous differential in W_q 4.

Proof. If b < 2a, perform (b — 1)/2 diagonal reductions followed by a — (b — 1)/2 horizontal
reductions. If b > 2a, perform (b—1)/2—a vertical reductions followed by a diagonal reductions.
[l

5.3 The Algorithm

We say (a,b) is p-admissible if it satisfies the following conditions:
(1). a,b>1and b is odd;

2). if p | co, then b < 2q;

(2).
(3). ptd;
(4). p> (29 + 1)b+ 2a.

Note that if (a,b) is p-admissible, it is also admissible.

Let (a,b) be admissible, and let N > 3, v > 1. We can compute Ug’b modulo p¥ simultane-
ously for all p < N such that (a,b) is p-admissible.

Assume N is even, and put B = N/2.

Let MM, ..., M&" and D§’, ..., D%’ be as in Lemmas 5.2.4 and 5.2.5. Then the matrix

-1
ab __ a,b a,b a,b a,b
b= (D5 D) (Mgt Mgl )

reduces any w € W,,_1,3p-1)/2 to a cohomologous form in W_, . The coordinates of U;’b are
given by the first column of Jz‘f’b.

5.3.1 Precision

As before, we need to find the p-adic precision lost in the reduction. We consider the p-adic
valuation of D3’ .. D?z;b—l)/?

Lemma 5.3.1. We have ord, (Dg’b ..D&

(p_l)/2> < (b—1)/2 + max(0,2a — b).

Proof. The contributions from the vertical and diagonal reduction comes from the factor 2t — 1
fort =1,2,...,(bp—1)/2, 6 and ¢y do not contribute by assumptions. The integers divisible by
p are p,3p,...,(b—2)p. Since p > b, the contribution is exactly (b —1)/2.

Horizontal reduction only happens when b < 2a. The contributions come from (2¢g 4 1)(2t —
1) — 2s for a sequence of (s,t). Ast < (bp—1)/2 and s < ap—1s0 |(2g+1)(2t — 1) — 2s| < p*.
From Lemma 5.24, s=a(2r+1)—b—1—jandt = (b(2r—1)—1)/2for 1 <r < (p—1)/2
and 0 < j < 2a —0b. We have

(29 + 1)(2t — 1) — 25 = 2((2g + 1)b — 2a)r — (29 + 1)(b+2) + 2(a — b— 1 — 5)).
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Since |(2g + 1)b — 2a| < p is odd, for each j, (29 + 1)(2t — 1) — 2s divisible by p for at most one
r. The 2a — b possible values of j give contribution of at most 2a —b. From Lemma 5.2.5,t =0
and 0 <s<a—1—(b—1)/2. |(2g+1)(2t—1) —2s| < 29+ 1+2a < p so they do not contribute.

a

Hence ord, (Dg’b . D(p_l)/Q) < (b—1)/2+max(0,2a — b). O

The Weil conjectures imply that for each p, it suffices to compute the Frobenius matrix
modulo p» where N, = [g/2 4 (29 + 1) log, 2], so the bound ;= [¢/2 + (2g + 1) logs 2] works

for all p. For all p < N such that (a,b) is p-admissible, it suffices to compute Dg’b o D?I’)b_l) /2

mod p and MJP. .. M&’inm mod p* where A = p+ (b—1)/2+ max(0, 2a — b) by the precision
estimate.

5.3.2 Computing Simultaneously for all Primes p < N

Let n, A > 1 and B > 2 be integers. The reduction matrix is a product of matrices. To compute
Mg boM (2111) /2 mod p*, a matrix multiplying algorithm using an accumulating remainder tree
for matrices is adapted to compute this matrix for all primes p < 2B simultaneously.

Lemma 5.3.2. Given a sequence of matrices My, My,..., Mg 1 € GL,(Z), then we may com-
pute MoM; ... M1y mod p* for all primes 3 < p < 2B simultaneously.

Proof. Let | = [log, B|. Construct binary trees of depth [, whose nodes are indexed by the pairs
(4,7) with 0 < i <l and 0 < j < 2°. The root node is (0,0), the children of (i,7) are (i + 1,25)
and (i + 1,25 + 1) and the leaf nodes are (I, j) for 0 < j < 2.

(0,0)
(1,0) (1,1)
(2,0) (2,1) (2,2) (2,3)
1,00 (1) . (1,20 —2) (1,2 — 1)

For each node (i, j), define

B +1)B
Uij:{kez‘j—.gk<u},
’ 5% 5%
-F)i,j: H p>\7

p prime
(p—1)/2€Us;

Ay =TI Misr = Mpjppan - MiGin)s
kGUi,j

Ci,j = MOAi,OAi,l PN Ai,j—l mod P@j.
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For convenience, put Mp = I. Note that at the leaf nodes, |U; ;| = 0 or 1 for every j. For
every 0 < k < B, U; = {k} for j = |2'k/B].

Compute the values of the P, ; tree. Enumerate primes less than 2B, work from the bottom
of the tree to the top, using the relation P, ; = P19 FPit1,2j41-

Similarly compute the A;; tree from the bottom of the tree to the top, using the relation

Aij = Aip12j 412511

For the C;; tree, work from the top of the tree to the bottom, using the initial condition
Coo = My mod Fy and the relations

Cit12; = Cij mod Piiq 9,

Civ12j41 = CijAiv12; mod Piyq1gji1.

Suppose 3 < p < 2B, choose j = |2/7'(p—1)/B] such that U,; = {(p—1)/2}, then P,; = p*
and Cy; = MoM; ... My_1)2 mod p*, so the output can be recovered from the leaf nodes of
the C; ; tree. O

5.3.3 Recovering the Matrix of the Frobenius
By Lemma 5.1.1,

Tp ( ) = pa;C U TH27H mod ph.
y i=0 =0

Our aim is to find the U»* mod p* in the expression, ie. (a,b) = (i +r +1,2j + 1) for
0<i<29—1,0<j<pu—1land 0<r < (29+1)j. We find the ranges of a and b,

l1<a=i+r+1<2g—1+29+1)j<2g—14+29+1)(p—1)=29+1)p—2,

1<b=2j+1<2pu—-1)+1=2u—1.

For each admissible (a,b) € [1, (29 + 1)u — 2] X [1,2u — 1], using the accumulating remainder
tree method, compute Mg b M(ap’lil) /2 mod p* simultaneously for all p < N. Then compute
Job = (Dg’b e D?g;b—l)/Q) 1 <M6”b . M&:)/z) mod p# and we can recover each U2 mod p*
from the first column of Jg’b.

For (a,b) not p-admissible, Kedlaya’s algorithm is applied for each p.

Then the matrix of the Frobenius can be recovered for all p < N.



Chapter 6

Computing Data for the Sato-Tate
Conjecture

This chapter is mainly based on [Ked15]. Construction of the Sato-Tate group is from [Fit15]
and [FKRS12]. [FKRS12] provides a detailed coverage on the generalised Sato-Tate Conjecture,
from the theoretical background to computational results, focusing on abelian surfaces.

We will denote q a prime ideal over a number field K with norm ¢, where ¢ is a power of a
prime p.

6.1 Sato-Tate Conjecture for Elliptic Curves

A special case of the Weil conjectures, proved by Weil, shows that for an elliptic curve F over a

finite field F,,
P(T)
(1—¢I)(A-T)

where P(T) = (1 — anT)(1 — axT) = ¢T?% — a,T + 1 € Z[T] with degree 2g. We have

Z(E/Fq§T> =

#EWF) =q+1—(a+ax) =q¢+1-a

and the Hasse-Weil bound gives
laq| < 2¢/q.

It is natural to consider the behaviour of the coefficient a,.

Now let E : y?> = 23 + Az + B be an elliptic curve over Q. Consider primes p at which E
reduced modulo p gives an elliptic curve £, over [F,, i.e. primes not dividing the discriminant
A = —16(4A% + 27B?). Note that we are only excluding a finite number of primes. Normalise
a, by defining

ap
a, =— € |—2,2|.
P \/Z—) [ ]
If £ is defined over a number field K, we consider the reduction F; of E modulo prime
ideals g with norm ¢ of the integer ring, then Fj; is a polynomial over the residue field F,. a4 is
normalised by defining

_ Qyq
g = — € [-2,2].
TV

47
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We are interested to see how a4 varies in the interval [—2, 2] for different prime ideals q for
a fixed curve.

Definition 6.1.1 (complex multiplication). For m € Z, [m|: E — E is a morphism defined by

P+---4+P (mcopies) if m>0
m|(P) =14 O if m=0.
[—m](—P) if m<O0

End(E) denotes the endomorphism ring of E/K. E has no complex multiplication if
[ ]:Z— End(E)

is an isomorphism, i.e. End(E) = Z. Otherwise, End(E) is a finitely generated Z-module and
satisfies End(E) @ Q = M for some field M O K, and we say E has complex multiplication over
M.

We call an elliptic curve generic if it has no complex multiplication.

Sato and Tate independently conjectured that for any generic elliptic curve, the sequence
aq follows the same distribution. To state the conjecture precisely, we need to formalise the
definition of equidistribution.

Definition 6.1.2 (equidistribution). The sequence {aq} is equidistributed with respect to the
measure [1 on [—2,2] if for any continuous function f,

f(a
I q<N dy.
VN Eq g < N} q<N} / d

Theorem 6.1.3 (Sato-Tate). Suppose E is an elliptic curve over Q with no complex multipli-
cation, then {aq} is equidistributed with respect to the measure p on [—2,2| where

4 — 22dz
or '

We can think of /4 — 22/27 as the density function of a, on [—2,2].

Note that the Sato-Tate conjecture can be extended to elliptic curves over any number field
K, but it is only proved under certain conditions, for example when K is totally real [BLGG11].

The equidistribution property also extends to elliptic curves without complex multiplication.

dp =

Theorem 6.1.4 (Sato-Tate for CM elliptic curves). Suppose E is an elliptic curve over a number
field K with complex multiplication in M. If M C K, then {aq} is equidistributed with respect
to the measure p on [—2,2], where

dz
T4 — 22

If M ¢ K, then {a,} is equidistributed with respect to the measure u®" + p®s¢ on [—2, 2], where

dp =

d cont __ dZ
a 2m\/4 — 22

disc — 0/2 where § is a Dirac point measure concentrated at 0.

and p
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6.2 Generalising to Abelian Varieties

The conjecture can be extended to abelian varieties, taking account for extra structures analo-
gous to complex multiplication in the elliptic case.

6.2.1 Finding a Group that Defines the Distribution

Definition 6.2.1 (abelian variety). An abelian variety is a complete algebraic variety that is
also an algebraic group with group operations defined by reqular functions. An abelian surface is
an abelian variety of dimension 2.

For instance, the Jacobian variety attached to a hyperelliptic curve of genus ¢ is an abelian
variety of dimension g.

Let A be an abelian variety of dimension g > 1 over a number field K. For each prime ideal
q where A has good reduction, reduce modulo q to obtain an abelian variety A, over F,. Then
by Weil, o @
o PU(T) . Py (T
2(A/Fg:T) Py(T) ... Pay(T) "’

where P(T) = [],<;, «..cip<0y(1 — @iy .. a3 T) € Z[T]. Note that P, determines the whole zeta
function. Let Fy(T) := P(T) = [17%,(1 — a;T) = ¢9T% + agg—1,47% 1+ -+ 1. We have

j=1
29
#A(FQ> = H(l - aj)a
j=1
ajagi; = q for k= 1,...,9, and laj| = q'/? for j = 1,...,2¢g. Normalise the polynomial

Py(T) := Py(T/\/q), then P(1)T) = T2 P(T).

We will study how P, varies with q for fixed abelian varieties. If A is a Jacobian variety
associated to a curve C, then Py(T) of A is the numerator of the zeta function of Cj the
reduction of C' at q, i.e.

Py(T)
(1=T)1 —qT)

Hence, when we look for examples, we can consider Jacobian varieties associated to curves as
Py(T') can be recovered from the zeta function of the curve.

Z(Cq/Fq3 T)=

Definition 6.2.2 (topological group). A topological group is a group which is also a topological
space such that the group operations are continuous maps.

Definition 6.2.3 (Lie group). A Lie group is a smooth manifold which is also a group such that
the group operations are smooth maps.

Theorem 6.2.4. Any compact topological group admits a unique translation-invariant measure
called the Haar measure. For a finite group with discrete topology, the Haar measure is the
uniform measure.

The aim is to define a topological group that would give us the correct measure that agrees
with the distribution of the polynomials F,(T") for abelian varieties.
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By Welil, the roots of P,(T) lie on the unit circle and occur in reciprocal pairs. Hence
Py(T') occurs as the characteristic polynomial of some matrix in the group USp(2g) of unitary
symplectic matrices.

USp(29) = {M € GLyy(C) | M~ = M*, M"JM = J},

where

Ji

! 0 1

0 J1

A matrix is unitary, i.e. M~ = M* is equivalent to saying it is normal and its eigenvalues
have norm 1. A matrix is symplectic, i.e. MTJM = J if and only if its characteristic polynomial
is a reciprocal polynomial. Normal matrices over C are similar if and only if they have the same
characteristic polynomial. Hence Conj(USp(2g)) can be identified with the space of reciprocal
polynomials with roots on the unit circle.

The Sato-Tate group ST, is defined as a compact Lie group which is a subgroup of USp(2g),
so that a sequence {sq,} C Conj(ST4) corresponding to (1) are equidistributed with respect
to the image on Conj(ST4) of the normalised Haar measure pugr,. For any continuous function

F Con(ST2) €,
o Dg<n f(8q)
s, (f) = 7}1320 #{qg:q<n}

6.2.2 Sato-Tate group of Elliptic Curves with Complex Multiplica-
tion

Here we present the construction of the Sato-Tate group for elliptic curves with complex multi-
plication as given in Section 2.4.2 in [Fit15].

Suppose E is an elliptic curve over K with complex multiplication in K. Let 91 be the
conductor of E, which is a product of all the bad primes, each with some exponent. Let S be
the set of bad primes. For any good prime q, Py(T) = (1—ayT)(1—oT) = qI? —a,T+1 € Z[T).
We see that a; and ay are complex conjugates and

#EF,) =q+1—a,

By a result of Deuring, there exists an algebraic Hecke character g of K of modulo 91 and
infinity-type 1 that is attached to E such that a, = ¥(q) + ¥e(q).

The L-function of ¢ is L(¢w,s) = [[,(1 — ¢r(q)g*)~". The unitary group of degree 1
is U(1) = {u € C* | vu = 1}. Let pu be the Haar measure of U(1). For q ¢ S, define

g = Ye(a)/¢'? € U(L).

Lemma 6.2.5. Let G be a compact group and let X denote the set of conjugacy classes of G.
Let {z4} be a sequence in X. Suppose for any irreducible nontrivial representation o of G, the
FEuler product L(p, s) extends to a holomorphic function on Re(s) > 1 and is nonvanishing in
Re(s) > 1. Then the sequence {z4} is p-equidistributed over X.

Proof. See Corollary 2.7 of [Fit15]. O
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Lemma 6.2.6. {z,} is pu-equidistributed on U(1).

Proof. The nontrivial irreducible characters of U(1) are ¢, : U(l) — C* for a € Z*. By
Lemma 6.2.5, taking G = U(1), we have X = U(1) and it is sufficient to show that L(¢,, s)
is holomorphic and nonvanishing for Re(s) > 1. This follows from the fact that a nontrivial
power of ¥ are Hecke characters and the L-function of a nontrivial unitarised Hecke character
is holomorphic and nonvanishing for Re(s) > 1. See Theorem 2.4 of [Fit15]. O

dz
m4—22"

Lemma 6.2.7. {aq} is equidistributed on [—2,2] with respect to

Proof. a; = x4 + 7;. By Lemma 6.2.6, =, is p-equidistributed on U(1). The Haar measure is
translation-invariant so p is the uniform measure on U(1). The projection of U(1) on [—2,2] by

_ dZ
u — u + w is the measure i O

6.2.3 Construction of the Sato-Tate Group

We will sketch the construction of the Sato-Tate group for general abelian varieties. Details of
the construction can be found in Section 2 of [FKRS12].

Definition 6.2.8 (Tate module). The (-adic Tate module of A is the group Vy(A) = lim. A[("],
where A[™] is the (™ torsion group of A and the inverse limit is taken with respect to the maps
A[0T — Alem.

Remark 15. We can make the identifications Vi(A) ~ Hy(Ac, Q) ~ Hl(AfCOp,@), where
Hi ot(Ac, Qy) is the étale homology group and Hl(Ag’p,Q) 15 the singular homology group.

The action of the absolute Galois group Gx = Gal(K®/K) on the rational f-adic Tate
module V;(A) defines an (-adic representation

0:Grg — Aut(Vi(A)) € GLyy(Qy).

Let S be the set of bad primes. For q ¢ S, Py(T) = Lq(0, T) = det(1 — o(F, )T, Vi(A)),

where Fq*1 is the geometric Frobenius.

Definition 6.2.9 (cyclotomic character). The ¢-adic cyclotomic character x, : Gx — Z; is
defined as follows: for any g € Gx and any primitive £"th root of unity ¢, in K*, g: G, — (2"
for some a,, € (Z/0"Z)*, then x¢: g — (an)nen-

Let Gy = o(ker x,)?*" be the Zariski closure of the image of the kernel of the cyclotomic
character ;.

Definition 6.2.10 (Sato-Tate group). Pick an embedding v : Q; — C and let Gy, = G, ®, C.
The Sato-Tate group ST(A) is defined to be the mazimal compact subgroup of Gy,.

The group is only defined up to conjugation but this is sufficient for the purpose of proving
equidistributions. We take z4 as the conjugacy class of Q(Fq’l) ® ¢~ '/2. Then

Py(T) = Lq(0, T/¢"?) = det(1 — 4T, Vi(A) ®, C).
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6.2.4 The Generalised Sato-Tate Conjecture

For ¢ = 1, no extra structure means no complex multiplication. In fact, for ¢ < 3, no extra
structure means the endomorphism ring consists of only multiplication by integers. For g > 3,
the exclusion of extra endomorphisms is not sufficient, but we will not include the technicalities
here.

When A has no extra structure, the Sato-Tate group is USp(2¢g), but when A has extra
structure, the group is cut down to a smaller subgroup.

Conjecture 6.2.11 (Generalised Sato-Tate Conjecture). Let A be an abelian variety of di-
mension g over a number field K, then the sequence {4} in Conj(STa) corresponding to the
polynomials P(T) is equidistributed with respect to the image of Haar measure.

6.3 Distributions for Elliptic Curves

The examples in the section are computed in Sage and the code can be found in Appendix B.1.

6.3.1 Generic Case

In the generic case, the Sato-Tate group is SU(2) and an example is the curve y? = 23 + x + 1
over Q. We have the polynomials

Py(T)=T%—a,T +1.

We plot the histogram of a4 and the expected distribution:

6.3.2 Complex Multiplication in Base Field

If an elliptic curve over K has complex multiplication in K, its Sato-Tate group is U(1). An
example is the curve y? = 2% + 1 over Q(y/—3).
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We plot the histogram of @, and the expected distribution:

6.3.3 Complex Multiplication not in Base Field

If an elliptic curve over K has complex multiplication in some field not contained in K, its
Sato-Tate group is N(U(1)). We can look at y* = 2® + 1 over Q.
We plot the histogram of @, and the continuous part of the expected distribution:

5000
40
30
20

10

-2 -1 1 2

Note that there is a Dirac point measure concentrated at 0.

6.4 Computing Data for Abelian Surfaces

Abelian surfaces are of dimension 2, so we can consider the case when they are Jacobian varieties
of genus 2 curves. In [FKRS12|, possible Sato-Tate groups were studied and an exhaustive search
was done to numerically test the Sato-Tate conjecture for abelian surfaces. The normalised
polynomial in the numerator of the zeta function of a genus 2 curve modulo q is in the form

PyT) =T" + a1qT° + o qT* + 14T + 1.
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It turns out that considering only @, 4 is insufficient, so we have to take as 4 into account. Generic
group algorithms were applied in [FKRS12] to compute the group orders of the Jacobian of the
curves to obtain the coefficients @, and @, since they were more practical in the settings,
namely for ¢ < 230, although asymptotically Harvey’s algorithm in [Har14] is more efficient.

Theorem 6.4.1 (Fité-Roger-Kedlaya-Sutherland). Up to conjugation within USp(4), there are
exactly 52 groups that occur as Sato-Tate groups of abelian surfaces over number fields, all of
which can be realised using genus 2 curves. Of these groups, exactly 34 groups occur for abelian
surfaces over Q, all of which can be realised using genus 2 curves over Q.

Examples and data for all 52 possible Sato-Tate groups of abelian surfaces were tabulated
in [FKRS12|. In practise, to determine the Sato-Tate group of the Jacobian variety of a given
hyperelliptic curve of genus 2, one can compute the moments of the distribution of the coefficients
a1,4 and a4 and compare against the standard table in [FKRS12] to identify the Sato-Tate group
of the abelian surface.

Notice the increase in the number of groups compared to that in the genus 1 case, where
there are only 3 possible groups. There could be an explosion in the number of groups for higher
genus cases, which means it might not be practical to obtain a list of all possible distributions
using the same method for abelian varieties of higher dimensions g > 3.

Here we will obtain visualisations of the distributions for some examples of abelian surfaces
which correspond to hyperelliptic curves of genus 2.

6.4.1 Generic case

The generic case we have USp(4) as the Sato-Tate group, an example is the Jacobian variety of
the curve y? = 2° — 2 + 1 over Q.
We obtain the histogram of a; 4:




6.4. COMPUTING DATA FOR ABELIAN SURFACES 55

and the histogram of ag 4:

The joint distribution of (a; q, Go,4):

6.4.2 (Y

One of the 51 possible Sato-Tate groups of abelian surfaces with extra structures is C. An
example is the Jacobian variety of the curve y* = x° — z over Q(v/—2).
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We obtain the histogram of a; 4:

and the histogram of a4

-2 -1

The joint distribution of (a; q, Go4):




Appendix A

Implementation of Kedlaya’s Algorithm

This is the computation done in SageMath for the elliptic curve y? = 23+ +1 and prime p = 5
in Section 4.7.

q=25

p,a = list(q.factor()) [0]
Q_x.<x> = PolynomialRing(QQ)
Q = x"3+x+1

dQ = diff(Q,x)
Q.discriminant () .factor()

-1 % 31

g (Q.degree()-1)/2

n = ceil(g*a/2+(2xg+1)*log(2,p))

m = n+l

while m-max(floor(log(2*m-1,p)),floor(log(2*g+1l,p))) < n: m = m+l

nl = n+max(floor(log(2*m-3,p)),floor(log(2*g+1,p)))+floor(log(2*g-1,p))+1
print "nl = %s, m = %s, n = %s"%(nl, m, n)

Q_xz.<x,z> = PolynomialRing(QQ)

frob = Q_x.hom([x"p]l)

E = (frob(Q)-Q"p)/p

I = Q_xz.ideal(Q*z"2-1)

Zpring = Zp(p, nl, ’capped-abs’,print_mode=’terse’,print_pos=True)

Zp_x.<x> = PolynomialRing(Zpring)

Zp_xz.<z> = PolynomialRing(Zp_x)

Qpring = Qp(p, nl, print_mode=’series’,print_pos=True)

Z_x.<x> = PolynomialRing(ZZ)

f = [Zp_xz(I.reduce(sum([binomial (-1/2,k)*p~ (k+1)*x~ (p*(i+1)-1)*E"k*z"~ (p*(2%k+1))\
for k in [0..m-1]]1))).change_ring(Z_x) for i in [0..2xg-1]]

maxj=[(f[j] .degree(z)-1)/2 for j in [0..2xg-1]]

o7
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F=[[f[j][2*i+1] for i in [0.. maxj[jl]] for j in [0..2*g-1]]
for j in [0..2%g-1]:
for i in [0.. maxj[jl]:
print "F(%s,%s): %s"%(j,1i,F[31[i])

F(0,0): O

F(0,1): b*x

F(0,2): 70%x"2 + 70*x + 25
F(0,3): 50%x"2 + 50%x
F(0,4): 75%x + 50

F(0,5): 50%x~2 + 50*x + 100
F(0,6): 75%x~2 + 100*x + 25
F(0,7): 25xx + 50

F(1,0): 5%x"3 + 65*%x + 65

F(1,1): 15%x"2 + 30*x + 85
F(1,2): 85%x~2 + 90*x + 50
F(1,3): 75%x~2 + 100

F(1,4): 25%x"2 + 75%x + 75
F(1,5): 50%x"2 + 100*x + 100
F(1,6): 25%x"2 + 50*x + 75

F(1,7): 100%x~2 + 100*x + 75

Qdeg=Q.degree ()
dQdeg=dQ.degree()
T=matrix(Qdeg+dQdeg)
for i in [0..dQdeg-1]:
for j in [0..Qdegl: T[i+j,i]1=Q[j]
for i in [0..Qdeg-1]:
for j in [0..dQdegl: T[i+j,i+Qdeg-1]1=dQ[j]

T

[1 010 0]

[11010]

[01 30 1]

[1 00 3 0]

(0100 3]

Tinv = T.inverse()

0_dQ = sum([(0(p~n1))*x~i for i in [0..dQdeg-111)

0_Q = sum([(0(p n1))*x"i for i in [0..Qdeg-111)
S = [F[j][maxj[jl]for j in [O0..2%xg-1]]
for j in [0..2%g-1]:

print "reduce (x"%s zdx) “sigma"%j

k = maxj[j]

print "S(%s,%s) = %s"%(j,k,S[3]1)
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while k>0:

v = zero_vector(QQ,Qdeg+dQdeg)
for i in [0..S[j].degree()]:
v[i] = S[j1[i]
AB = Tinvx*v
A = sum([(AB[i])*x"i for i in [0..dQdeg-111)
print "A(%s,%s) = %s"%(j,k,A+0_dQ)
B = sum([(AB[i+dQdeg])*x~i for i in [0..Qdeg-11])
print "B(%s,%s) = %s"%(j,k,B+0_Q)
k = k-1
S[j1 = F[j][k]+A+2xdiff (B,x)/(2%k+1)
print "S(%s,%s) = %s"%(j,k,S[j1+0_Q)

reduce
S(0,7)
AC0,7)
B(0,7)
S(0,6)
A(0,6)
B(0,6)
S(0,5)
A(0,5)
B(0,5)
S(0,4)
AC0,4)
B(0,4)
S(0,3)
A(0,3)
B(0,3)
S(0,2)
A(0,2)
B(0,2)
S(0,1)
ACO0,1)
B(0,1)
S(0,0)
reduce
S(1,7)
ACL,7)
B(1,7)
S(1,6)
A(1,6)
B(1,6)
S(1,5)
A(1,5)
B(1,5)

(x70 zdx) “sigma

= 25*xx + 50

= (572 + 0(573))*x + (0(573))

= (3%572 + 0(573))*x"2 + (0(57°3))*x + (2*5°2 + 0(573))

= (3%572 + 0(573))*x"2 + (4%5°2 + 0(5°3))*x + (572 + 0(5°3))

= (3%572 + 0(57°3))*x + (4%5°2 + 0(57°3))

= (4%572 + 0(573))*x"2 + (2%5°2 + 0(573))*x + (2%x5°2 + 0(57°3))
= (2%5672 + 0(573))*x"2 + (572 + 0(573))*x + (2%¥572 + 0(573))

= (3%572 + 0(573))*x + (2%5672 + 0(573))

= (4%5°2 + 0(573))*x"2 + (572 + 0(573))*x + (0(5°3))

= (0(573))*x"2 + (0(573))*x + (2572 + 0(573))

= (4%572 + 0(573))*x + (4*5°2 + 0(573))

= (2%572 + 0(573))*x"2 + (2%572 + 0(573))*x + (3*5"2 + 0(573))
= (2%572 + 0(573))*x"2 + (0(573))*x + (5672 + 0(573))

= (4%5°2 + 0(573))*x + (4x5°2 + 0(57°3))

= (2%5°2 0(5°3))*x"2 + (2%572 + 0(573))*x + (2%5°2 + 0(573))
= (4%5 + 2*x572 + 0(573))*x"2 + (2%5 + 0(573))*x + (4%5 + 0(5°3))
= (5 + 2x572 + 0(57°3))*x + (4%5 + 4*%5°2 + 0(573))

= (3%5 + 2%572 + 0(573))*x"2 + (2*5 + 3%572 + 0(573))*x + (5°2 + 0(573)
= (0(573))*x"2 + (5 + 4x5°2 + 0(5°3))*x + (2*x5 + 0(5°3))

= (5 + 0(5673))*x + (572 + 0(573))

= (3%5 + 572 + 0(573))*x"2 + (3%572 + 0(573))*x + (245 + 4x5°2 + 0(573)
= (0(573))*x"2 + (3%5 + 572 + 0(573))*x + (2*x5°2 + 0(573))
(x~1 zdx) “sigma

= 100*%x"2 + 100*x + 75

= (3%572 + 0(573))*x + (4*5°2 + 0(5°3))

= (4%5°2 + 0(573))*x"2 + (2%5°2 + 0(5°3))*x + (4x5°2 + 0(5°3))
= (572 + 0(573))*x"2 + (2%572 + 0(573))*x + (0(573))

= (0(573))*x + (3%¥572 + 0(573))

= (0(573))*x"2 + (4%5"2 + 0(57°3))*x + (2*5°2 + 0(573))

= (2%¥572 + 0(573))*x"2 + (4%5°2 + 0(5°3))*x + (0(573))

= (0(573))*x + (572 + 0(573))

= (0(573))*x"2 + (3*5672 + 0(573))*x + (4*5"2 + 0(573))

+

+ 4+ + +
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S(1,4)
A(1,4)
B(1,4)
S(1,3)
A(1,3)
B(1,3)
S(1,2)
A(1,2)
B(1,2)
S(1,1)
AL,
B(1,1)

= (5672
(35~
(4x5~
(3%x5~
(3%5~
(4%5~
= (2%5
= (4%5
= (2%5
= (3%5
= (4x%5
= (2%5

+
2
2
2
2
2

+ + + + + +

APPENDIX A. IMPLEMENTATION OF KEDLAYA’S ALGORITHM

0(56°3))*x"2 + (3%5"2 + 0(5°3))*x + (3%5°2 + 0(573))

0(5°3))*x + (0(57°3))

0(5°3))*x"2 + (0(573))*x + (3*5°2 + 0(5°3))

0(5°3))*x"2 + (572 + 0(5°3))*x + (4%5°2 + 0(5°3))

0(573))*x + (2x572 + 0(57°3))

0(5°3))*x"2 + (572 + 0(5"3))*x + (2*5"2 + 0(5°3))

3%572 + 0(573))*x"2 + (4%5 + 2572 + 0(573))*x + (2%5 + 0(573)
4x5°2 + 0(573))*x + (2%5°2 + 0(573))

3%¥572 + 0(573))*x"2 + (572 + 0(573))*x + (2%5 + 3%5°2 + 0(5°3)
0(573))*x"2 + (5 + 2x¥572 + 0(573))*x + (2*%5 + 4*x572 + 0(573))
4x5°2 + 0(573))*x + (3%5 + 3%572 + 0(573))

3%¥572 + 0(573))*x"2 + (4%5 + 3*x5°2 + 0(573))*x + (4%5 + 0(5°3)

+ 4+ + +

+

for j in [0..2%g-1]:
S[j1=S[j].change_ring(Zpring)
print "S(%s,0) = %s"%(j,S[j1)

S(0,0)
S(1,0)

(40 + 0(5°3))*x + (50 + 0(5°3))
(5 +0(573))*x"3 + (0 + 0(5"3))*x"2 + (25 + 0(5°3))*x + (95 + 0(5°3))

sdeg=[S[j] .degree() for j in [0..2*g-1]]
for j in [0..2%xg-1]:

while sdegl[jl>2xg-1:
k=sdeg[j]l-2xg
red_poly=Q_x(x"k*dQ+2xk*x"~ (k-1)*Q)

red_poly

S[j1=S[j]1-S[j] [sdegljl]l*red_poly/red_poly [k+2x*g]
sdeg[jl1=S[j].degree()
print "G(%s,0) = %s"%(j,S[jl)

G(0,0) = (40 + 0(573))*x + (50 + 0(573))

5%x”"3 + 3*x + 2

G(1,0) = (0 + 0(573))*x"3 + (0 + 0(5673))*x"2 + (22 + 0(572))*x + (18 + 0(572))

M=matrix([[S[i] [j1+0(p"n) for i in[0..2%g-1]] for j in[0..2%g-1]])

M

[ 0+ 0(572) 18 + 0(572)]
[16 + 0(572) 22 + 0(572)]

M.charpoly ()

(1 + 0(573))*x"2 + (3 + 0(5"2))*x + (5 + 0(5°2))




Appendix B

Computations of Sato-Tate
Distributions

The following are computations done in SageMath for the examples in Sections 6.3 and 6.4.

B.1 Elliptic curves

B.1.1 Generic case

We compute for the curve y?> = 23 + x + 1 over Q in Section 6.3.1.

We define a function nagl to compute a,. For each g, the required precision N is computed,
then Kedlaya’s algorithm in [Ked01] matrix of frobenius_hyperelliptic is used when p <
(29 + 1)(2N — 1) and Harvey’s optimisation in [Har07] hypellfrob is used when p > (2g9 +
1)(2N —1).

from sage.schemes.hyperelliptic_curves.hypellfrob import hypellfrob
def nagi(q, Q):
p,n=list(q.factor()) [0]
if Q.discriminant()%p<>0:
prec=ceil(n/2+log(4,p))
precl=prec+floor(log(3,p))
R.<x>=PolynomialRing(ZZ)
if p>3*(2xprec-1):
A=hypellfrob(p, prec, R(Q))
else:
A, f=monsky_washnitzer.matrix_of_frobenius_hyperelliptic(\
R(Q), p, precl)
A=A"n
a=ZZ(Integers (p**prec) (-A.trace()))
bound=2*q~ (1/2)
if a>bound:a=a-p~prec
return -a/q~(1/2) .n(digits=3)

Here we compute for primes up to 10°.
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R.<x> = QQ[’x’]
Q1=x"3+x+1
D1=[]
for p in primes(3, 1075):
g=nagl(p,Q1)
if g is not None:
D1.append(g)

Hi=histogram(D1, bins=25)
Li=plot((4*len(D1)/25)*sqrt(4-x~2)/(2xpi), (x,-2,2), color='red’)
H1+L1

B.1.2 Complex multiplication in base field

We compute for the curve y? = 2® + 1 over Q(1/—3) in Section 6.3.2.
First, we find a list of all prime ideals q with norm less than 10° by factorising the ideals (p)
and get a list of their norms gq.

R.<x> = QQ[’x’]
minpoly=x"2 + 3
K.<w> = NumberField(minpoly)
Q2=x"3+1
qlist=[]
for p in primes(3, 1075):
F=K.ideal(p) .factor()
for I,h in list(F):
g=I.norm()
if gq<10°5:
qlist.append(q)
qcounted=[(q,qlist.count(q)) for q in uniq(qlist)]

gcounted contains pairs (¢, n) where n is the number of times ¢ appeared. Run the function for
all ¢ in the list gcounted.

D2=[]
for g,a in qcounted:
g=nagl(q,Q2)
if g is not None:
for i in [1..a]:
D2.append(g)

H2=histogram(D2, bins=25)
L2=plot ((4*len(D2)/25)/(pi*sqrt(4-x~2)), (x,-1.96,1.96), color=’red’)
H2+L2
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B.1.3 Complex multiplication not in base field

We compute for the curve y? = 22 + 1 over Q in Section 6.3.3.

R.<x> = QQ[’x’]
Q3=x"3+1
D3=[]
for p in primes(3, 1075):
g=nagl(p,Q3)
if g is not None:
D3.append(g)

H3 = histogram(D3, bins=25)
L3 = plot((4xlen(D3)/25)/(2xpi*sqrt(4-x~2)), (x,-1.96,1.96), color=’'red’)
H3+L3

B.2 Genus 2 curves

B.2.1 Generic case

We compute for the curve y? = 2° —x +1 over Q in Section 6.4.1. By modifying nagi, we define
a new function nag2 to find the pairs (a;q, Go,q)-

from sage.schemes.hyperelliptic_curves.hypellfrob import hypellfrob
def nag2(q, Q):
p,n=list(q.factor()) [0]
if Q.discriminant ()%p<>0:

prec=ceil (n+log(12,p))
precl=prec+floor(log(5,p))
R.<x>=PolynomialRing(ZZ)
if p>5*(2%prec-1):

A=hypellfrob(p, prec, R(Q))
else:

A, f=monsky_washnitzer.matrix_of_frobenius_hyperelliptic(\

R(Q), p, precl)

A=A"n
P=A.charpoly()
al=ZZ(Integers (p**prec) (P[3]))
a2=ZZ(Integers (p**prec) (P[2]))
bound=6*q
if al>bound:al=al-p~prec
if a2>bound:a2=a2-p~prec
return (al/q~(1/2).n(digits=3),a2/q.n(digits=3))

R.<x> = QQ[’x’]
Q1=x"5-x+1
D1=[]
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for p in primes(3, 1075):
g=nag2(p,Q1)
if g is not None:
D1.append(g)
a1=[D1[i] [0] for i in [0..len(D1)-11]
a2=[D1[i][1] for i in [0..len(D1)-11]

histogram(al, bins=25)
histogram(a2, bins=25)
list_plot(D1, alpha=0.5)

B.2.2 ()

We compute for the curve Q(z) = 2° — x over Q(v/—2) in Section 6.4.2. As in the elliptic case,
we need to find a list of all prime ideals q with norm less than 10°.

R.<x> = QQ[’x’]
minpoly=x"2 + 2
K.<w> = NumberField(minpoly)
Q2=x"5-x
qlist=[]
for p in primes(3, 1075):
F=K.ideal(p).factor()
for I,h in 1list(F):
g=I.norm()
if gq<10°5:
qlist.append(q)
qcounted=[(q,qlist.count(q)) for q in uniq(qlist)]

D2=[]
for gq,a in qcounted:
g=nag2(q,Q2)
if g is not None:
for i in [1..a]:
D2.append(g)
aal=[D2[i] [0] for i in [0..len(D2)-1]]
aa2=[D2[i] [1] for i in [0..len(D2)-11]

histogram(aal, bins=25)
histogram(aa2, bins=25)
list_plot (D2, alpha=0.5)
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